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EE FACE. 


In oflferiii" to studonts and teachers a now edition of 
tlic Klcnicnts of Kucrul, it will ho i^ropor to j'ive Home ac- 
count of the plan on which it has been arrati;;ed, and of the 
advant:ig08 which it hopes to present. 

(je(»metry may he considered to form the real foumla- 
tion of matliematical instruction. It i.s true tluit soma 
acNiuaiiitance with Arithmetic and Algebra usually j)recede» 
the study of (icometry; hut in the former subjects a b(‘gin- 
ncr spcuil.s much of his time in gaining a priu;tical facality 
in the a[ij)lieatiou of rules to examples, while in the hitter 
subject he is wholly occupied in exercising his resisoning 
faculties. 

In Kngland the text-hook of (icometry consists of tlio 
Klcmeiits of Kuclid ; for nearly every oflicial programme of 
instruction or examination explicitly includes some portion 
of this work. Xunierous attempts have been made to find 
an appropriate suh.stitute for the Klements of Kuclid ; but 
such attempts, fortunately, Iiave hitherto been made in 
vain. The advantages attending a common standard of 
reference in such an importint subject, can hardly be over- 
estimated ; and it is extremely improbable, if Euclid were 
once abandoned, that any agreement would exi.st as Uj the 
author who should replace him. It cannot be denied tlnit 
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defects and diificultics occur in the Elements of Euclid, and 
that these become more obvious as we examine the wt)rk 
more closely ; but probably during such examination the 
conviction will grow deciKjr that these defects and difli- 
culties arc due in a great measure to the iiatuie of the 
subject itself, and to the place which it occupies in a course 
of education; and it may be readily believed that an equally 
minute criticism of any other work on Geometry would 
reveal more and graver blemislies. 

Of all the editions of Phiclid that of Robert Simson has 
been the most extensively used in Kngland, and the pre- 
sent edition substantially reproduces Simson’s; but his 
translation has been carefully compared witli the original, 
and some alterations have been made, which it is hoped 
will bo found to bo imj>rovements. 'rhese alterations, how- 
ever, are of no great importance; most of them have been 
introduced with the view of rendering the language more 
uniform, by constantly using the same words when the 
same meaning is to be expressed. 

As the Elements of Eucliil arc usually ]>la<*ed in the 
hands of young students, it is im|M)rtant to exhibit the work 
in such a form as will assist them in overcoming the dilli- 
culties which they cxj>erience on their first intn)ductiou to 
jwocCvSses of continuous arg\iment, Nt) method appears to 
be so useful as that of breaking up the demonstrations into 
their constituent j^arts; this was strotigly recommended 
by Professor Do Morgan more than thirty years ago as a 
suitable exercise for students, and the plan has been adopt- 
ed more or less closely in some modern editions. An ex- 
cellent exanqdc of this method of exhibiting the Elements 
of Euclid will be found in an edition in quarto, published 
at the Hague, in the French language, in 17^2. Two per- 
sons are luimctl in the title-page as couccnicd in the work. 
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Koeiiip: and Blassioro. This edition has served as the 
model for that whith is now olfored to the student: some 
slight motlitieations have neeessarily |)Ocn nia<l(\ owing to 
the ditference in the size of tlie j»:iges. 

It will be ]»er(eive<l then, that in the j>resent edition 
each tlistinct assertion in the argument begins a new line; 
autl at the ends of the lines are placed the necessary refer- 
eaces to the preceding principles on which the assertions 
dej>en<h Moreover, the longer propositions are distributcul 
into subordinate! parts, which are distinguished by breaks 
at the be ginning (»f tlie lines. 

'I’his edition contains all the ju’opositions which are 
Usually read in the rniversitic's. AfU‘r the t(‘xt will be 
fo ind a selc.'tion of notes; these are intendial to indicate 
and explain the ]»rincipal diflieulties which have been 
noticed in the Kloineuts of Kuclid, and to supply the most 
irnporUint inferences whi<‘l» can be <lrawn from the propo- 
sitions. 'rhe notes rehite to (ieoni(?try exclusively ; they 
do not intivuiuee dovclopineiits involving Arithmetic and 
Algebra, because these latter subjects are always studied 
in special works, and because (ieometry alone presents huI- 
ficieiit matter to (»ccupy the attention of early stinleiiis. 
After some hesitation on the point, all remarks rckiting to 
Jjogic have also been excluded. Although tluj study of 
bogie aj»[>ear3 to be reviving in this country, and may 
evcntindly obtain a more assuretl position than it now 
holds in a course of liberal education, yet at jiresent few 
persons take up Logic before Geometry ; and it HceniK 
therefore premature to devote space to a subject which will 
be altogether unsuitable to the majority of those wuio use a 
work like the present. 

After the notes will be found an Apjxmdix, consisting of 
propositions supplemental to those in the I'deintuits of 
Kuclid; it is hoped tliat a judicious choice has been made 
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from the nl)uii(laiit materials wliidi exist for siicli an Ajv 
penilix. The |)roj)()sition8 selected arc worthy of notice on 
various grounds ; some for their simplicity, some for their 
value as geometrical facts, and some as being problems 
which may naturally suggest themselves, but of which the 
solutions arc not very obvious. 

The work finishes with a collection of exercises. Geo- 
metrical deductions aUbril a most valuable disi iplinc for a 
student of mathematics, especially in the earlier period of 
his course; the numerous departments of analysis which 
subse(|uently demand his attention will leave him but little 
time then for pure Geometry. It seems however that the 
habits of mind which the study of pure Geometry tends to 
form, furnish an advantageous corrective for some (d the 
evils resulting from an exclusive devotion to Analysis, and 
it is therefore desirable to engage the attention of begin- 
ners with geometrical exercises. 

Many persons whose duties have rendered them familiar 
with the examination of large numbers of students in 
elementary mathematics have noticed with regret the 
frequent failures in geometrical deiluctions. Several col- 
lections of exercises already exist, but the general com- 
plaint is that they are too diflicuilt. Those in the present 
volume may be divided into two parts ; the first part con- 
tains 440 exercises, which it is hoj)c<l will not be found 
beyond the power of early students ; the second part consists 
of the remainder, which may be reserved ft>r practice at a 
later stage. These exercises have been principally selected 
from College and Univci'sity examination papers, and have 
been tested by long exp»eriencc with pupils. It will be seen 
that they are distributed inU> sections according to the 
propositions in the Elements of Euclid on which they chiefly 
depend. As far as jmssiblc they are arranged in order of 
difficulty, but it must sometimes hap|K}n, as is the case 
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in the Elements of that one example prepares 

the way for a set of otliers which are much easier than 
itself. It should he oiiservetl that the ex(‘reises relate to 
pure (Jeometrv; all examples whu!h would tiu l a more 
suitable j»laee in works on Trij^onometry or Algebriiieal 
(Jeonu'trv have been eari'fully rejected. 

It only n*mains to advert to the mechanical execution 
of tlie volume, to which great attention Inis been diu oted. 
The fii^ures will be found to be unusually largo ami dis- 
tinct, and they have beiui rt‘p< at<‘d when ni‘e(\ss;iry, so that 
they always occur in imnualiate connexion with the corre- 
sjMiiiding text. 'I'he type and jjaper have been chosen so 
as to render the volume as (^lear and attiactive as possible. 
The design of the editor and of the jaiblishers hax been to 
produce a practically useful edition of the Elements of 
Euclid, at a moderate cost ; and they trust that the design 
Inis been fairly realised. 

Any suggestions or corrections relating to the work 
will be most thanklully received. 


I. TOIHIUNTEU. 


St John’s CoLi.r.UK, 
October 1862 . 
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DKFJMTloXS. 

I. A j'lti.sT irt tlijit which has no parts, or which has no 
niaguitiido. 

‘2. A line is length without breadth. 

:h The extremities of a lino arc points. 

4. A straight line is that whicii lies evenly between 
its extreme iM/mts. 

5. A supeiTicios is that which has only length and 
breadth. 

6. The extremities of a superficies nro lines. 

7. A plane suporficioB is that in wliich any two points 
being taken, the straight line between them lies wholly in 
that superficies. 

8. A plane angle is the inclination of two lines to one 
another in a plane, which meet together, but are not in the 
same direction. 


I 
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9 . A piano rectilineal angle is the inclination of two 
straight lines to one another, which meet together, but are 
not in the same straight line. 

Note. When several angles arc at one point JJ, any 
one of them is expressed by three letters, of >Yjl)ich the 
letter which is at the vertex of the angle, that is, at tlio 
j)oint at which the stmight lines that contain ITie angle 
meet one another, is put between the other two letters, 
and one of these two letters is somewhere on one of 
those straight linos, and the other letter on the other 
straight line. ^J'lius, the angle which is contained by the 


A' 





c 




straight lines ABy CB is named the angle A or C 7 L 4 ; 
the angle which is 

is named the angle ABDy or DBA ; and the angle which 
18 contain^ by the straight lines DBy CB is named the 
angle DBC, or CBD ; but if there he only one angle at a 
|K)int, it may bo expressed by a letter placed at that point; 
as tlio angle at £. 


10 . When a straight line standing 
on another straight line, makes the adja- 
cent angles equal to one anotlier, each of 
the angles is called a right angle ; and 
wio straight line w'hich stands on the 
other is called a perpendicular to it. 

11 . An obtuse angle is that which 
is greater than a right angle. 



y 


12 . An acute angle is that which 
18 less than a right angle. 


\ 


\ 
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I a. A term or lx)uiul«‘iry is the extremity of any thing'. 

M. A figure is that winch is enclosed by one or more 
lM)\iiularies. 

ir>. A circle is a plane figure i 

contained by one line, which is i 

called the circumference, and is 1 \ 

such, that all straight lines drawn ; - / 

from a certain j)oint within the 
ligurc to the circumference are 
equal to one another : 

16. And this point is called tlie centre of the circh^. 

17. A diameter of a cin h* is a straight line draw'n 
through the centre, and terminated both ways by the eir- 
eumfereiiee. 

(A radius of a circle is a straight line dniwn from the 
ccMitro to the circumference.] 

is, A semicircle is the figure contained by a iliameter 
and tlie part of the circumfereiuH) cut oif by the diairieter. 

10. A segment of a circle is the figun* contained by a. 
straight lino and the eireumfcrence which it cuts olV. 

•JO. Keetilinoal figures are those which are (fruitained 
by .'•traight lines : 

Jl. Trilateral figures, or triangles, by throe straight 
lines : 


22. (Quadrilateral figures by four straight lines : 

2.1. Multilateral figures, or polygons, by more than 
four straight lines. 


21. f)f thrcc-.sidcd fignrc.s, 

An equilateral triangle is that which 
has three e<iual sides : 
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25. All isosceles triangle is that 
which has two sides equal : 


26. A scalene triangle is that 
which has three unctiual sides : 


*27. A right-angled triangle is that 
which has a right angle : 

[The side opposite to the right 
angle in a right-angled triangle is fre- 
(lucntly called the Iiypotenuse.] 

28. An obtuse-angled triangle h 
that which has an obtuse angle ; 


29. An acute-angled triangle is 
that which has throe acute angles. 

Of four-sided figures, 

30. A square is that which has 
all its sides equal, and all its angles 
right angles : 


31. An oblong is that whieti has 
all its angles right angles, but not all 
its sides equal : 


32. A rhombus is that whicli has 
all its sides equal, but its angles arc 
not right angles : 
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33. A rhomboid is that which has 
its o))|X)site sides equal to one another, 
but all its sides arc not c<iual, nor its 
angles right angles : 

34. All other four-sided figures besides tlicse arc 
called trapeziums. 

3“). Parallel straight lines are such - 

as arc in the same plane, and which 
being [>r<)(liiccd ever so far both ways 
do not meet. 

[A’o//'. The terms obhjnif and rhomb >id are not often 
used. Practically the following definitions are used. Any 
four-sided figure is called a quadrilata'al. A line joining 
two opposite angles of a qmulrilateral is called a diagomd. 
A quadrilateral which has its opposite sides parallel is 
called a pandfrbxjnim. The wonls square anfl rhomhun 
are used in the sense defined by Kuclid ; and the word 
rt'ctamjk i.s used instead of the word iUong* 

Some writers pro^sise to restrict the word trappiium 
to a (]uadrilateral which has two of its sides parallel ; and 
it wouhl certainly bo convenient if this restriction were 
universally adopted.] 


/ 


/ 


/: / 


1*(»STULATKS. 


Let it be granted, 

1. That a straight line may be drawn from any one 
jK)int to any other point : 

2. That a tenninated straight line may bo produced to 
any length in a straight line ; 

3. And that a circle may b»j described from any centre, 
at any distance from that centre. 
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AXIOMS. 

1 . Tilings wliicli are equal to the same thing are equal 
to one another. 

2. If c(iuals be added to equals the wholes are equal, 

:J. If e(luals bo taken from equals the remainders are 
equal. 

4. If c(j[uals be added to unequals the wholes are 
unequal. 

5. If c«iuals be taken from uncquals the remainders 
are uiiciiual. 

G. Things which are double of the same thing are 
equal to one another. 

7. Things which are halves of the same thing are 
equal to one another. 

8. Magnitudes which coincide with one another, that 
is, which exactly fill the same space, are equal to one 
another. 

9. The whole is greater than its part. 

10. Two straight lines cannot enclose a siiace. 

11. All right angles are equal to one another. 

12. If a straight line meet two straight line.s, so as to 

make the two interior angles on the same side of it taken 
together less tlmn two riglit angles, these straight lines, 
being continually produced, shall at length meet on that 
side oil which are the angles which arc less than tAvo right 
angles. ^ 



PROPOSITION 1. PROBLEM. 


To (hscrihe an rqiiilaieral triangle on a giren Jinite 
straight line. 

Let AJi 1)0 tlie given straight lino: it is ro<|uircd to 
describe an eciuilatcral trianglo on AB, 



From .tho centre yf, at tlio distance AB, describe the 
circle BCD. [PosUdatc 3. 

From the centre B, at the distance BA, describe the 
circle ACE. [Postulate 3. 

From the point C, at which the circles (rut one another, draw 
the straight lines CA and CB to the points A and B. {Pod. 1. 
ABC shall be an equilateral triangle. 

because the j joint A is the centre of the circle BCD, 
AC is c<pial to AB. [Uefmition 15. 

And l.>ccause the point B is the centre of the circle ACE, 
BC is ctpial to BA. . [Dejinilion 15. 

But it has been shewn that CA is equal to AB; 
therefore '6yl and CB are each of them equal to AB, 

But things which are equal to the same thing arc equal to 
one another. [Axum 1. 

Therefore CA is ecjual to CB. 

Therefore CA, AB, BC arc equal to one another. 

Wherefore the trian$4e ABC is equilateral, [Z)e/. 24. 
and it is described cm the given straight Urn AB. Q.E.F. 
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PROPOSITION 2. PROBLEM. 

From a given point to draw a straight line equal to a 
given straight line. 

A be the given point, nnd E(J tlic given straight 
line : it is required to draw from the point A a straight 
line equal to EC. 

From the point A to /idraw 
the straight lino Ali ; l. 

and on it describe the equi- 
lateral triangle DAB, [I. 1. 
and produce the straight lines 
DA, DB to E and F. \Pmi. 2. 

From the centre B. at the dis- 
tance B(J, describe the circle 
coil, meeting DFiii (!. [PoKt. 3. 

From the centre D, at tho dis- 
tance DG, describe the circle 
GKL, meeting DJP.xi L. 3. 

AL shall bo Cipial to BC. 

Because the point B is the centre of the circle CGll, 
BCis equal to BG. [D/jhiition la. 

And because the point D is the centre of the circle GEL, 
DL is equal to DG ; [DifmUim i/3. 

and DA, DB parts of them are equal ; [Ikfimflon 2i. 

therefore tho remainder AL is ccpial to the remainder 
BG. [.Ix/om 3. 

But it has been shewn that BC is ecpial to BG ; 
therefore A L and BC are each of them equal to BG. 

But things which are espial to the same thing are equal to 
one another. [dxtml. 

Therefore is equal to BG. 

Wherofore from the given point A a straight line AL 
has been drawn equal to the given straight line BC. q.e.f. 

PROPOSITION 3. PROBLEM. 

From the greater of two given straight lines to cut off 
a part equal to the less. 

Let AB and C bo tho two given straight lines, of whicli 
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AB is the greater : it is required to cut ofT from AD, the 
greater, a part c<nial to C the less. 


From the point A draw 
tlic straight line AD ei],ual 
to C; [L 2. 

and from the centre A, at 
the distance A1\ describe 
the circle DEF meeting. 4/? 
at 7:’. \PiK<tidatc u. 

yl 7: sliall be e<j|^ial to C. 

Hecauso the ])oiiit A is the 
A E is CMiiial to J I). 

But (/is equal to AD. 





centre of tlio circle DEFy 
[/V/oaV/on ir>. 


TIier(‘forc .17/ and ('are each of tlicm ccpial to AD. 
Therefore AE i^ equal to C. [Axiom 1. 


AVhcreforc Jrom A /I the. (jradcr of two given straight 
lines a part AE has hern cut oj)' ct pad lo 0 the less. Q.K.r, 


IMiOPOSITKJN 4. TIIKOREM. 

If two triangles hare tico sides of the one equal to two 
sides (f the of heCy each to earhy mid have also the angles 
contained fog those sides equal to' one another y they shall 
also have their bases i,r third sides equal; and the two 
triangles shall he. eqnaly and their other angles shall be 
equals each to cachy namely those to which the equal sides 
are opp(,site, 

l^ct A UdyDEFho. two triangles which have tl»c two sides 
A By A C'equal to tlic two sides i>7iJ, l)Fy each to each, namely, 
AB to DEy and Alt to 
DFy and the angle BA tJ A 
equal to the angle ED F: j\ 

the base BC shal 1 be cq ual / 

to the btiso EFy and the / 
triangle ABC to the tri- / 
angle DEF, and the other / 
angles shall be equal , each j! - 

to each, to whicli the equal 
sides are op])ositc, namely, the angle ABC to the angle 
DEFy and the angle ACB to the angle DFE. 


D 
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For if the triangle ABC be applied to the triangle DEF, 
so that the point A may be on the point 7>, aiul the 
sti-aight line AJi on tlic 
straight line DE, the 
point B will coincide with 
the point Ey because AB 
is equal to BE. [////p- 
And, AB coinciding with 
BEy AC wWl fall on BF 
because the angle BAO 
is equal to the angle EBP. • [Ififpothmi'i. 

Therefore also the point O will coincide with the i)oint F, 
because AC in equal to BF, limit. 

But the point B was shcuni to coincide with the point 77, 
therefore the base BC will coincide with the base EF ; 
because, coinciding with E and 6’ with Fy if the base BC 
dates not coincide with the base EFy two straight lines will 
enclose a space v which is inii)ossil)le. [Axiom 1 o. 

Therefore the base BC coincides with the base EF, and is 
equal to it. f .1 xiom 8. 

Therefore the whole triangle -dZ/ O' coincides with the whole 
triapgle BEFy and is eciual to it. 8. 

And the other angles of the one coincide with the other 
angles of the other, and are equal to them, nanjcly, the 
angle ABC io the angle BEFy and the angle ACB to the 
angle BFE. 

Wherefore, if two iriainjh s &c. o i* n. 

TKOPOSITION 5, rUf.OREM, 

The (Digles at the hrse of an iaosceh.^ trianfe are equal 
to one another; and if the t'quai aid tm prodtwed the 
anylest on the other ttide of the hise ahall be equal to .one 
another. 

Let ABC be an isosceles triangle, having the side AB 
equal to the side ACy and let the straight lines xiB, AC 
be produced to B and E ’. the angle .<4i95shall be equal to 
the angle AC By and the angle CBB to the angle BCE. 

In BD take any point Fy 

and from.^.E the greater ciitoOCr equal to.^T’ihe less, [1.3. 


A n 


/ 
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A 


IV' 

/ 


\ 

' 


aiul join Fi\ O Ih 
J>ccaii8c A F’\» equal to AO, %/tsfr. 
anti AB to AC\ 

the two sides FA, A r^are equal to tlu? 
two sides 0\ I, A U, each to each : anti 
they contain the anj;le FAO conunon 
to the two trianj 4 les AFC, AO B ; 
theref<*rc the base FC\h etjual to the 
base OB, anti the triani^le AFC to 
the triani;lt‘ AO B, and the reinaiiiin*^ 
anj,des of tlie out* to the remaining- / \ 

angles t>f the t»thcr. each to each, tt) I*' 

which the eijual sitles are opposite, 
namely the angle AOF tt> the angle ABO^ and the angle 
AFC\o tlie angle AO B. j'l" j. 


\ 


And because tlie wlit>le A F is etpial to the wht/le 
of which the t)artH AB, A Caro equal, I 

the reniaiinler BFh etpial to the remainder CO. 

And F(' was shewn to be equal to OB ; 

therefore the two rides BF^ FC are equal to the two sitles 

CO, OB, each to each ; 

and the angle BFC.s^a^ shewn to bo equal to the angle (JfjIJi \ 
therefore the triangles BFC, COB are etnuil, and their 
(»ther angles arc eipial, each to each, to W'liich the equal 
sides are opposite, namely the angle FBC to the anglo 
0<'B, and the angle BCF tu the angle (JBO, [f. 4. 

And since it has been shewn that the whole aw^oA/lO 
is c/jual to the whole angde Af 'F, 

and that the parts of these, the angles CBO, BCF arc also 
e<|ual ; 

therefore the rciiiaining angle AB(C\^ equal to the remain- 
ing angle ACB, which are the angles at the base of the 
triangle ABC. lA.nmn 3. 

And it has. also been shewn that tlic angle FBC is 
ctjual to the angle OCB^ which arc the angles on the other 
side of the base. 


^yherefore, f/te an(jh% &c. q.k.d. 

Corollary. Ilcncc every c<iuilateral triangle is also 
equiangnlar. 
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A 


B' 




[r. 3. 


[(7on«^ri/rri<>»». 


PROPOSITION 6. THEOREM. 

if tw*") angles *\f a triangU he equal to one another^ the 
$hies also irAirA subtend, or are opp<f 
sits to, the etfual angles, thull /m* etpial 
to one another. 

Lot AHV 1)0 a triangle, having the 
angle A equal to Uic angle ACli : the 
aiao JC’ahall 1 k 3 equal to the aide AH. 

For \t AC ho not eiiual to AH, one 
of them iiiuBt ho greater than the other. 

Let A H 1)0 tlic greater, and from it 
mt off jbH o<]ual to JT the Icrh, 
and join I)€\ 

Then, because in the triangles HHC, ACH, 
i>H U equal to AC, 
and HC i« conuuon to boib, 

the two sides PH, HC are equal to the two sides AC, CH, 
tmeh to each ; 

and tlio angio IJHC is oqnal to the angle ACH ; [Ift/pothmi. 
therefore the bosc DC is equal to the base AH, and the 
tj^iglo DHC is equal to the triangle ACH, [1. 4. 

tSe loss to the greater ; which is ah.<inrd. [.txiom 9. 

Therefore AB is not unociual to that is, it is et^ual to it. 

Wherefore, (f /uro angles drc. q.k.i). 

Corollary, ileuco every miuiangular triangle is also 
equilateral. 

PROPOSITION 7. THEOREM. 

Oh the same b*ise, and on the same side ff it, there can^ 
not be two triangles hating their 
sides srhieh are tertninated at one 
sjrtretHitg *if the htse egmtl to one 
another, and iikeu^ise thise tchieh 
are terminated at the other ar- 
tremitg. 

If it be possible, on the same 
base AB, and on tlie tame side of 
it, let thm be two triangles ACB, 

ADB, haring their sides CA, DA, 
which are terminated at the extremity.^ of the bese, equal 


■V. 
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« 

to one another, ancTUkevrise Uioir sidoB CI)^ DB, which arc 
terminated at B, 

Join CD. In the case in which the vertex of cacli tri- 
angle is without the other triangle ; 
hooauso -^C’is oqiud to AD, 

the angle ACD is equal to the angle ADC, [I. 6. 

But the angle ACD is greater than the angle BCD, [J^. \K 
therefore the angle ADC is also gi'cater than the aiigld 
BCD', 

much more tlicn is the angle BDC greater than the angle 
BCD. 


Again, because BC is equal to BD, [Ihjpothtm, 

the angle BDC is equal to the angle BCD. f I. 6. 

But it luis been shewn to be greater ; which is impossible. 


But if one of the verticeir as 
A bo within the other triangle 
ACB, produce AC, AD to E, F. 

Then because AC is equal to 
AD, in tiio triangle ACD, \Jlyp. 
the angles ECD, FDC, on the 
oUier side of tlio base CD, are 
ei|Ual to one another. [I. 5. 

But the angle ECD is greater 
than the an^o BCD, 

therefore the angle FDC is also 
BCD ; 



greater tfian the angle 


much more then is the angle BDC greater tiuiii the angle 
DL/D. 

Agam, because BC is equal to BD, Vlypothem. 

the angle BDC is equal to the angle BCD. [f. 5. 

But it has be«i shewn to be greater ; which is iippossihle. 

'Hie case in which the vertex of one triangle is on a aide 
of the other needs no demcmstratioiL 
Whfltefore^ m the $ame base kc. e,c.D. 


PBOFOSmON 8. THBORSM. 

U tm triamaies hem two sides qftheoM e^md to tdbo 
¥ tha other, each u> eaef^ hem Ukemke ihdr 
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EUCLWS ELEMENTS: 


ha$$ii equals the angle which i» amiainlfd hy the two eidee 
iif the ane shall l*e cqml to the angle which is cmtainfid by 
the two titles^ eqnal to them^ of tlw oUusr, 

Lot ABC^ T>EF 1)0 two triuuglos, having the two »ido8 
AUy A C e<|iiiU to the two Hidc« DE^ Dh\ each to ciich, 
namely All to IJE^ and AC t<» JJh\ and alno the base EC 
equal to the baae EF: the angle EAC shall l>e equal to the 
angle EIJF. 



\ , ^ t . . \ 

u r* y 

For if the triangle A /iCbo applied to the triangle itE/\ 
m tliat the innut E may be on the |»oint E^ and tlie straight 
line EC on llio stniiglit Itm^ EF, the point C will also coin- 
cide with the point F, Iwcause EC is espial to EF [Ifyp. 
Therdbro, EC coinciding witli EF, EA and AC will coin- 
cide with ED and DF. 

For if Uie base EC coincides with the base EF, but the 
sides BA, CA do not coincide with the sides ED, FD, but 
have a difiereut situation as EG, FG ; then on the same 
l)ase and on tiie same side of it there will l>e two triangles 
having their sides which are terminated at one extremity 
of the l)ase ei;|ua] to one anoUier, and likewise their sides 
which arc terminated at Uie other extremity. 

Bui thiais impossible. [I. 7, 

Therefore since the base BC coincides with the base EF, 
Uio rides BA, AC most coincide with the sides ED, DF, 
Therein also the angle BA€ coincides with the angle 
EJ>F, and is equal to it [iiriam 8. 

Wherefore, iftwo trumfles dtc. o.k.i>. 

PBOPOSmON 9. PMOBLEM. 

Ib Hmi a giem reciUimal theU u to divide it 

two equal amgfee. 
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Let BAC\if^ the dven roctnincid a 

angle : it U miuirod to bisect it. A 

Take any jwiiit JD in AB, and / \ 

from AC cut off AE equal to i>/ \« 

AI^; li.s. 

jf>in /)/?, and on J)E, on tlic aido / 

remote from A, describe the cqui- ' \ 

latenil triangle JJICF. [ 1 . 1 . ^ ^ 

J oin A F, The straight lino A F sliall bisect the angle 7L I (J| 
Bccanso A I) i« equal U) A Ey li'nmtruftwn, 

and A F in coiiiimm to the t^o triangles DAF. EAFy 
the tno Bides DAy AF aro e^jual b:) Bm two sides EA, AFy 
each to each ; 

and the base DFis equal b) the biisc EF; [/hjittiflon 24. 
tlicroforo Uio angle JJAFin equal b> tlic angle EA F. [1.8, 
AVherefore the gi ten rectHhual angle B AC ii hi$ected 
hy the straight litu AF, Q.K.F. 

PROI%8ITION 10. PROBLEM. 

To hkeci a given Anite itraight /ins, theU U to dirUM it 
into two equal parts. 

Let AB he the given straight 5 

Jino : it is required to divide it into / 

Stwo erjual parts. / \ 

[ I>mri[l>e OB it an equilateral / 

Wangle ^i?C; [I. 1 . / 


i i>eicrit>e ob it an equilateral 

^gle^i?C; [I. 1. 

Wd liisect the angle ACB by the 
straight tine meeting AB at 


P [I. 0. 

AB shall be oat into two equal parts at the point h. 

Because AC \% equal to CB^ [Df^inkum 24. 

and CD is oommon to the two triangles ACD^ BCD^ 
the two sides ACy CD are equal to the two sides BCy CDf 
eaditoeadi; 

and the angle ACD is equal to the angle BCD ; [Cofistr. 
therefore the base AD is e<iual to the base DB. [1. 4. 

Wherefore the girm strawht line AB U ditidsd into 
riro Htual parts at the prAnt V, g.E.r. 
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EUCLWS ELEMENTS 


PROPOSITION n. PROBLEM. 

To draw a ftraifjht linn at right angles to a gleen 
ftralght line, from a girrn 
imnt in the mme. 

liut AIJ Ik' Uie given 
straight line, aiul < ' the given 
in it : it h i LM|uirt*<l to 
draw from the |H»iut a 
straight lino at right anglc:i 
% A B. 

Take any point /> in A(\ and make equal to CB. [t. 

On dcHcrihe the cquilatcnil triiuiglo BFEj [t. 1. 
luul join ( 'F. 

TliO straight lino CF drami from the given point C shall 
bo at right angles bi the given .straight line AJJ, 

Because BC i» c<iuul to FF, [ConMruction, 

and VFin common in the two triangles BCF^ FCF; 
the two wdea 1)( CF are eqmd to the two sides EC\ CF^ 
each to e:u:h ; 

mid Uie base BFi» equal to the kiso FF\ IBepiUion 2-1. 
therefore the angle j/tFm equal to the angle EOF' ; [I. 8. 
and UiCT are acljacent auglea 

But when a straight lino, standing on another straight 
lino, inakeis tlie adjft<^-tit migles e<|iuu to one another, each 
of tlie angles is called a right angle ; [Ikjinifion 10. 

tlieroforo each of the angles DCF, ECF is a right angle. 

Whoroforo^wi thn gimn ftoinf C in thrgiren ft might 
linn AB, CFha$ bnen al right angle* to AB. q.e.f. 


/ 


r 


I V 


A i> 


•/ 




Jt: H 


Corollary. By the help of thb jn (ddcni it may be slicwq 
that two stndght linos cannot 
hare a cominon segment £ 

If it be ppeaiblo, lot the 
two straight lines ABC\ ABB 
have tim sogmeni AB com- 

inon to both of them. i pi 

From the polat B ilrsw . 

ntHc^t angles to ^ ^ 

Tbcn^ boeanse ABC is a straight line, [ffgpotketnk 
the angle CBJS is equal to the angle lo. 
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Also, bccaiiso ABD is a straight line, 
the angle DBE is equal to the angle KB A, 

Therefore tlic angle is equal to the angle 1. 

the less to the greater ; which is imitossiblc. [*4riVym 9*. 

Wherefore two straight lines cannot haee a common 
segment. 


PUOPOSITION 12 . PROniKB. 


To draw a straight line pcrpcndicnlar to a girmi 
straight line an unlimited length, fnmi a given point 
without it. 


Let AB l)c the given straight Hue, which may bo pro* 
(IikxmI to any lengtli l)Oth ways, ami lot he tlio given 
without it:* it is required t<» draw from the iK)int V a 
straight line |)er|KJudicular AB. 


Take fuiy isunt D on 
tlie other side of AB^ and 
from the centre C, at the 
distance CD^ describe the 
circle EQF^ meeting ^/i at 
F and G. [Poitutate 8. 

Bisect /Y/ at //, [1.10. 

and join Cli. 

The straight line CIt drawn from tho jfivon mint 0 
shall be per|iendicular to the given straight hm A B. 

Join OF, GO. 

Because /7/is equal to HG, [Ctmitruetum. 

and H€ is common to the two triaiigles FIfC, €fHC\ 
tho two sides /7/, UG are equal to tlio two sides OH^ HC, 
each to each ; 

and the base GF is equal to the base CG ; 15. 

therefore the angle GHF Is equal to the sjigle CHQ ; [I* B. 
and they are adjaceot anglea 

But wbmi a strsight line, standing on anoUier strai^t Kn^ 
makes iise adjacent angles equal to one another, eara of the 
angles is called a right angle, and the straight line widfilt 
•tiuids on tho other IS called a perpendicular to it 10. 

Wherefore a perpendicular GH has hem drmtm to 
the giwm straight line AB/rom the given point C with- 
out iL O.E.r. 


O 



2 
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EUCLIIfS ELEMENTS, 


PROPOSITION 13. THEOREM, 

The anpUe vhieh one etraight line make* frith another 
straight line tni one iide of i7, either are hctj right angleSf 
or are together egual to trro right angle*, 

lict the Rtniight line A li mnko with the straight lino 
CDy on one Hide of it, the angles 0/iAf A HI) : tlieso either 
arc two right aiigl^ or are together equal to two right 
angles. 


A K 



For if the angle CHA is eq\ial to tJic angle AHDf cacli 
of them is a right angle. [Drfhiitwn 10. 

But if not, from the i^oint H draw HE at right tuigles to 

[I. 11. 

therefore the angles CHE, EBD arc two right anglo6.[Z;c/:io. 
Kowt^ angle CBESa equal to the two angles CHA, ABE : 
to each of these equals add the angle EHD ; 
therefore the angles CUE, EHD are equal to the three 
angioB CBA, ABE, EBD, [AxUm 2. 

Aighh the angle EBA iii,||^^to the two angles DBE, 

to each of these equals add the angle ABC\ 
therctoe the ai^es DBA, ABC are equal to the three 
angles DBB, EBA, ABC, {AxUm 2. 

But the angles CBS, EBD hsTC been shewn to be oqaal 
to the aame three angles. 

Thercim the an|^ CBE, EBD are equal to the \ 
DBA, ABC, " ‘ 

But CBE, EBD are two right angles; 
jftiwefiTO DBA, ABC are together equal to two 

Whwefijre^ the angled dtc. q.ej). 
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rROPOSITTON U. THEOREM. 

//; at a jhn'nt iii a ttraight line^ two otht^nt raight lines, 
on tfie opfnmte sulet qf it, ntake the adjacent antjlet tijge^ 
iher egnid to tus» right angles, fltese twit straight lines 
shail be in one ami (he same straight line. 

At the point H in the fttraiglit line AB, lot the two 
Btruight lines B(\ JJ/K <>n the ommito sides of AB, make 
the adjacent atiglos AB(\ A/flJ together equal to two 
right angles: BiJshuW Ik; in the same straight line with VB. 

For if BI) Ikj not in 
the same straight line with 
CB, let BE Ikj in the same 
straight line with it. 

Then because the straight 
line AB makes witli the 
straight lino CBE, on otto 
side of it, the angles A BC, (J 

A BE, these angu^ are to* 
gether equal to two right angles. [1. 13. 

But the angles ABC, ABD ore also together equal to two 
right angles. [ilgpothtsis. 

Therefore the angles ABC, ABE are equal to the angles 
ABC, ABD. 

From each of these equals take away the common angle 
ABC, and the remaining angle ABE is equal to the retnatn- 
ing angle ABD, {AxUm 8. 

the less to the greater ; which is impossible. 

Therefore BE is not in the same straight line with CB. 

And in the same manner it may be shewn that no other 
can be in the same straight line with it bat BD \ 
therelkre BD is in the same straight line with CB. 

Wherefore, if at a point kc. 


PBOPOSmON 15. THEOMEM. 

ff tmo stmigki Hmm out one another, the eerUeoi, or 
oppoKHte, arngfee shM he eguai, 

a— 2 




EUOLWS ELEMENm 
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Let the two straight lines AB^ CD cut one another at 
tlic point A’; the angle A EC shall be equal to the angle 
DEBy and the angle CEB 
to the angle A ED, 

Because the straight lino 
A ^ makes with the straight 
lino CD the angles CEA, 

AED^Hicse angles are t<»g6- 
ther equal to two right angles. [1- 

Again^ W’iiuse tlie straight line DE inakes with the straight 
lino AB the angles AED^ DEB^ these also are together 
equal to two ri^it angles. [1. 18. 

But tlip angles CEA, A ED have been shc^vn to be toge- 
ther equal to two right angles. 

Therefore the angles CEA^ A ED arc equal to the angles 
A ED, DEB, 

From each of tlioso e<|uals take aw^ay the ( ominon angle 
9, and the remaining angle CEA is equal to the ro- 
Sng angle DEB, [Arum 8. 

In tiio same maimer it may be shewm that the angle 
CEB is iMiual to the angle A ED, 

Wherefore, if iteo $tmighi linri &c, q.e.d. 


Corollary 1. From tliisit is manifest that, if two straight 
lines cut one anotlier, the angles which they make at the 
pM where they cut, are together equal to four rightangles. 



rnoFosmoN le. TUKORm, 

If <m$ (f a tnnngD he paxHimed^jKe ejcierlor anqle 

$koU be grmUer lAa« either ^if the interwr op^totiu anglee. 

Lei ABC bo a triaii£^e, and let one aide BC l>e pro- 
doeed to i> : the exterior angle A CD shall be greater than 
dthor of the intmior opposite angles CBA, BAC, 

BIseci AC at [L lo. 

jdn and produce it to F, making i?/* equal to EBAl* 3, 
and join 

Beceiiiae,difisecf^ toi^, and BEioEF; [C&mtr, 
Uietwo aides AE^ EE are equal to the two skies CE^ EF^ 
esditoeach; 
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and Uie angto AEB is equal to the attglo CEF, 
because they are opposite ver- 
tical angles; [1.15. 

therefore the triangle AEB 
is equal to Uio triangle CEF^ 
and the renuutiing angles to 
the roniajniiig attics, each t4> 
t*ach, to which the equal sides 
are opimsito ; [1. 4 

therefore the angle BAE is 
e4|ual to the angle Ei'F, 

But the angle Ei is greaU^r 
than the angle E^ 7'. [.< xtom l». 

Therefore the angle A€I> is greater than the angle BAE. 

In the same manner if /1^/lie biKOi’te<l, and the side^lf' 
ho produced to f/, it may l>e shewn that the angle 
that is the angle A C7>, is greater Uuiii the angle A SC. [1 . 1 5. 

Wherefore, f>nc tith &c. ok i>. 

PJK )PO.snT( #N 1 7. TilKOREH. 

Any tWii nnyh* (»/ a triangle are together (fee than tttip 
right angles. 

I^t ABt' l»e a triangle: any two of its angles are* 
together less than two right angles. 

l*ro<luce B( ' to i>. ^ 

Then l>ecause A CD is the exte- 
rior angle <»f the trimigle ABC, it 
is greater than Uio interior op|>o- 
site angle fl. 15. ' 

To each of these add the aisglo.^Ciil / . -- 

Therefore the angles A(*D, ACB 

are greater than uic angles ABt\ ACB. 

But the angles ACD. ACB are toother e<|ual to two right 
angles. [1. 13. 

Therefore the angles ABC) ACB are together less than 
two right angles. 

In the same manner it may be shewn that the angles 
BAC, ACBp as also the angles CABt ABOf are togemr 
less than two right angles. 

Whetelbre^ any two angles &e. q.x.d. 




22 . BVCLim ELEMENTS. 

PROPOSITION 18. THEOREM. 

The greater eide f(f egMfi/ triangle has the greater 
angle opprmte to it. 

Let ABC he a triangle, of which the side AC k greater 
than tho side Ali : tho angle ABC is also greater than the 
angle ACB. 

Because AC is CTcator thm 
AB, make AJJequtd to A By [1. 8. 
and join BD. 

Then, bocauso A J>B is tlie ex- 
terior angle of tho triangle BJ)(\ 
it is greater than tho interior o))- 
fwsito angle VCB. [l. lO. 

Bat tho angle ADB is equal to tho angle ABDy [L 5. 
because Uio side A Bis cqtud to tho siilo AB, [Constr. 

Thoreforo tlio aiiglo ABB is tUso greater than the angle 
ACB. 

Much more tticn is tho angle ABO greater than tho angle 
ACB. „ 

Wherefore, the greater sule dtc. q.e.d. 

PROPOSITION 19. THEOREM, 

The greater angle qf erery triangle it tuhlended by the 
greater side^ or has the greater side opposite to it. 

Let ABC bo a triai^of of which the angle ABC is 
greater than the angle aCB : ikw side AC is also greater 
than the side A B. 

For if not, AC most bo either 
equal to if or loss tlian AB, 

But AC is not equal to A By 
for thoti the an^e ABC wmild 
beequal toiliea^e.^Ci7; [1.5. 
but it is not; Iffypotktsit, 

therefore AChtnoh equal iaAB, 

Neither is .^Cless than AB, 
for then tlm angle AEG would bo less than the angle 
-^^^5 " ILia. 

but it is not ; [HypotkesU. 
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Uiereforo ACh not less than AB. 

And It has boon shewn that 4C is not equal to AB. 
Therefore ^Cis greater tlian AB. 

Wherefore, the ff renter angle Ao. q.e.d* 

pRorosmoK 20. tueorem . 

Any hro Met i\f a triangle are Utgether greater than 
the third tide. 

T.^t ABC be a iriattdo : any two sides of it are together 
greater tlian tho tliinl side ; 
natncly, BA. AC grt^alcr than 
BO ; and A Bi * greater than 
AC ‘^ and Bi\ CA greater tlmn 
AB. 

Produce BA to A 
making A D equal to A i\ [t. 3. 

and join DC. "" 

Then, l)ocauiM3 ADi» cqtial to AC\ [Conttrueiim. 

tlic angle A DC is e«|ttal to Uie aaglo ACD. (I. 5. 

But tho angle BCD is greater tbaii the anglo ACD. [A». 9. 
Therefore the anglo BCD is greater than the angle BDO. 
And liecause tlio angle BCD of the triangle BCD is 
greater Uian its angle BDCymX that tho greater angle is 
subtended by the greater siae ; [1. 13. 

therefore tho side BD is greater than the tide BC. 

But BD is e<|ual to BA and AC. 

Therefore BA^ AC are greater than BO* 

In the same manner it may be shewn that AB, BO are 




Wherefore, any two tides Ac. q.iu>. 

PEOPaSITION 21. rnEOHEU. 

fffnm the ends ^the ride of a triangle there be drawn 
two etraigkt lines to a point within the triaM(4e, these 
shall be l^ than the other two rides ff the triangle, but 
shall eoniain a greater angle. 
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EUCima ELEMENTS. 


Jjct AEG bo a triaiu^e, and from tho pointa By 6* 
tho cuds of the side EVy 


lot tho two straight linos 
BDy VD bo drawn to tho 
^int D within the triangle ; 

BDy DC shall bo less 
than tho other two sides 
BAy AO of tlio triangle, 
bttt shall contain an anglo / 
BDC greater than the 
angle BAG. 

Produce BD to moot AC at E. 


A 

/ ■ 
/ 


Because two sides of a irianglo are gi*oater tlian tho 
third side, tlio tw'o sides BAy AE of the trianglo ABE are 
greater than the side BE, ff. iifK 

To oach of these add EC. 

Therefore BAy AG arc greater than BE, EC. 

Again ; tho two sides CEy ED of tho triangle CED are 
greater than the third side CD. [ 1 . 20. 

To oodh of Uicso odd DB. 

Therefore CEy EB arc greater than Ci), DB. 

But it has been shewn that BAy AC are greater than 
BEy EG ; 

mudi moro then are BA, -4(7 greater than BDy DC. 

Again, bocanso the exterior anglo of any triangle is 
greater t ha« tho interior omwsito angle, the exterior 
a^e BDC of tho trianglo ODE is greater than tlie angle 
^D. [I* 

For tho same reason, tho exterior angle CEB of the tri- 
anglo ABE is greater than tho anglo BAE. 

But it has boon shewn that tho anglo BDC is greater tlian 
the angle CEB ; 

mndi more tlimi is tho angle BDC greater than the angle 
BAG. 
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PROPOSITION 22. PROBLEM, 

To mak* a triangh ((f whi*'h the fhaU &/tuil to 
tLriv giren straight Hne*^ but any two irhatert*i* of' tta*»t! 
must Iw greiUer than thi' third. 

fiCt Ay By CMm? the three g^iven Ktniijjht Imo», of which 
any two whatOTor are (greater Uian Uic third; namely. 
^ atid B greater than C\ A and V greater than B \ and 
B and V (n^eater Umn A : it U reqairotl to make a triangle 
of which Uie aide* shall l>e c«|iial to A, By Vy ciuih to each. 

Take a etraight lino 
I>B tenninateii at the 
|)oi!it JJy but unlimiUHl 
towanla A’, and nndee 
/>/’ e<(tuil to Ay /V; 
equal t<» By and till 
e<juaJ b* f *. fl. 3. 

From the centre P\ 
at the diaianco /*/>, 

<le»<?rilio tlio circle 

BKL. [PoH. 3 . 

From the centre O, at the diatanco GHy describe the circle 
ilLKy cutting Uie former circle at K 
Join KBy KG, The trianide KFG shall liave its sides 
e<]ual to the three straight lines Ay By C. 

because the iwint F is the centre of the circle DKLy 
FD is equal to FK, [DejUnUwn l.'J. 

Hut FD is equal to A, [CoMtmHum, 

Therefore FK is c<iual to A. [Axiom 1. 

Again, because Uie point G is the centre of the circle llLKy 
Gli is equal to GK [brjiniimti 15. 

But GH is eciual to C. [Conststmtim, 

Therefore GK is equal to C. [Axvm 1. 

And PXit is equal to B. [CuMtruetim. 

Tliorefore the three stra^ht lines KFy FGy GK are equal 
to the three Ay By C\ 

Wherefore ths iriangk KFG has it$ thre€ tid^i 
KFy FGy OK 9qmd to tAe thre€ given etraight lines 
Ay By a f. 



H 

C 
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EUCLIUS ELEMENTS. 


PBOPOSmON 23. PROBLEM. 


At a gifDm j^int in a girmi $traight Un4>, to make a 
rectilineal an fie equal to a ginan rectilineal angle. 


A It bo the (dven straight lino, and A the giren 
point in it, and the given roctilincal anglo: it is 
i^uirod to make at the given point A fin tho given straight 
lino AJJ, Au anglo espial to tho given roctilincal anglo 
DVE, 


In CDf CE Uke any 
)M)ints />, E, and join DE. 

Make the triangle A FG the 
sides of wliich shall ho C(|^ual 
to tho three straight linos 
CDf DEf EC\ so that yl/’ 
shaU be equal to ^7^, AG to 
CEf and FG to DE, [I. ii. 

The angle FAG shall bo 
equal to tlio anglo DCE, 

Because FA^ AG are equal to DC, CEy each to each, 
and Ute base FG equal to the base DE ; [CorntruHion. 
therefore tho angle FAG is equal to the angle DCE. [I. 8. 

'Wherefore at the giren point A in the given straight 
line AM, the angle FAG has been made equal to the given 
rtdilinial angle DCE. Q.£.r. 



PBOPOSITION 24. THEOREM, 

If imo trianglee hare tito sides qf the one equal to two 
elm qftke oiAety each to earhy hut the angle contained by 
Me two sides qf one iif them greater than the angle eon- 
taiiMd by Me two sides equal to them , of the otheTy the base 
qf that which has the greater angle Hicdl be greater than 
the base qf the other. 

Let ABCf DEF bo two triangles, which have the two 
Men AEf ACy equal to the two sides DEy DFy each to 
each* Bamelj, AB to DEy and AC to DFy but &e angle 
^^Cgreater than the anglo EDF: the Ime BC shall be 
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greator than Uie baso 
EF. 

Of the two sides 
BE, DF, let BE bo 
tlio side whidi is not 
grea^r than the otlier. 
At file point B in 
Uio straight line BE, 
make tiic angle EBG 
ctiiial to the angle 
JiAC, [1. tx 


and join EG, OF. 

BiH'nnso An\% equal to BE, [Hypoiktm, 

and -K'to BG ; 

tlio two siilcs liA, AC arc equal to tho two sides ED, DO, 
each to oai‘h ; 

and Uio angle BAC is equal to tho angle EDO ; [Cmttr. 

Uiereforc the base BO is equal to tho baso EG* [1. 

And iKH-auso BG is cc]uai to BF, [flon$iructum, 

the angle DGF is ocfual to tho angle BFO, [T. C. 

But the angle BGF is greater tlian the angle EOF, [Ax. 9 . 
Therefore the angle BFG is greater than tho angle EOF* 
Much more tlien is tlio angle EFO greater than the anglo 
EGF, [AxUm 9. 

And l>ecausc the anglo EFG of the triangle EFG 
greater tlian its angle EGF, and that the greater nnjirle 
subtended bj tlie greater side, 
therefore tho side EG is greater than the side EF. 

Bui EG was shewn to be equal to BC ; 
therefore BC is greater than EF. 

W*herefore. if tteo triangle$ kc. q.e.1). 


lun. 


BBOPOSITIOK 23. TEBOMM. 


srr 



28 


EUCI^I/S ELEMENTS. 


greater than the base rif the otker^ the emgle contmkfjH^ bg 
(he sides qf that which has the greater hase^ snm he 
greater than (fie angle contained bg the sides equal to 
(hcfUj (\f the other. 

Let ABC^ DEF be two triangl^ which have the two 
Bides AH^ AC oaunl to the two sides DEy DF, each to 
each, namely, A Js to DE, and -1^’ to DF, but the base 
BC than tlie base EF: the angle BAC shall 

bo greater than the angle 
.EDF. A 


• For if not, the angle 
. BA ( " must bo either cciual 
to the angle EDF or less 
than the angle EDF. * ^ 

But tho angle BAC is not | i 

0(|ua] to tho angle EDF, n C L i' 

for then tho Iniso B(* 

would bo equal to the base EF) [1. 4. 

but it IB not ; * \llufinthf8iit. 

therefore tho angle BACh not o«iual to tho angle EDF. 
Neither is tlio angle BA f Atm than the angle EDFy 
for then the base would be less tlnui tho Ikiso EF ; [1. 24. 


but it is not ; [//ypfytAesis, 

tlieroforo the angle BACU not less than tlio angle EDF. 
And it has been shewn that the angle BAC is not equal 
to the angle EDF 

Therefore the angle BACis greater than the angle EDF. 
Wherefore, (/* two triangles Ac. g.K n. 


rUOI'OSITlON 2f>. TIIhORKM. 

If two triangles hate two angles qf the one equal to two 
angles if the ofA^r, each to each, and one side equal h* 
one siae, nasnelg. either the sides ailjacmt to the eqswd 
angles, or sides which are ojtposiie to equal angles in eacA, 
then skali the other sides be eiiuaiy o<i4rA to eachy and also 
the third angle tf the one equal to the third angle qf the 
other. . 

Let ABOy DEF be two triangles, whkli hmra the 
mtgleB ABCy ECA equiU to Uie angles DEF, EFDy each 
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ild) i*mch, uftiucUs ABC to DRf\ and B(*A to KFD ; and 
let titem have alao one aide CN|tia) to ono aitlo ; and first lot 
^lose sides be eqnal which are acUacioiit to Uie equal angles 
iiii tlie two triangles, namely, B(f to KF ‘, the other ludos 
shall l>© equal, each to eawdt, munely, AB to DR and 
-U’ to />iP, and Uio tliinl 
anjflc BAC equal to the A 
third angle EdF. ] 

For if AB Ik' not 
04[ual to />/;, one of them \ 
muHt lie greater tluiii the t 
<*th( r lx,»t ^iB he the 
greater, and make BH tj 
CH|iml to />//, [1. 3. 

and join fi(\ 

Then lH»cauiie O B is equal to 7> A’, 
and B( * to EF ; 

the two sitle* /7/i, DC mc equal to the two sides DE, EF^ 
eiurh to each ; 

and the angle OBC is 04|ual to tlie angle DEF 

therefore the triangle (iBC\% equal to the triangle DEF^ 
and tlie other angles to the other angles, each to each, to 
which the o<|ual sides are o|>|»osito ; If. 4 . 

therefore Uic angle GCB is equal to the angle DFE. 

Ihit the angle J)FE is equal toUio angle ACB^ [Nfipnikim* 
'nierefore the angle (i('B is o(|oal to the angle ACBA^^ h 
the less to the greater ; which is impossible. 

Therefore AB is not unec|nal to DE^ 
that is, it is equal to it ; 

and B€ is equal to EF\ [HjfpiUhuU, 

therefore the two Meo AB, BCare equal to the two^^des 
DE, BF^ each to each ; 

and wnifleABCi» equal to the angle DBF; [ffjfflbfkeni, 
theietoe the base AC is equal to the bate DF^ and the 
third angle SAC to the third angle EDF. (1. 4. 


i 


i' K 
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BdCLIjyS BtEMENTl^, 


Ncx^ let sides which wm opposite to equal angles in 
each triangle be o^ual to one another, namely. AB to 
DE : likewise in this caso the oUier sidea shall be equal, 
each to each, nanioly, BO to EF^ and AC to DF^ ana 
also the tliird angle //.d 6' equal to the third angle EDF. 

For if BC bo not 
equal to EF, one of tlicm 
must be greater than 
tlio other. 

Let BC bo the greater, 
and make BU equal to 
EF, [I. 3. 

and join AH. 


N 




N 


H C 


\ 


Then because Bll is equal to EF^ [c o»w/r«r^iV)n. 

and AB to DE ; 

the two sides A By BH are equal to the two sides DEy EFy 
each to oacli ; 

and the angle .«4/7//i8 equal to the angle ; [llypothtsi*, 
iberofbro Uie triangle ABH is etjual to the triangle DEFy 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I. 4. 

therefore the angle BHA is equal to the angle EFD. 

But the angle EFD is equal to the angle BCA. 

Thmforo the angle BHA is equal to the angle BCA ; [Ax..l. 
that is, the exterior angle BHA of the triangle AHC is 
equal to its interior opposite angle ; 
which isimpowihle. [I. U. 

Therefore HCis not unequal to EF, 
that is, it is equal to it ; 

and AB is equal to DE ; [IfypotheHs. 

therefore the two sides AB, BC are equal to the two sides 
DBy EF^ each to each ; 

and the ans^^dJ^C hi equal to the angle DEF ilEypeOittU. 
therefore the base AC is equal to the base DF^ and the 
third aogfoJtdC to the thM angle [Li. 

qjux 
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* PROPOSITION 27. TIISORSM. 

if a $trai*jht It m /idling an itro other $tra\ght linrs^ 
make t/ts alternate anglei egiud to one another^ t/te (Wo 
straight linee ihall t*e jmndlk to one another. 

Let Uio Mtnught lino KF, which fail» on tho two itmii^ht 
J/i, C’A make tho altcrimto anglcii AFFy FrVJ 
c<|ual to Olio another : A/i fihall l>o parallel to (UX 

F<ir if not, AB and C/>, lining tirodiic<Hl, will meet 
cither towards By D or towaran yf, C\ Lot them bo pro- 
duced and moot towarda B, D at tho point Q» 

/ 



Therefore OEF\e a triangle, and its exterior angle ABF 
i» greater than the interior opposite angle EFQ ; [L IS. 
But tho angle AEFve also oqua^to the angle EFQ ; [ffgp, 
which irt impossible. 

Therefore AB and CD being prodneed, do not meet to- 
wards By D. 

In the same manner, Jt maj bo shewn tliat thejr do not 
meet towards Ay 

But Uiose straight lines which being prodooed erer so fiur 
both ways do not meet, are ]«unUeL [B^nUim 95. 

Therefore AB is parallel to CD, 

Wherefore, if a etraiyfU line &c. Q.x.n. 

PROPOSITION 29. TUBORBM. 

If a etraighl line /idling on tw other HredafU iine$t 
make the exterior emgU equal to the interior ami ygpoeiie 
on^oti lAssomes^ qf the line, or make dke uUer^ 
angleetM the eemm aide together equal to two m 

the two etr^ht Btm ekm be parallel to one another. 
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EUCLmS ELEMEJ^JA\ 


liCt tlio straiffbt lino EFf which fdla on the two 
otraitflit line* AiSf 01)^ make the exterior angle EGB 
(Miual to Uio interior anfl oppoaito angle GHD on the same 
aiae, or make the interior angles on tlio same side BGH, 
GUI) together equal to t\ro right angles : AB shall bo 
IHirallcl to CD, 

Because the angle KGB is j 
equal to the angle GUI>, [//vp. 
and the angle EG B is al so equal 
to the angle A Gilt [1.15. 
therefore the angle AGU Is 
eqtial to the angle GIII>\ [.4ar.], ^ 
and they are alternate angles ; 
therefore AB is (utrallel to ^ 

VI). [ 1 . 27 . 

Again ; because the angles BGUt GUI) arc together 
Oi]Ual to two right angles, 

and the angles A 011^ BGU are also together equal to two 

right angles, [1. 13. 

therefore the angles AGHy BGU are equal to the angles 

MGUt QUD, 

'Bidioaway the common angle ; therefore the remaining 
angle <.4(7/fisoqual to the remaming angle GUD ; [Axiom 3. 
and Uioy are altoruato angles ; 

therefore AB is parallel to (72>. [I. 27. 

Wherefore, \f a ttraight Um & c . q . e . i ». 



PROPOSITION 29. TBEOREM, 

ff a $traIi$kA Um /ail on ttro jniralM 9traight limx^ 
U makm lh$ alitmtUs <Mgim fo anoihtrt and 
thi surlerior amok ^qnal to tMinterwr and oppoHU angle 
of» the same Me; and aleo the fioo interwr anglee on 
the same Me together egM to two righhanglee. 

Let the straight line MF iUI on the two parsUel 
straight Ihm AB^ CD : the idleniiate angles AGl/t GUD 
shall be to .one another, and the exterior angle 
M^B shall be equal to the hnorior and opposite angle 
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On the same Ride, GITD^ and the two interior angles on 
the same side, BQU^ GUDy shall bo together otinal to tw*o 
right angles. 

For if the angle AG It l)o 
not ei^iial to the angle OUJ>, 
one of them iinist Iks greater 
than the other ; let the angle 
AGHh^ the greater. 

Tlien the angle A(UI is greater 
than tlic angle Gill)\ 
to each of them add the angle 
BGH ; 

therefore the ai»glcH AGlly DGl! aro greater than tlio 

angles nan, aiii). 

But the angles AGH, BGH aro together c<)md to twd 
right angles ; [f. 13. 

Ujcreforo the angles BGIT, G11J> aro iogotber loss ilian 
two right angles. 

But if a straight line meet two straight Hnoii, so as to 
make the two interior angles on the same sido or It, takon 
together, less than two right angles, these straight lines 
being contiiiuallir produced, shall at length meet on that 
side on which aro the angles which aro less than two 
right angles. [Axt^m 12. 

Therefore the stnught lines AB, CDy if continual! j pro- 
duced, will meet 

But they never inoet, since they are parallol by faypotliosis. 
Therefore the angle AGH Is not unequal to the angle 
OHD ; tliat is, it is equal to it. 

But the angle AG II is equal to the angle EGB. [f. 15. 
Therefore the angle EGB is equal to the angle QllD. \,Ax. 1. 

Add to each of Uioso the angle BOIL ^ 

Therefore Uic angles EGB, BGH are equal to the angles 
BOa, OHD. lAxUm % 

But the angles EGB, BOH are iogeilicr equal to two 
right angles, [I. 18. 

Therefore the angles BQH^ GUD are together equal to 
two right angles. Idmkm 1. 

^Therefore, \fa wiraiglU line 4c. Q.B.n« 

3 


A'c: 






\ " 
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EVCLID^ ELEMENTS, 

rROPOSlTION 30. TUEOREM, 

Straight which arc parallel to the came straight 
line are parallel t > each othn\ 

JiOt AB, VD l>o each of them parallel to EF\ AB 
iihall bo fiarallol to Cl>. 

Lot the Htraij^ht line OlffC 
cut A /y, EE\ eh. 

Then, l>ocau»c Of IE cuti* 
the parallel »traij{ht liiiOH A /y, 

Ef\ the angle AO/f is equal 
to the aiiglo OllF. [1. 2i». 

Again, because OK cuts 
the {Sirallcl stniight linos EF, 

€1), the angle QffF is e<iual 
to ino angle OK IK [f. 

And it was shewn iliat the 
angle AOK is o<ittal to the angle GHF. 

Therefore the angle A OK is equal to Uic angle OA' I ) ; [ A r. 1. 
and they are alteiiiate angles ; 

therefore AB is pai^el to CD, [i. 27. 

’Wherefore, straight lines kc, o.K.i>. 



PROPOSITION 81. PROBLEM. 


To draw a straight line through a giren paint paralki 
to a giesH stnUght /ins. 


Let .4 be the given point, and BC Ute giToti straight 
lino : it is required to draw a straight line through the 
point A jKiralle! to the straight lino BC, 


In BC take any point 
D, and join AD ; at the 
pmnt A in the straight 
fine AD, mnke the angle 
DAE equal to the angle 
ADC; [1. 28. 


e ^ V 

/ 

/ 

S 15 ^ 


and produoe the straight line EA to F, 
shall be parallel to BC, 
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Becauiio the siralj^ht lino AD^ which mooU Uio two 
straight Uxics Bi\ EPy insikos iUo al tomato angles KAU^ 
A DC equal to one another, It Wrnirrioi*. 

EF is [mrallcl to BC* [1. 

Wherefore ihs itraight line EAF u iltyitrn through t/te 
giren ^mnt A^ fniralhi to thegiren ft might fine BC, q.k.k. 

V KU I »OS I T 1 i)N 32. 77/ EOHKM. 

If a title t>f' any triangle Im prtKlnCtuf, the erterinr 
angle i> tynat to the ttrtt interior and t^^gendte angtee ; 
and t/o' three interior angles *f terry triangle art t ^gt- 
iher tf/uai tiro right angles. 

l..ct AB(* he a triangle, and lot one of its sides BG 
l>c pnxluced t4i /> : the exterior angle At^i) sltall l>e cqtiol 
to tlie two iiiterior aiul opposite angles f vl//, ami 

the three interior angles of the triangle, itamelj, ABV^ 
BCAy VAB sliall Ins minal to two right angles. 

Through the i>oin t (. 'draw ' \ ^ 

6'^ IMinillcl U» W/y. (1.31. / \ 

Then, Isx'aiisc A H is }«tr- 

allol to VE, and AG falls on ^ S X' 

them, the alternate angles 6 — 

BAGf ACE arc erjual. jl gp. 

Again, because AB is parallel to CE, and BD falls on 
Uiem. tlie exterior angle ECD is ec^tiol to the interior and 
opposite angle ABC. (I. 29. 

Hut Uie angle A CE was shewn to be equal to the anglo 
BAG, 

tiierefore the whole exterior angle A CD is equal to Uio 
two interior and op{K>sito angles GAB^ ABC. [A sum 2. 

To each of these otiuols odd the angle ACB ; 
therefore the angles AO/J, ACB ore equal to the three 
angles CBA, BAC, ACB. iJxum 2. 

Hut the angles ACD^ ACB are together equal to two H^t 
angles ; [1. 13, 

therefore also the aaglea CBA, BAC, ACB are together 
equal to two right anglea. {Amom I. 

Wherefore, if a $ide gfawy triaiigU kc. qjld. 
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EUCLID S ELEMENTS. 


Corollary 1. All ih^ interior anglee of any recti- 
lineal figure^ together tcithfour right anglee^ are equal to 
twice 09 many right anglee a# the figure hae tidee. 

For any rectilineal fipnire ABfDE even bo divided into 
as many triangles as tlio figure has sides, by drawing 
straight lines from a ywint F witliin the figure to each of 
its angles. 

And by the preceding proposition, 
all the angles of these triangles are 
equal to twice as many right angles 
as there arc triangles, that is, as the 
figure has sides. 

And the same angles are equal to the . / , ^ 

interior angles of the figure, together v 

with the angles at the i^Kiiut which ^ ^ 

is the wumium vertex of the triangles, 
that is, together with four right angles. [I. 15. C»,ollarg 2. 
Therefore all the interior angles of the figure, together with 
four fight angles, are equal to twice as many nght angles 
as the figure lias sides. 





Corollary 2, Ail the ejrterior angle* of any recti- 
lineal figure are together equal to fmr right angles. 

Because cverv interior angle 
AIi(\ witli its a4jaccnt exterior 
anfflo ABDf is equal to two 
right angles ; [1. 13. 

therefore all the interior angles \ \ 

of the fi^re, together with all \ 

its oxtonor angles, are e<iual to d 
twice as many ri^t angles as 
Uio figure has sides. 

Bnt, by the foregoing C orolkry all the interior angles of the 
figure, temther with four lijglit angles, are equiu to twice 
as many fight angles as Uic figpire has sides. 

Therefore all Uie interior angles of the figure, tmtlier with 

an its exterior anglos, are equal to all the inteim anglee M 

the figure, together with four right angleA 

Therefore all the exterior angles are cqmd to four light 

anglea. 
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I’KOPOSmON 83. TBEOmH. 


Tke itrmght linet vhieh foin the exImniftVt (\f tiro 
ffftMi and fmraiM etraight hnet iotrarth thr mmr ftarUf 
are OCetnedre* and jniralUL 


AD and CD bo equal and iiarallol straight linos, 
and lot them \>r joinetl towards the wimo |>arts by Uio 
straight lines AV and BD , AC and BD sliall be o^iiud 
and iiarallcl. 

Join BC. ^ 

Then because AB in psr- ' \ 

allel t<» C/-), \ 

and /ir meets them, 

the alteniato angles ABt\ y. A 

are 0 (|ual. (f. 29. ^ 

And because AB is equal to (^7>, yft/pofhftii, 

and BC is common to the two triangles ABi\ DCH\ 
the two sides BC are equal to the two sides />C» CB^ 
each to each ; 

and the angle ABC was shewn to bo equal to the angle 
BCD \ 


therefore the Itaso AC is e(|ual to the Isise BD^ and the 
triangle A BC to the triangle BCD^ and the other angles 
to the other angles, each to each, to which the equal sides 
are o{>positc ; [1.4. 

therefore the angle ACB is CN]ual to the angle CBD, 

And because the straight line BC* meets the two straight 
lines AC^ BD^ and makes Uio alternate angles ACB^ C*BD 
i¥|ual to one anotlier, AC is |»araJlel to BD. [1. 27. 

And it was shewn to lie c<|u^ to it. 

^Vberefore, the ntraight linen &c. Q.s p. 


MtOPOSlTION 31. THEOREM, 

The oppoeite eidee and angUt f{f a parallelogram are 
eauai to one another, and the diameter hieecte the par* 
tmelogram, that i#, diruhe it into two eqnal parte, 

As4e. A parallelogram is a four sided figure of which tbs 
^poiila sides are panlkti ; and a diameter is the straight Um 
jouiiiig two of its epiniiito aiigiei. 
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Let ACDB bo a parallelofiTaui. of whicli BG is a 
diameter ; the op{) 08 ite sides ana angles of t!ic h^ro shaU 
bo e^tial to one another, and the aiameter B(J shall bi- 
sect it 

Because AB is parallel 
to GD^ and BG meets them, 
tlie alternate angles ABG, 

BGD are equal to one an- 
other. [I. 29. 

And because AG is parallel 
to BDj and BG meets them, 
the alternate angles AGB^ GBD are equal to one 
anoUier. [j. 29, 

Therefore the two triangles ABG^ BGD have two angles 
ABG^ BGA in the one, equal to two angles DGB^ GBD in 
the oilier, each to each, and one side BG is common to tlio 
two triangles, which is adjacent to their equal an^es ; 
therefore their other sides are caual, each to eadi, and 
the tliird angle of the one to the third angle of the other, 
namely, the side A B ctiual to the side f7>, and the side 
AC equal to Uio side BD, and the angle BAG equal to the 
luigle GDB, fl. 26, 

And because the angle ABG is equal to the angle BCD^ 
and the angle GBD the angle ACB^ 
the whole angle A BD is tvnud to the whole angle A CD, (^1 x, 2. 
And the angle has been shewn to be otiual to the 
angle GDB. 

Therefore the opposite sides and angles of a {mrallologram 
are equal to one anoUicr. 

Also tlio diameter bisects Uie luirallclognuu. 

For AB being equal to C/>, and i/C common, 

the two sides AB^ BG are equal to Uic two sides D(\ CB 

each to eaeii ; 

and the angle ABG has been shown to l>o equal to the 
angle BCD ; , 

therefore thetriangleuilJ9Cis equal to the triangle i7C/>,[r.|, 
and the diameter BG dirides the parallelqgram ACDB 
Into two equal parts. 

Wheretoe, lAs opp(»iU tiWst &c. a,E,i>. 



\ " \ 
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PROmsmON 35. THKORKK. 

PaviiB^htgrani* on th*' sam^f anti thf $anu 

paraild$^ art tqwd to one an(4hrr. 

lit«t Uio |>anillolg(in^mii AliCB^ EBVF bo on Uic siuiio 
balk' B( \ ami i>etweei) Uio ftanio|)aridlolH A h\ BV : tito mrab 
Iclogram A HOD shall bo equal to tbo parallolojiT’^m EHVF, 
If Uio Bi<lo« AD, DF of n 

the ftarallclogratiis A BCD, [ 

DH("t\ opposTto to the biUM) ' 

B(\ 1)0 toniiinaiod at the Karoo . y' 

point D, it isplain that oath of [ ^ j/ 

tlic mralloioimiiia U doulilo of R C 

tiio triangio^DC; I * • 

and they are therefore equal to one anoUior. \Ajrum «. 

JJut if the ftidos AD, EF, opi)Osito to tho \ieae HC 
of tho jiarallelo- . v a n »• 

rniros A B( */>, ^ “V 

EHOF iKJ not \ /\ \ 


EHOF iKJ not \ /\ \ 

tenninaUMl at ' / i / \ / 

tho same |)<)int, ' / \j W 

‘i'nl’.r. 0~ ft 

A B< D w a |)ar- 

allclograro /> is equal to jffC* ; [f. 84. 

for the name reason FsF is equal to BC ; 
tlicrcfuro AD is o<|ual to EF\ \Axiim 1. 

thoroforc the whole, or tho remainder, AE va equal to the 
whole, or Uio remainder, DF, [Arwm* 2, 8. 

And .d/i is o<|ual to ; [f. 84. 

tliorcfore the two sides EA^ AB wta equal to tho two sides 
Fl>, />f'cach to each ; 

and the exterior anglo FDC is equal to the Interior and 
0 {>p 0 Hitc angle EAB ; [I. 29. 

therefore the triangle EAB is e^iual to the triaiiirie 
FDC, (I. 4. 

Tadce the triangle FDC from the trapexium ABCF, 
and from tho same trapezium take the triai^e EAB^ 
and tho remainders aro equal ; [Axum 8. 

that is, the pandlelognun ABCD is equal to the parallda* 
gram EBCF, 

yfhicrtfoTC,paraUdoi^ram9cnthAiametkueitc, Q.1E.P. 
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EU€LW\S ELEMENT'S, 


PROPOSITION 30. TIIEOJiLM, 


Parallel cm equal hujtes^ ami between tfie same 
parallelSy are equal to one another, 

\u,ot ABCD^ EEGIl ho panillclo^nuns on equal bases 
B€, EGy and between the same iiarailels Ally JIG: the 
partillelogruin shall bo eqmil to the parallelogram 

EFUJi, 


Join BEy CIL 
Then, l>ecjiusc BC 
is equal to FGy\lhjp. 
and FG in Elly [1. r? 1. 
BC is equal to 
Ell\ [Jarww 1. 
and they are parallels, 


o K 




L-ll. 

U 


ti' — i' 




[J/t/polhtsU. 

and joined towards the same parts bv the straight lines 

BEy cir. 

But straight lines which join the extremities of equal and 
l>arallcl straight lines towards the same {tarts are them* 
selves Oiiual and {tamllel. [I. 33. 

Thort'fore JlEy ^V/arc Itoth equal and parallel. 

Thoreforo EBV/l is a {mnillelogram. [Dfjinition, 

And it is etimd to ABGDy because they are on the same 
Iniso BVy and between the same parallels* Bl\AII, [I. 3r». 
For the sjuiie reason the {taraHelogram EFGIJ is equal 
the same EBVJJ, 


Thorefttre the piinillelognim A BCD is equal t<» tho par- 
allelogram EFGIf, [Arhtn 1. 

Wherefore, parallel(Mjrams &c. q.e d. 


PROPOSITION 37. THEOREM, 

THanqles on the tame iMisCf ami between the tame par- 
alldt^ are equal. 


Let the triangles ABC, 
DBC bo on the same base 
BCy and between the same 
{tanUlels ADyBC: the tri- 
ans^e ABC ^all be equal 
to the triangle DBC. 

Produce AD ItoUi ways 
to the points Ey F ; [Poi/. 2, 





r 
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Uiro%4i H draw BE parallel to CA, and through C draw 
CF iximllel to BI). [I. 31, 

Then each of the figures EB(*A, DUCF is a |)arallelo« 
grain ; I 

and EBCA is equal to DBCFy hccaiise thev iiro on the same 
base Bi \ and between the same {mrallels EF, II. 35. 
And the triangle .l/KMs half of the ]>;iriiUuh)gram EBCAt 
liccausc the diameter J Ji bistH;t.s the landlelogniin ; [1. 31. 
and the triangle DBCxn half of the jiarallclogram DBCF^ 
because Uie diameter DV bisects Uio fiaralloiognun. [1. 34. 
Hut the halves of equal things are c<|iml. 7. 

Therefore tlio triangle ABC is e<iual to the triangle DBV* 
Wherefore, trianfffft &c. g.E.i). 

nioposiTioN a«. tbkourm , 

Trianghi mi equal and heticcen the eatne par* 

alltUf are equal to one another, 

the triangles ABC, 1>EF be on equal bases BC, 
EF, and between the some tsirallels BF^ All : the triangle 
ABC fXM be CMioal to the triangle £>EF* 

I*roiluee..4/>lK)th 
wavs to the points 

through B draw BO 
{parallel to 6Vi, and 
through /Mniw Fit 
{parallel to KIk [f. 31. 

Then catrh of the 
6gures GBCA, DEFIl is a parallelogram. Uminitwn, 

And they are equal to one another because they are on 
eciual kises BCl EF, and between the same (laralleU 
BF, Oil, lb 3«. 

And tlic triangle ABC is half of the parallelogram GBCA^ 
because the dimeter bisects the |iarallek^r>’am ; [f. 34. 
and the triangle DEF is half of the iKindJelctfram DEFllf 
because the cOameter DF bisects the {laralklograiiL 
But the halros of equal things arc equal lAxum 7. 

Therefore the triangle A BC is equal to the triasi^e DEF. 
Wherefore, triangles Ac, Q.E.n. 


%■ 


-A- 


/' 


1 


"C K. 
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EVCLmS ELEMENTS. 


PROPOSITION 89. THEOREM, 


Equal triangles on the eame hue, and on the same 
side (if iff are between the same paralhh. 


Lot tlio oquid triangles AliCf DBC bo on the same 
base BCf and on tho same side of it : they shall be bo- 
twoen tho siuno jjarallols. 



Join AD, 

AD shiill bo parallel to BC. 

For if it is not through A draw 
AE imrallcl to BC, mooting BD 
at E. [I. 31, 

and join EC. 

Then tlio triangle ABC i« equal to tho trianglo EB(\ 
bccauso they are on the siimo base BC, and between the 
same i>arallcla //C, AE. [I. 37. 

Hut tho triaiiglo ABC is equal to tho triangle DBC, [Hyp. 
Therefore also the trianglo DBC is equal to tho trianglo 
EBC\ [Axum 1. 


tho greater to tho less ; wliich is impossible. 

Therefore AE^ is not pandlel to BC. 

In tho same manner it can l>o shevm, that no other 
straight lino through A but AD is parallel to BC ; 
therefore AD is parallel to BC. 

Wherefore, equal triangles &e. q.b.d. v 


1»UOPOSITION 40. THEOREM. 


EquM iriiingleSf on equal hases, in the same straight line, 
and on stime side id' it, arehetire^ n the same fHtrallels. 


Lot tho equal triangles ABC, DEF l»e on equal liases 
BCf EFf in Uio same stnught lino BE, and on the same 
side of it : they shall be between the same parallels. 


Join AD. 

ADshtdl lieparalld to BF. 

For if it is not> through A 
draw AO parallel to BF, 
meeting at O [LSI. 
and join OF, 
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Then the triangle ABC U equal to the triangle GKF^ 
lH*aitise they are on equal htum B(\ Eh\ and iHitwceii 
Uie wuiio {larallek [1. 118. 

But tlio triangle ABC is equal to the triangle DEF, [//y/i. 
Therefore also the triangle DEF is o<|ual to tho trianglo 
frEFt [-txww 1. 

U»e greater to the loss ; which is iinposHihlo. 

Therefore AG is not luirallel to BF. 

In tho same manner it can bo shown Utat m other 
straight line through A but AD is iiaralle] to JSF ; 
therefore AD is ptfWUel to BF» 

Wherefore, iqml tria$t(fla he. Q.K.n. 


PBOTOSITION 41. THEOREM. 

7/ a pnrdkh>gram and a trlangk he on the earn km 
and heUreen (he mine paraUM^y the paraBdogram thaii be 
double id' the triangle. 

Let the r>arallel<>gram ABCD ami the trianglo 
on tlio same base n(\ luul between tho same mralleU 
BVy AE : the |iarallelogram ABCD shall \k double of tbo 
triangle EBC. 

Join AC. 

Then tho trianglo AB(' 
is ei|ual to the trianglo EBt\ 
because they are on tho same 
liase BCy and l>etwcen tho sanio 
imnOleUT^C^^A’. 11.37. 

But tlie parallelogram ABCD 
is double of tho triangle A BCy 
Ijocaose the diameter AChwsm the paralloh^gram. [I. 3L 

Therefore the [sirallclogram ABCD is also double of tho 
triangle EBC. 

Whendwo, (/' a paraUdfjgram ke. q.e.i>. 


^ »>,. i 
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EUCLID'^* ELEMENTS. 


PROPOSITION 42. PROBLEM. 

To describe a parallel^ram that fhall he equal to a 
girm triangle, and hate one of itt angles equal to a given 
rectilineal angle. 

Lot ABQ be the given triangle, and D the given recti- 
lineal angle : It ^ describe a parallelogram that 

shali bo eqiMd trianglo ABC, andiiave one of 

its angles equal 

Bi8eoti9CetJV:(lie« 
join AE,uA aiHie mM 
E, in thostnigbtbaeiKX 
make thoanj^CUBFeqtttl 
to/); P.S». 

through A draw AFO 
parallel to AV,and through 
G draw GO parallel to 
EF. [I. 31. 

Therefore FECG is a imrallelogram. 

Andy because BE is equal to EC, [Comtruction. 

tlie triangle ABE is equal to the triangle A EC, because 
thev are on equal bases BE, EC, and between the same 
{miailels BC, AG. [I. 38. 

Therefore the triangle ABC is double of the triangle 

But the parallelogram FECG is also double of the triangle 
AEC, b^ause they are on the same base EC, and between 
the same (Kirallcls /irc?, AG. [I. 41. 

Therefore the parallelogram FECG is equal to the triangle 
ABC ; [.4.rt<m 6. 

and it has one of its angles CEF equal to the given angle 
E. [Construction, 

Wherefore a jjarallelogrmn FJECO has been deecrib^ 
equal to the given trian^ ABC, and having one of its 
angUe CEF equal to the given angle J>. qj£.f. 
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I^ROPOSITIOK 43. TIIKOHSM. 


Thf t<mpl4ment$ of t/u^ tthicK ai*4 aVotU 

th4 diameter t\f any /xim//t‘Ayiv#/ij, <i/v enwtl to one 
another. 


Ii€t A BCD ho a ]>ar.n11cl()grani, of wliJeil Uto diamotcr 
is .4^1 and FslL HF i»araiIoioti^n«jdbOQi AC, that is, 
thnni^h which AC {ussos ; aodJSfKJtD the otlicr |)anih 
Iclogratiia which mako op the wkm$ figure A BCD, an<l 
whicJi aro thoreforo odM thp iwtnpleiiients : tho coniplc< 
mctit BK shaUlNl^fttid iotlM»coinplcnicitt KlK 


liecauiic ABOB M n 
{landlclogrsm, «t»d Au \U 
diamatcr^llie Muigie A!U^ 
is equal tO the triait^k 
ADC [I. ai. 



Again, l>ecauso AEKl! is , 

a |iaraUcir>gram, and AK ' . 

its <iianioUT, tho triangle ( < f 

«(/? A' is equal to the triangle *1 i* ‘ c; 

ABK. {1.31. 

Kor the samo reason tho triangle KGC is equal to tlic 
triangle A'/Y’. 


Tlaereforc. because the triangle A EK is e<iua] to the tri- 
angle AJiKf and the triangle KGC to tho triangle KFC ; 
tho triangle A EK tc^ether with tlio triangle KuC is equal 
to tlio triangle .d //AT togetherwith the triangle KF(\ [Ax. 2. 
But the whole triangle ADC was shown to bo equal to tho 
whole triangle A DV. 

Therefore tho remainder, the complement BAT, is o^iual to 
the rc*maindcr, the complement KJJ. [A stum 3. 


Wherefore, the compietnente dec. Q.B.D. 


PEOPOamOK 44. PnOBlKM. 

e 

To a giem etraighi line to apply a parallelogram^ 
which ehaU be equal to a giren triangle^ and hate one 
qf ite angtee equal to a girm rectilineed angle. 
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EUCLID'S ELEMENTS. 


Let Ali he the given straight line, and C the given 
triangle, and D the given rectilineal angle : it in rcfiuired 
t 4 > apply to the straight line A li a i>araUelogt‘aiu cqiud to 
tI)o triangle C, and having an angle equal to IJ. 

I . K 


J 



Make the i»arallelogTam BEFO equal to the triangle 
C, and having the angle EB(i eciual t«> the angle />, ho 
that BE may Ik? in the sjime straight line with AB \ [1. 42. 
produce FG to // ; 

through A dmw All parallel to BG or EFy [I. 31. 

and join JIB. 

Then, because the straight line HF falls on the parallels 
AIL EFf the angles AltF^ HFE are together e(|ual to 
two right angles. [f. 29. 

Therefore the angles BIIF, HFE are togctlicr less than 
two right angles. 

But straight lines which with another straight lino make the 
interior angles on the sanio side togeUicr less tlian two right 
angles will meet on that side, if pn^uced far enough, [.ix. 12. 
Therefore HB and FE will meet if produced ; 
let tiliem meet at AT. 

Tlirough A^’draw^X parallel to EA or FIf; [I. 31. 
and produce JJA^ GB to the points X, M. 

Then RLKF is a parallelogram, of which the diameter 
is HK\ and AGy Mm are i)arallelograni8 about HK ; and 
XA, BF^ the eomplauents. 

Thmfore LB is equal to BF. [1. 431 

But BF la equal to the triangle C. 

Therefore Xil ia eoual to the triangle (7 {Axiom l. 
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A lul liecaufw* the angle G BE U et|ua! to Uie angle ^4 // J#, ( 1 . 1 5. 
and likcwiiio U> the anglo /> ; (tVrMirur/ioit. 

the angle ABM is ctpiul to the angle />. [.ix/om 1. 

Wherefore to thr yitrn ifroitjh! tinf A B ifn* 

(jram LB i* equitJ ta tri/totjU ntui haring 

th»' a tiff/*’ A BM tfffot/ t*$ t/i€ auffliH />. g K.r. 

TKOPoSinOK 45. PltOliLFM. 

T** tit’irnl/t’ n fHiniBe/’ifrftwfffual to a ffirt^n rertilin^Htl 
Jiffurt\ and harinff an miffh tynal ta a ffitfat rectilineal 

Lot ABVD l>o the given roeii lineal figure, and E the 
given rectilineal angle: it Ih rc4|uired to de«M7Hl»e a {»ar< 
allclognuii e4|iutl to A BVDj and having an angle CMiiuil to E. 



Join /)//, and describe Uio parallelogram FH equal to 
the triangle A DB^ and having tlio angle FKH ecptal to the 
angle A’; [ 1 . 42 . 

and U» the straight line GJl a[)ply the parallelogram GM 
equal Ut the triangle l>BCy and having the angle GllM 
equal to tlie angle E. [{. 41 . 

'flic figure FKML shall be the parallelogram required. 
Because the angle A is equal to each of the angles 

GHMy [Vimstrue^iimn 

the anglo FK/l is Ofiual to the angle GHM, lAsAim 1, 
Add to each of these equate the angle KHG ; 
ther^cre the angles FKHy KHG are equal to the aniries 
KHOyGHM. ^ 

BaiFKHy KHO aretogetherequal totworigiitaiig!6a;(L29. 
therefore are together equal to two rightai^ea. 
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EUCLWS ELEMENTS. 



And IxKjauso at tlie iK»iiit H in the straight line GIT^ the 
two straight lines KH^ HM, on the opi^sito sides of it, 
maJee the a^aoont angles toother equal to two right angles, 
EH is in tho same straight lino with IIM. [i. 14. 

And because tho straight lino HO moots tho iwralleU 
EMt FOy the al tomato angles MHO, I IGF arc equal. [1. 29. 
Add to each of those equals Uic angle IlOL ; 
therefore the angles HOL, are equal to the angles 

HOF.IIGL. [Arlom 2 . 

# But MHGy HGLwii together equal to two right angles ; [ 1 . 29. 
therefore //Gf/’, IlGL are tc^thor equal to two right angles. 
Therefore FG is in tho same straight line with GL, [I. 14. 

And because EF\% parallel to HOy and // G to MLiCon$ir. 
EF is {)arallel to ML ; [1. 30. 

and EMy FL arc parallels ; [(%,y}$tructUm. 

therefore EFLM is a ijarallclogram. [ Dtfinitim. 

And because the triangle ABD is o<iual to the parallclo* 
gram HF^ [Coiw/rurtioa. 

and the triangle DBC to tho parallelogram OM ; [Centtr, 
tho whole rcctilinoal figure A BCD is equal to tlie whole 
liarallelegram EFLM. 2. 

Wherdbre, th* paralMogram EFLM has h4?en 
serifted equal lo ihegireft rertUinfal figure ABCDy and 
hating th$ angU FKM eq\Ml to the giten angle £. 

CoBOLUiinr. From tliis it is manifest, how to a gtren 
straight line, to sp^ a pardlelograiiL wldch shall hare an 
angle equal to a grren rectilineal angle, and shall be equal 
to a giYeii rectifineai figure ; namdfy, by applying to the 
ghroi atrau^t line a pandlelogram edum to the fint trb 
angle ABD^ and harhig an angle equiu to tlie giTcn angle ; 
and so tm. f L 44. 
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PROPa^ilTION 46. PROBIUM. 

To dfMi'nlt€ a $t/uare m a (ftren ftraight lias. 

liCt AB ho Uio g^ivcn straight liuo: it is rotiuirod to 
ilescribe a s<iiiiirc on A B. 

From tho |Kiint A draw AC 
lit right angles to AB\ (1. 11. 
umi make A I> wjual to v4 // ; (1. 3. 
thnntgh /> draw DB {nralle! to 
AB '. and through B draw BB 
l>arallcl to AD. [I. 31. 

A DEB Khali l>o a fuiuare. 

For A DEB i» hy construciioii 
a )»arallchigram ; 

thoreforo AB is equal to D£, 
and AD U* BE. [I. 34. 

But AB is CMjual to AD. lUm$truetUm, 

Thoreforo tho four straight Hnofi BA, AD, DE^ EB aro 
cH|tUil to ono another, and the pamllelogiw A DEB is 
CHluilateral. [Axi*m 1. 

Likewise all Its angles aro right angles. 

For since tho straight lino AD moots Uio parallels AB, 
DE, Uie angles BAD^ ADE are together equal to two 
right angles; [1.29. 

but BAD is a riglit angle ; 

therefore also ADE is a right angle. [Axiom 3. 

Bui the opposite angles of parallelograms aro equal [1. 34. 
Therefore each of the opposite angles ABE^ BED is a 

right angle. [ATotm t 

Therefore tho figure ADEB Is rectangular ; 

and it has been shewn to be equilateral 

Therefbre it it a tguare, [Brjinition 30. 

And it it dtteribed on ihs giten tiraight lint AB. q.l.F. 

GoaoLLAET. From the demoiwtraiion it is maaitet that 
OFery panUelograai whicli has one right angle has all ita 
««l«i right anglea ' 
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PEOPOSmON 47. THEOREM. 

In any right-angled triangle^ the square •trhich is do- 
scribed on (he side subtending the right angle is eqiuU to 
the squaVee described on the sides which contain the right 
angle. 

Lot ABC bo a right-anglo<l triangle, having tho right 
angle BA : tho wiuaro doacribwl on the side B(J sliall be 
equal to tho aquarca tlescribcd on the sitles BAy AC. 

On BC dcacribo 
tho iM|uaro BUEC, 
and on BAy AC do- 
RCrihc the aquarca 
OBylW; 11 . 40 , 
through A draw AL 
iiarallcl to BD or 

€E-y ( 1 . 81 . 

and join ADy FC, 

Tlicn, bo<*auso tho 
angle BAC is a right 
angle, [Ugpothtsis, 
and that the angle 
BAG if also a right 
angle, [Di^initim 30* 

the two straight lines ^C’, AGy on tho opjiosite sides of 
ABy make with it at the jioint A the adjacent angles equal 
to two right angles ; 

therefore CA is in the same straight lino with AG. [T. 14. 
For tho same reason, AB and AH are in tho same straight 
line. 

Now the ande DBC is equal to the angle FBAy for each 
of them is a ri^t angle. [vlxtom 11. 

Add to each the angle ABC. 

Therefore the whole angle DBA is equal to the whole angle 
FBC. [Axiom 2. 

And because the two sides ABy BD are equal to the two 
sides FEy BCy each to eadi ; 80. 

and the angle DBA is equal to the angle FBC ; 
therefoiw the triangle ABD ia equal to the trian^e 
FBC. n. 4 


; / 
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Now the panJlolograni BL U double of the irianglo 
ABD^ be^uKo they are on the same l>aMe BD^ and between 
tlio game parallela Bl>, AL. (I. 41. 

And the square double of the triunirto FBV. Invaiiso 
they are on the‘’lSMe base and liotweoti Uio same 
jiaralloU FB,Gi\ [1. 

But the doubles of equals are equal to one anoUier. [Ax. «• 
Therefore Uie panUlelograni ///> is (Njual to the septare filt. 

In the Kiinc manner, by joininf,; AF //A', it can Ihj 
slic^n, Uiat the iMirailelo^rum CL is ei|ual to the square CJL 
Therefore the whole square BBE<* is equal t<» the two 
Bipiares (Hi. il(\ [Axu/m *1, 

And the wpiaix* BDFCm described on BC^ and tlies<pmrea 
GB^IiConBA^AC. 

Therefore the square descril»od on the aide BC is equal to 
the s^iuaroH d(*seribcd on the sides BA^ AC 

Wherefore, in any right-angled triangle iic, Q.E t». 

BUOPOSITIOK 4S. TUKOtlKM. 

// the square described on one (\f the sides <ff a tri- 
angle be equal to the squares described on the other tiro 
sides if iV, the angle c*aitained by these tiro sides is a 
right angle. 

Let the square dcscrilHxl on BC, one of the sides of 
the triangle A BC\ l^e ecjual to the squares described on 
the other tides BA, AC : the angle BAC sluUl be a right 
angle. 

From the point A draw A D at 
right angles to >4 C ; [I. 11. 

and make yli> equal to BA ; [f. 3. 
and join DC. 

Theti because DA is equal to 
BA, the square on DA is equal to 
the square on BA, 

To each of theee add Uie square 
on AC\ 

Therefore the aquareeoii AC are equal to the aqnam 
<mBA,Aa {Axiom A. 

4-2 
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BUCLIB'S ELEMENTS. 


But becauBO tho angle I) AC is a right angle, [Oonstmction. 
the Bquiire on Vein equal to the S(iuarcB on VA, A C. [I. 47. 
And, by hYi)otho«i», the square on BC in eqiuil to the s^iiiarcs 
on BAy Ac. 

Therefore thesquaroon/>Ci8cqual to the square on BC.[A x.l. 
Therefore also the side VC is equal to tho side BC, 

And because tho side VA is cti’ml 
to the side AB ; fr. 

and tlie side A C is common to tho 
two triangles VAC, BAC; 
tho two sides /)-!, AC are equal to 
tho two sides BA, .i(\ each to each ; 
and tho base VC has been shewn to 
bo 0 (]ual to tho base BC\ 
therefore the angle VACin equal to the angle BAC. [I. S. 
But VAC is a right angle ; [Cttmtrvrrtoa. 

therefore also BAC in a right angle. [ tWom 1. 

Wherefore, >/ the square &c. q.K.i>. 


li 


\ 
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DEFINITIONS. 


1. Evsrt right-angled parallelogram, or rectangle, is 
Mdd to be contained by any two of the straight lines which 
contain one of the right angles. 

2. In erery parailelcgram, any of the parallelograms 
about a dianM^, together with the two eomplemeut^ is 
called a Gnomoa 
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Thu» the panillch>j?ram HG^ \ r. 

tfjgethcr i*vtth Uie c<viiiplcintMiU * 

AF^ ri \ i» the (^iiotiKin, ivliich in 1 

njort* hrit’fljr exiircMHrti by tin* lot- , 

tors u4^fAVor AV/r, chilli aro at .. 
tlio o|>|vmitc aiiglcn of tho p iralU'lo* j 

grama which ini^o tlio triioiuoii. 1 ^ 


PRO POSITION 1. r///»/?/-.v. 

y/ //<# IV ttro #/miV;/4^ fhira, one of tr/itch U diriiM 
into any num^tfr of part*^ thr n^etamjle f' futninrd thf 
tiro tfr^n'tjhi iiiirt it ryual to thr rrrtnngirt rimfuined Ify 
the untiindi'd liney and thr hctcivi/ jotrft *fihr di tided lint, 

I.ot A and BC ho two Ktraiglit linOH ; aiul let /F" l>o 
divhlo I iuh» any mnnlK*r of parU at the |K>intH />, K : tho 
rectangle coiittiine<l hy Uk* atraight linen Ay IU\ nhall lio 
e<|U!il to tlo' rectangle eontuined l»y Ay H!>y together with 
that conlaiiK*<l hy y|, 1>E, and that contained hy J, /X*. 

From the point 11 draw HF 

at right angle* ia IF* \ { I. 1 1 R _ h ^ < 

and make liG ecpial to A ; (1. 3. { < | | 

through G draw GJl mrallol ! t , . 

to Jl*' \ and thnmgh If A\ (* ' ! 

driw DKy ELy illy )«irallel c, ! 

to yyr;, {i. si. h i. a 

Then the re< Uingle BIl , 

in i*'puil t4» the rcctanglcH ^ 

/u; l>Ly Ell. 

Ihit Eli in contaiiu**! hv Ay Uily for it ia cotiiftine*! hy 
(•By BVy and GB \n iNpnJ to A, lr«/»j»fnfWiVm. 

Ami BK in oonhiinc<l hy A, BJf for it U oiniaiiieil by 
G By BJf and GB ia tHpial a> J ; 

^ coiJtaine^l hy J, VEy WcauJw DK ia ©otml to 
BGy which b ecfBal to A ; [ 1 . $|* 

and in like manner EH ia contained by Ay EC. 

Therelbre the rectangle contained by BV in eoiial to the 
recta^ea eontained hy AyBJO^ and by A, BE, ajut hy AfEO* 

VThmfore, if there be two Hraighi Him Im. 


n 

<1 


I 

t‘ 
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Siwulys ELEM^TS. 


l>KOPOSITION 2. TUEOSBM. 

If a straight line l*e ditided into any Uto parU, the 
rectanglee contained by the. whUe and each of tha parU^ 
are together eqiud to the square on the whole line. 

Lot tlw straight \in$AB bo divided into any two parts 
at the point C: the roctanglo contained bv AB^ BC, toae- 
thcr with tho rectangle ABf AC\ shall do equal to tne 
square on AB, 

[ifote. To avoift^repeatiog the word 
contain^ too frequently, tho rectangle 
contained by two etnught linea A B, AO 
is sometimes siinpljR^^led the rectangle 
AB, AC,] 

On AB describe the square 
ABJEB ; [1. 46. 

and through C draw CF pt^lel 
Xq AD or BE. [LSI. 

Then AE is eqii||.^io the rectangles AF, CE. 

But AE is the square on AB^ 

And AF is tho rectangle contained by BA, AC, for it is 
contained by DA, AC, of which DA is equal to BA ; 

and CE is contained by AB, BC, for BE is equal to AB, 

Therefore the rectangle AB, AC, together with the rect- 
angle AB, BC, is oqu^ to tho square on AB, 

Wherefore, if a straight line Ac. q.b.i>. 


PROPOSITION 3. THEOREM, 

If a straight line he ditided into any two parts, the 
rectangle contained by (he wlnde and one of the parts, is 
equal to the recMmgle coutaiHed by the two parts, together 
with the square an the q/bresaid part. 

Let the straight Hue AB be divided into any two parts 
at the peint C: the rectangle AB, BC shall be cqtud to 
the reemgle AC, CB, tcfether with the square on BC. 
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On jffCd««cribe tho squure CBEB; tJ? 

produce ED to F, md Uirough ^ ^ r.,: B ^ 

aiiiwu4FparallelU>C2>or/jfF.n.31. 1 1 

Ttitti tho roctanglo A Bib equal { | 

to the Toctaiiglos AiJ, CE. | ; , 

lint A E IB the rocUn^lo contaiued | 

by A By IJCy for it conttuned J ^ 

hy A BEy of which BE h eqmd i . - - i ^ 1 

to BC; MU 

and AD in coiiUune<l by AOy CBy for CD is equal to €B; 
and VE is the sejuare on BC\ 

Therefore tho rectangle AB, BC is equal to the rectangle 
AC, CBy together with tho square ou Bt\ 

Wherefore, if a itraiyht line itc. 4lh.i>. 

rUOPOSlTTON 4. TBEOHEM. 

If a ftraifjlU line fte dirided into my ttto fMrte, the 
syuare on l/te trhole line is mu<U to the m/uares on the two 
jmrtSy Ujyether with twice the rectangle contained by the 
Itro parts. 

Let Uic straight lino AB ho divided into any two {Miria 
at tho i>oint V : tho si|uaro on A B sliaJl bo equal to the 
aciuares on ACy CB^ U^otiior with twice the rectangle con- 
tained by ACy CB. 

On AB describe tho s^iuaro 
ADEBy 11.4^. 

join BDi through O draw CGF 
|iarallel to A D or J//’, and through G 
draw //A"{»anUlol to A Box DE. [1. 31, 

Then, lH>cauac CF is parallel 
to ADy and BD falls on them, 
the exterior angle CGB Is equal 
to the interior and opfxiaito un- 
ADB ; (1- 

but the angle ADB is otjual to the angle ABDf [L 5« 
because Bji is equal to ADy being sides of a sqtuure ; 
therefore the angle CGB is equal to the angle CBO ; fda, 1. 
and therefore the side CG is e<}ual to tho side CB, [1, 9. 
Bui CB is also equal to GKy and OG to BK ; [L Zl 
therefore the figim CGKB Is equilatcrM* 
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It is likewise reotangolar. For rince GG is psmllol to 
and CB meetB thorn, the angles KBC^ OCB are toge- 
ther equal to two right angles. [1. 29. 


But KBC is a right angle. [I. Difinitwn 80. 

Therefore GOB is a right angle. ^ [Axiom 8. 

And HMrefore also tlio angles CGE^^ GKB oj^site to 


these iVto right angles. 

Therefore 06? A'T? is rectangular; 
and it has been shown to be Oiiui- 
lateral ; therefore it is a square, and 
it is on the side CB, 

For the same reason HF is also a 
souare. and it is on the side 7/0, 
wnich IS equal to^^A7. [I. 84. 

Therefore //F, CK are the squares 
on ACt CB, 


[T. 31. and Vlxiom 1. 



And because the complement AG \& equal to the com- 
plementOi?; [1.48. 

and that AG is the rectangle contained by AC, CB, for 
CG is equal to CB ; 

therofore GE is also equal to the rcctanglo AC, CB. [Ax. i. 
Therefore AG, GEvte equal to twice the rectangle CB, 
And HF, CK are tlio squares on A C, CB. 

Therefore* the four figures HF, CK, AG, OTTare equal to 
on AC, CB, U^ther with twice the rectangle 

BvXHFiCK, AG, QE make up the whole figure A DEB, 
which is the square on AB. 

Therefore the square on AB is equal to the squares on 
AC, CB, together with twice tlie rectangle AC, CB. 
’Wherefore, if a $traiifhf line Ac. q.E.D. 


CoaoLLART. From the demonstration it is manifest, 
that paralldiograms about tho diameter of a square are 
likewise squares. 


PBOFOeinON 5. TBBOREM, 

If a llss be dimded into two equal parte emd 

aleo into two unequal parte,ike rectangle contatlted bg the 
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Hneqnal fnirU, U^gether ftith the equinre M 

the piftHit ttf eectioHf tt etjual (ne sgwtf^ mkaifike 
Let the Btraight lino AB ho dividoil Mo tWO 
parts at the point (] and into two une^tiaLjMarti IHt tin 
|H>int /> : the rectangle AUyl>Ii^ together iffE ik0 ttlffuat 
on ClJf (thall be cnpal to the Brjuaro on (B. 


On doBcribe the 

Bquaro OEFli; II. 4tl. 

join BE; tlirough IJ draw 
I>Iia mrallo! to (B or BF; 
through //tiraw A'ZJ/ jKind- 
Icl to 7'B or EF , and through 
A draw AK inunilel to i'L 
nrBM. [I 31. 

Then the complement CIl 
ITF; 



equal to the cotnpleinont 
'^fl. 43 . 


t4> each of these add DM ; therefore the whole CM i» equal 
to Uie whole J>F* [Arum 2 


But f'M i$ UQual to A E, [I. 3<I. 

l>ecausi‘ equal to 67/. [//ypofArais, 

Therefore alto .^6 is tHjual to DF, [Anom 1. 

To each of tbeno add 67/ ; therefore the whole.d//iBO(|ual 
to ///’and C/E [A rim* 2, 


But A/i ifl the rectangle contahuyi by AD, Df)y for Dll Ib 
CHjual t4» //// ; Upf* [II kjCmvtlnrg, 

and DF together with 67/ is the gnomon CMG ; 
therefore Uicgnoinoii<^’//f» ifio<]uail b> the rectangle y|//^////. 
To each of thene add whtch ia equal to the aquare on 
CD, [It. if i'uptHar^f and 1. 34. 

Tbe*^fore the gnomon CMOf together with LGf i» o<}ua} to 
Hb rectangle - 1 DfDB, together with the square on /7>. f A jr.St 
}lut llie gnomon CMG and LG make up the whole %uro 
CEFBf which hi the square on 67/. 

Therefore the roctanglo ADf DBf bigether with Uio iM|uare 
on CDf is ef|ttal U» tlm square on 67/. 

Wherefore, if a Hraight line Ac. 

From this proposition It is manifest that the differeoce of 
the squarea on two unc<|ttal straight linos ACf 67/, is e<|UHl 
to the rectangle contained by ihetr sum and difference. 
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FBOPOSirrON c. theorem. 


a iiraiffM line he hieected, and prttduced to any 
\ the re^ngle contained by the trhole line ihue pro- 
{$fid lihe part of it prodncedj Vnjethcr with the 

r te on half the line bieecteti^ is equal to the square on 
hht line ichich is made up of the ha f and the 
part uuced. 


Lot ino line AH Ik 5 bisected at tbe point 

and produced to the : the roctangio AJ)^ 2>/?, 

togctlicr with the square on shall l>o equal to the 


A XL 


H(|imro on CJJ. 

On ffl) doscaibe tho 

square ; ‘ [I. 40. | 

join /)A’; through H draw K 
JllIG parallel Ut GE or 
T)/*; through U <lraw 
imrallcl to >4/) or 
EE*\ and through A draw 
AH’ parallel to ('L or JJM. 

Then, because is ctpial to t^7l, 
tho rectangle AZ h equal to the rectangle Clf ; 
but ( 7 / is e<iual to A//’; 
therefore also AZ is c«|ual to /fE, 

To each of these add CJf ; 


J} P 

/ 




/ 




M 


-.L- 

[r. 81 . 

\Uyp*>thtsis. 
[ 1 . 36 . 
[T. 43. 
{Axvm 1. 


therefore the whole AM is equal to the gnomon CMG. [Ax. 2, 
But AM U the rectangle amtaiued by xllZ DB^ 
for DM '\e equal to EB. [IJ, 4, Curoliary, 

Therefore tho rectangle xiD^ DB is equal to the gnomon 
CMO. [^xiom 1. 

To each of these add XCr, whicli is equal to tho square qyt 
CB. [II. 4, Cimdlartft aildj^4. 

Tliorefore the rectangle AD^EB, together with the Muare 
on CB, is e(]ual to Uie gnomon CMG and the fiipre LG. 
But tlte gnomon CMG and ZG make up the wh<de figure 
CEFDy which is the square on CD, 

Thcrelbro Uie roetauglo AD^ DBy together with the square 
on CBy is equal to the 8i]uare on CD. 

Wherefore, \f a straight line d&c* q.ej>. 
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PUOPOSmON 7. THBOB^U. 

If a itratgkt line he dituM into any two parti, the 
»/uarei<jn the whole line, and on one the parte, are 
eutuil to twice the rectanale contained by the whole and 
that part, Ptgether toith the eqtMre on the other part. 

Lot the straight liuo AB l>o divided iuto 4|r two 
parts at the jioiiit C\ the hquaros on AB, //CV^iall bo 
e<jual to twice the rectangle AB, Bt\ together witli the 
ikjiiaroon AC. 

On AB describe the square A . H 

ADEU, ainl construct the Itgure ' 

as in the preceding ])ro{KisitionH. 

Then AG is c<iual to GE ; [1 43. 
to each of these add i *K ; 
therefore the nhole AK is (Kpxal to 
the whole CE \ 

Uiorefore AK, CE are double of 
AK, 

Hut AK, CE are the gnomon AKF, together with the 
s<iuare i K \ 

tljorefore tlic gnouioii AKF, bother with the square CK, 
is double of AK. 

Hut twice Uio rectauglc AB, BC is double of AK, 
for BK is equal to B<Jlfk (IL b ('*>ruUary, 

Therefore the gnomon AKF, together with the square f/A', 
is cH|ual to twice the nx’taugle A B, B<\ 

To each of tiicse equals add HF, which is equal to the 
laiuare on AC. (I I. 4, VoruUary, olid 1. 84. 

Therefore the gnomon AKF, together with the mjuares 
CK, II F, ise4|ual to twice the rectangle AB, BC, U»gcthcr 
with the a|Ujue on AC, 

But the gnomon A A' A* together with the squares CK, MP, 
make u|> the whole hgurc A DEB and CK, which are the 
fl^iuarea m AB and BC, 

Therefore the squares on AB, BC, are equal to twice the 
reoluigle^J9,jiC; together with the square on it a ' 
Wherefore, if a etraiyfU line Stc, q i: o. 
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PJROPOSITTON 8. THEOREM, 

If a straight line he dhided into ant/ two partg^fonr 
timeg the reetangte anitained by the ttfoie line and one of 
the partgy together with the g(/imre on the other party is 
equal to the square on the straight line which is made ap 
(f the %hole and that part. 

Let tfto straight lino AH be divided into any two parts 
at the point C: four times the rectiinglo AHy Bt\ together 
with tlie Bipiaro on At% shall bo equal to tlie square on the 
straight lino made up of AH and together. 

J‘roduco AH to />, so 
that HI) may bo equal 
to VH ; 2. and 1. 

on^ *1? describe the square 

and construct two figures 
such tis in the proctMling 
propositions. 

Then, because CH is equal 
to Hhy 

and that CH is equal to 6’ A', and HD to KNy [1. 34. 
therefore QK is equal to KN. T-I rc/m 1. 

For the same reason PU is equal i ^y?0. 

And because CH is equal to /?/>, <iK to KSy the rect- 
angle CK is c<]ual to the rectangle HN, and the rectsinglc 
HR to the rectangle RN. [I. 3«. 

But CK is enutd to RNy l>ecausc they are the complements 
of Uie jmralleiognuii CO ; [I. 43. 

therefore also HN is equal to GR. [Axiom l. 

Therefore Uie four rectangles ii.V, CK, OR, RK arc equal 
to one another, and so the four are ituadruple of one of 
them CK. 

Again, becanse CH is equal to HDy [OMrfrNcfion. 

and that ED is equal to HKy [11. 4, 

that is to CGy [I. 34. 

and that CB is equal to GK, [I. 34. 


A r 




K 


i \ 

iTI 

T! 

1 i 

i ^i. y 

K J 
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thut is to GP ; [i Cm'oUary. 

therefore CG is equal to OP. [/IrtVm 1. 

And Iwcanse OG is equal to GP^ and PR to RO^ the 
rectangle AG is equal to the rectangle A/7*, and the root- 
angle PL to tlie rectiingle IIP. [I, 30. 

>.But MP is cnual to /*/, because they are the comploiuents 
of the parallelogram ML ; [1. 43. 

therefore also AG is equal to RF. [Ajritw 1. 

Therefore the four rectangles AG^ MPy P L^RF uxq eqvuU 
to one another, and so tne four are (luadruple of one of 
them AG. 

And it was shewn that the four TA", BN. OR and RN 
are quadruple of (K ; therefore the eight rectangles 
whieli make uji the gnomon AOll are quadruple of An. 

And l>e<?ause AK is tlic rectangle contained by AB^ DC\ 
for BK is eqtial to Bt* ; 

thereftire four times the rectangle AB^ BC is quadruple 
of JA'. 

Hut the gnomon AOH was Khewn io be quadruple 
of . ( A' 

Tlierefore four times the rectangle AB, BC is equal to the 
gnomon AOH. [AAom 1. 

To each of these add AT//, which is equal to the square on 
AC. [II. 4, Corollart/f ami I. 34. 

Tlierefore four times the rectando ABf BC, together with 
the ik|uare on AC, is miual to the gnomon AOH and the 
sijuare XII. 

But the gnomon AOH and the square XII make up the 
figure AEFD, which is the square on AD. 

Therefore four times the rectangle AB, BO, toother with 
the square on AC, is equal to the square on Al), tliat is to 
the square on the line rnade of A B and BC t^>gether 

Wherefore, \f a itraight line kc. q.e.1). 
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PROPOSITION 9. THEOREM. 

If a straight line be ditided into two equals and also 
into two unequal parts ^ the squares on the two unequal 
parts are htgether double qf the square on half the line 
and of the square on the line between the points of section. 

Let the straij^ht lino All be divided into two equal 
parts at the point (\ a!id into two unequal ])arts at the 
l>oint D : the squares on ADyDB shall be together double 
of the squares on A i\ CD. 

From the point C draw 
CE at right angles to A //, [ i. 1 U 
and make it equal to AC or 
Cn, [I. 3. 

and join EAy EH ; through 
D draw DF nandlel to CE, au<l 
through F draw FO parallel 
to HA ; . [1. 31. 

and join A F. 

Then, because AC is equal to CE, [CViwiru^iwy*. 

the angle EAC is equal to the angle AEC. [I. 5. 

And because the angle ACE is a right angle, [Cons fru'-t ion. 

the two other angles AEC, EAC are together equal to ono 
right angle ; [I. 32. 

and they are equal to one another ; 
therefore each of them is half a riglit angle. 

For the same reason each of tlie angles CEH, EEC is half 
a right angle. 

Therefore the whole angle A EH is a right angle. 

And because tlio angle OEF is half a right angle, and 
the angle EOF a right angle, for it is equal to the interior 
and oj^oeito angle ECB ; [L 29. 

therefSore the remaining angle EFO is half a right angle. 

Thmfore the angle OEF » equal to the angle EFC^ and 
the ride EG ia equal to the ride GF, [I. e. 

Again, because the angle at is half a right angle, and flio 
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fiikglo FJ>B a right anglo, for it ia equal to the interior and 
opposite angle BOB ; [1. 2l>. 

therefore the remaining angle BFD ia half a right angle. 
Therefore the angle at B i« equal to the anglo BFDf 
and the side DFib equal to the side BB. [I. 0. 

And hccause A O is equal to CKy 
the square on A (■ is eqiuil to the square on OF ; 
tlicrefi)rc the squares on A(\ f ’A’aro douhle of the s<iuaro 
on * 

But tlic fupiru-e on AE is equal to the squares on A(\ EE, 
because the anglo ACE is a right anglo ; [1.17. 

therefore the square on J /V U douhle of the square on AC. 
Again, because Ed is e<|ual to GF, 
the square on EG is equal to the square on GF\ 
thoreh»re the s<|uares on EGy GFare double of the s^piaro 
on GF. 

But the mpiare on EF\b c<iual to the squares on EG, QFy 
because the angle EOF is a right angle \ » II. 47. 

thcrcf<»re the square on EF\b double of the square on OF. 
And GF is tnjual to CB ; (I, *'<4. 

therefore the s<|uarc on EFxb ilouhlc of the stjuaroon CB. 
But it has been shewn tliat the i*<|uaro on AE is als<i 
double of the s^juaro on A(\ 

Therefore the iwpiares on AEy EF are double of the 
squares ou Af \ CB. 

But the s^iuarc on A F is equal to the squares on A E, 
EF, because the angle AEF is a right angle. II. 47. 

Tlierefore the square on AF is double of the squares on 
ACy CD. 

But the squares on AD, DF are equal to the s<|uarc on 
AFy because the angle ABF is a right angle. [1. 47. 

Therefore the squares m AD, DF are double of the 
squares on AV, vB. 

And BFim equal to DB ; 

therefore the squares on ABy BB arc double of the 
squares on CD. 

Wbereforey if a $traight line 6c. O.U. 
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and is thoreforo equal io the angle BBG ; 

therefore also the side BD is otiual to the side /><7. [I. e. 

Again, because the angle EGF is half a right angle, 

and the angle at iP a right angle, for it is e«[ual io tlio 

opposite angle £CD ; [1.34. 

therefore the remaining angle FEG ishalf aright angle, [1 . 32, 

and is Uicrefbrc equal to the angle EGF \ 

therefore also tho side is equal to the side FR, [f, 0. 

And because EC is equal to tho s<|uaro on EC is 
equal to tho square on ( \4 ; 

tlicrcfore tho squares on EC^ CA are double of tho (Ujitaro 
on CA. 

liut the square on A Eh equal to the squares on EC^ CA .(1.47. 
Therefore the square on AEh double of the square on AC. 
Again, l>ccauso GF is erjual to /'A*, the scpiare on GF is 
e<|ual to the sqtiare on FE ; 

therefore the wiuares on GF^ FE are doublo of tho square 
on FE. 

But the square on EG is cm pial to tho sf] uares on G F^ FE.{ 1.47. 
Tliercfore tlic sr|iiaro on EG is doulilo of thos(|iiare on FR 
And FE is equal to i*I > ; (1. 31. 

therefore the sejuarc on EG is double of the sqtiare on CB. 
Hut it has l>cen hIicwu that the M(uarc ou AB h double 
of the square on AC. 

Therefore the sciuares on AEt EG are doublo of the 
squares on A C’, Cl>. 

But the sqmire on AG is equal to Uio sr|uaros on AE, 
EG. 11. 47. 

Therefore tho square on AG is double of the squares on 
AC, C7J. 

But the eqaaree on JD, DQ are equal Io the aquare <« 
AG. t‘- f • 

^nierefore the Muarea on AJi, DG are double of the 
squares fm AC, VD. 

And DG is equal to DB \ 

llierefisre the squaies on 
(mAC,€D^ 
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PKOPOSITIOK 11. PROBLEM, 

Ttdiridea given $tr<nghtline into two part$y $o that 
the rertangle contained ^ thewhuLe and one gf the parU 
imvj fpe equ(d to the eqtiare on the other part 

Lot A B bo the given Ktralght line : it is required to 
divide it into two parts, so that the rectangle contained by 
the whole and one of the parts may be c<iuul to the s^juaro 
on the other part. 

On AB describe tlic square y 

ABn<^\ [I. 4«. 

Insert at E\ fl. to. 

join JtK : produce CA to F, and 
make equal to EB \ (f. 3. # a 

and on AF describe the srpiaro 
AFtilL (1. to 

A n shall l>o divided at If so 
that the rectangle AIL Bll is 
Oijuul to Uie square (»n A If. 

lVo<lucc (ill to E. 

Then, liecausi! the stnught lino 
AC is bisected at E, and pro- 
duced to the rcctaiiglo Ch\ /VI, together with the 
mpiaro on AE^ is equal to the wpiare on EF. [11. 6. 
But EF is 0 <iual to EB, lCmatrvc*um, 

Therefore the rectangle CF, FA, together with the square 
on AE, is equal to the square on Eli, 

But the fa]uare on P^B is equal tt> the squares on AE,AB, 
because Uie angle EAB is a right angle. [I. 47. 

Theri'fore the rectangle (F, /VI, togidhcr with the 8<piaro 
on AJSy is equal to tlie sqtuires on AE, AB. 

Take away tJie square on A E, which is ctvmraon to both • 

tliereforo Uie remainder, the rectangle is equal to 

the S4)uare on AB, 3. 

But the figure FE is the rectangle contained by C/*, FA^ 

for /Yr is equal to FA ; 

and AD is the sqimre on AB ; 

therefore FK is equal to AD, 

Take away Uie common part AE, and the remainder FH 
IS equal to the remainder HD, [Axiom 3. 
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But HD i« the rectongle contained hj AB, BII, for AB U 
otiual to BD ; 

anil FB is Uic square on Aff; 

tlierefore the rectangle A B.BIfw equal to the riquare on A B 
'Wlierofftpc M#* $traifjht Unf‘ AB i» tliritM at //,#<♦ that 
the re^taiiffh^ A By Bll is f</ual to th<* square »»« AH, g,K,r. 

J»ROPOSITION 12. TIIEORESf. 

In obtuse-augUA triaugteSyi/ a per^udicuiar be draitn 
fratn either o/' the acute angles t> ttic opputtite side pro-^ 
diteed, the square ♦### tlu^ side subtending thenl^tuse angle is 
greater than the sqwtt'fs foi the sides e mtaining the iHa tuts 
anglt\ hg ttrire the reetangle contained by the side an 
ichichy irheti pctnlnced, the nerpendicnlar falhy and the 
straight line intereepted friVA'»w^ the frianglCy ftetfreen the 
j*erpendieidar ttnd the tbtuse angle. 

I,et ABC 1*0 jin oMimeanglcfl triangle, having the 
ohtuife angle ainl fr«»iii Uie ixunt A let Af>\H} untwn 

|»cr|H3ii(iicular t4i BV [;*r<Mluce<l : the si|uare on AB sltall lie 
grt»atcr than the i^iuares on Af] VB, by twice* the rec»tttnglo 
t l>. 

llecatiso the st might line 
BJ> is divide*! into two |tarU 
at the point (\ the mjtiare <ifi 
Bl) is ©<^ual to the iH|uares on 
B( \ ( '/>, and twice* tlie rectangle 
BCyCD. [11.4. 

To cadi of these equals add the 
square on jyA, ^ 

Tlierefore the squares cm BD, DA ate equalTo the squares en 
BCy CDy DAy and twice the rectangle B(J^ CD. iJxiam 
But the square on BA is equal to the sciuarcsCli BD, DAf 
liecanse the angle at D is a right angle ; (I. 47. 

and the square on isequal tothesquarcson CD, DA. [1. 47* 

Therefore the s<|aare on BA is equal to the squaroa 00 
BCy CAy and twice the rectangle BC, CD ; 
that is, the square on BA is greater than the aq[iiarli on 
BC, CA by twice the recUngle BC, CD. 

Wherefore^ to cihtHse-angled triangles &e 0.1.0. 

c— e 
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PBOPOBITION 18. THBORRM. 

^ In every triangle^ the equate on the eide eubtending 
an arute angle, it leee than the equates on the sides con- 
taining that angU^ hy twice the rectangle contained by 
either of these sides, and the straight line intercept^ 
between the perpendicular let fall on it from the opposite 
angle, and the acute angle. 

Lot ABV any trianfflo, and the angle at B an acute 
angle ; and on BC one of the aides con^ning it, let fall 
the |>erpcndicnilar A J> from the opposite angle : the square 
on AO, op{K>site to the angle B, shall be less tlum the 
squares on (JB, BA, by twice the rectangle OB, BD. 

First, let AD fall within the 
triangle A BO. 

Then, because the straight line 
CB is dividoil into two parts 
at tlio punt />, tite siiuarus on 
€B, BD are tM|ual to twice the 
rectangle contained bv OB, BD 
and the square on OD. [IL 7. 

To each of those equals add tiie 
square on DA. 

Therefore the squares on CB, BD, DA are equal to twice 
the rectangle CB, BD and the squares on OD, DA. [Ax. 2. 
But the s(|uare on AB is equal to the sqtu&ros on BD, DA, 
because the angle BDA is a right angle ; [I. 47. 

and the squareon^Cis equal tothe squares on CD, [1.47. 
Therefore the squares on CD, DA are c<|ual to the S(|uaro 
on and twice the rectangle CB, BD \ 
that is, the square on AC alone is less than the squares on 
CB, BA by twice the rectangle CB, BD. 

Seomidly, let ^2> fidl without 
the triangle ABC* 

Then becauae the angle at /> ia 
a right angle, lOmstmetum. 

the angle ACE Is greater than 
a right angle ; [1. 16. 
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and therefore the fquare on AB ii coiial to the equaree 
on AC, CB, and twice Uie rectangle BC, CD. [II, 18. 
To each of iheae equals add the square on BC. 

Therefore the squares on AB, BC are C(]ual to the square 
on AC, and twice the square on BC, and twice the rect- 
angle Be, CD. 8. 

But because BD is divided into two parts at C, the rect- 
angle DB, BC is equal to the rectangle BC, CD and the 
square on i7C; (11.3. 

and the doubles of these are equal, 

that is, twice the rectangle DB, BC is equal to twice the 

rectangle BC, CD and twice Uie s<iuare on BC. 

Therefore the squares on BC are equal to the square 
on A C, and twice the roctangie DB, B(J ; 
that is. the square on .dCalone is less than the squares on 
AB, BC by twice the rectiuigie DB, BC. 

lastly, let the side ^ C be perpendicular A 

to BC. / 

Then BC is the straight line between the / 

pcr|>cndicalar and the acute angle at / 

and it is manifest, that the squares on / 

AB, BC are equal to the sqtmre on AC, / 
and twice the square on BC. [1. 47 and d*. 8. b i* 
’Wherefore, in er>try triangle Ac, Q.*.D. 

PIIOPOSITION 14, PROBLEM. 


To deeerihe a equare (hat ihsUl he equal to a giem reeii> 
lineal JSgure. 

I>ct ^ be the given rectilineal figure ; it is required to 
describe a square that shall be etiual to A. 


Describe tl»e rect- 
angular parallelogram 
BCDBeq^a^ b>the rec- 
tilineal figure A. (1. i5. 


Then if the sides of it 
BE, ED are equal to 
one another, it is a 
square, and what was 
require la now dene. 



(- A 



r 

1 

r;i 
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f / 


G 

D 


But if ihey are not o<|uaI, produce one of them EE to E, 
make EE e(|aal 
to EE, [1. 3. 
and bisect EE 
ntO; [f. 10. 
from Uio centre 
O, at the distance 
OE, or OE, do- 
scribe the soini- 
circlo EIIE^ and 
proiiuco DEio if. 

The square described on Ell sliaU be 0 (|ual to tho given 
rectilineal figure A. 

Join (iff. Tlion, because the straight lino is divided 
into two equal parts at the point G, and inb> two unequal 
parts at the |iuint E, ttio rectangle EE, EE, together witli 
tho S4piare on OE, is equal to the m^uaro on GE, [II. 5, 
But GE\» equal to Gil. 

Therefore tho rccUngle EE^ EE, together wIUi tho sc^uaro 
on GE, is equal Ui the square on Gil. 

But tho square on Gif ise<]ual to tho s^juaresou GE, Eli;[lA7, 
therefore Uio recttinglo EE, EE, together with the square 
iHi GE, is e<iiud to tho s<piarcs on GE, Eil. 

Take away the sqmu*o on GE, whicli is common to both ; 
tliorefore the rectangle EE, EE is equal to tho square on 
EH. [Jjn'om 3. 


But the rectangle contained by EE, EE is tho jiarallelo- 
gram EiK 

because EF is eqiud to ED. [Cotutruction, 

Therefore ED is e<pial to tho s^piaro on Eil 
But ED is e(]aal to the roctilineal figure A. [Vemtirueiion. 
Therefore tiie S4|uaro on EH is otiual to the re^ineal 
figure A. 

Whoroforo a r^juart ha* Iteen made equal to the qiren 
reeltiineal figure narneig, the equare described on 
EH 
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1. Kquak firclt'K are Uioko «f which the tlmtncftorH aits 
equal, or from tlie wiitrt‘s of which tho straight liuoa to 
the circumfcrcnoeH arc equsU. 

Tliiti in not a dcfiiiitioii, hut a thcweiii, the (niUi of 
which ia evident ; for, if the circUw Ik? applictl to oiio 
another, *«» that their oentrea cMjinride, the rirclea ninat 
likewiao coim itie, since Uio straight liiiCH from the eentnw 
are ctjuul, 

2. A Htniight line in 
aaiil to touch a circle, 
when it iiK^eU the circle*, 
aiitl In’ing jirwlutxhl <1och 
not cut it. 

3. t.'^irclcs are iiai<l 
to touch one another, 
which meet but do not 
cut one aikoUkcr. 



4. Strai^it liiicfi are said to 
be CK]uii])y ebstant fnrni the ( cntre 
of a circle, when tiie j>cq»ciidicu- 
Imrt drawn to them from the centre 
are ecfua]. 

5. And the atraiglit line on 
which the greater peiq»endicular 
fidi% it said to be farther from the 
centre. 
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6. A s^gnnent of a drde Is the 
figure coiitamed by a straight line 
and Uie drcomference it cuts dSL 

7. The angle of a segment is that 
which is contained by tlio straight 
line and the circumference. 

8. An angle in a segment is 
the angle contdned by two straight 
lines drawn from any point in the 
circumference of the segment to 
the extremities of the straight lino 
which is Uio base of the segment. 

9. And an angle is said to in- 
sist or stand on tho circumference 
intercepted between the straight 
lines which contain the angle. 




10. A sector of a circle is tlie 
figure containeil by two slight 
lines drawn from uio centre, and 
the circumference between them. 



11. Similar segments of 
circles are Uiose in which 
tlic angles are equal, or which 
contain equal onglca 



I.Vo«. In the following propositionji, whenever the expressiem 
**itnught lines from the centre,*’ or “drawn from the centre,” 
ocettn, it is to be underitood that the lines are drawn to the cir- 
cuinfcreocs. 

Any poriion of the drcumfeiencs is called an arc.] 


pnoposinos i. PttoupM. 

To Jind th$ cenirt qf a eifeU. 

I>ei ABC bo the given drclo : it is required to find its 
covtre, 
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Draw within it any atraigbt 
^ Una AB^ and biaect AB 
UD\ [ 1 . 10 . 

from the point D draw BO 
at right angles to AB; [1. U. 
produce CB to meet the cir- 
cumference at B, and bisect 
CErXR U. 10. 

The point F shall be the centre 
of the circle A BO. 



For if F l>o not the centre, 
if possible, let <i l>o the centre ; and join QA^ <7/>, OB. 
Then, because Bji is etptal to />//, 
and BG is comnmn to the two triangles A BG^ BBG ; 
the two sides AB^ BG are equal to the two sides BB^ BG^ 
each to each ; 

and Uie base GA is e<iaal to the base GB^ because Uiey are 
drawn from the centre G\ f I. Tkfinitum 15. 

therefore the angle A BG is equal to tlie angle BBG. ( t, 8. 
But when a straight line, standing cm anotlier straight Hoe, 
makes the acbacont angles cornu to one another, each of 
the angles is c^led a riglit angle ; (I. /ftAnUum 10. 

therefore the angle BBG is a right angle. 

But the angle BDF\a also a right atigla 

Tlierefore tlie angle ///>f/ts cNjual to the angle BBF^ r. 11. 

the less to the greater ; which in tin|)ossible. 

Tlicpefore G is not the centre of the circle A BO 

In the same manner it may Im; shewn tliat no other |>oint 
out of the line VB is the cmitre ; 

and since CB is bisectecl at F, any other point in CB 
dsTides it into unequal fsuis, and cannot be the centre. 
Therelbre no point but F is Uie centre ; 
that ia, Z’ is t^ centre of the circle ABC: 
which W€u to be/irtind. 


CoaoLUiir. From this it is manifest, tliai if in a circle 
a straight line bisect another at riijrhi angles, the centre of 
the drde Is in the stmight line whidi bisects the other. 
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PROPOSITION 2. THEOREM, 

If any two jtointt be taken in (he circufrference qf a 
circle^ the etraight line which joins thetn shall fall within 
the circle. 

Let ABC 1)6 a circle, and A and B aiiy two points in 
the circmnfcrcnce ; the straight lino drawn from ^ to if 
shall fall witliiii tlie circle. 

For if it do not, lot it fall, if 
iwssihlc, without, as AEB. 

Find D the centre of the circle 

AnC\ [111. 1. 

and join DA^ 1)B ; in Urn arc 
AB take juiy point join I>I\ 
and onHluce it to incot tho 
straiglit line A B at E. 

Then, because DA is ei|ual 
to />//, [I, OefinilioH I,*!. 

Ulo angle DAB is equal to the angle DBA, [I. 5, 

And Wuuso a side of tho triangle DAE, is pro- 
duced to if, tho exterior ancle DEB is greater than Uio 
interior opiwsite angle DAE. [I. i«. 

But tlio anglei>J Awasshew'uto beeqnal to the angle DBE; 
Uieroforo Uie angle DEB is greater than the angle DBE. 
But Uio greater angle is subtended by the greater side ; [I. ID. 
therefore DB is greater than DE. 

But DB is eqtuil to DE\ [f. OfUmtUm 15. 

Uierefore DF is greater than DE, tho less than Uie greater ; 
which is im{K)ssibk\ 

Therefore tlio straight lino drawn from A to B docs not 
&11 without tho circle. 

In Uie same manner it may be shewn that it does not 
fall on Uie circumference. 

Therefore it falls wiUiiii the drclc. 

Wherefore, if any two points Ac. q.£j>. 

PROPOSITION 8. THEOREM, 

If a straight Htw drawn through the centre (f a eirde^ 
hisiei a straight line in it stAticA does not pass tJkromgh the 
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rmtrf, it thail cui it at right angUs ; and if it cut it at 
right atigUs it thall bisect it. 

Let A B€ be a circle ; and let CD. a itraitflit line drawn 
tbmugh the centre, bisect anj straight line A //, which dtH^s 
not pass tiirough the centre, at the ]>oint F. VO shall ctit 
AB at right angles. 

Take E tlie centre of the 
circle ; andjotn EA, KH. [1 1 Id. 

'I’heti, because A F is oipial 
to Fli^ 

and FF is coniinoii to the two 
triangles AFF^ liFF ; 
tliO two sides J/’ FF are 
espial to the tw o sides ItF^FF^ 
each t<» each ; 

and the base EA is ei|ual the base Fli \ [I. l^f, l*V 

therefore the angle A FF is cHjtud to the luigle HFE. [1. s. 
But when a straight line, standing on another straight line, 
makes tlie adjacent angles e<]ual to one another, each of 
the angles is called a right angle ; [1. IkinUum 10. 

tlicrefore meU <»f Uie angles A FK^ HFE is a right angle. 
Therefore the stniight line CD, drawn Umnigh the centre, 
bisecting another AH which does tiui |iass through tlio 
centre, also cuts it at right angles. 

But let i 'D cut A H at right angles : CD sliall also 
bisect J H ; that is, A F sinU! be c^iual to FH. 

The same am^truction being uiade, because FA. FH, 
dniwn from tl»e centre, are e<{uaT Ui one another, [I. J^*f. 15. 
the uijglc EAF is e<jua1 to the angle EHF. (I. 5. 

And the right angle AFE is e<|ual to the right angle HFE. 
Therefore in Uie two triangles KA EHF, Utere are two 
angles in the one e^inal to two angles in the other, each to 
each ; 

and the side EF, which is oj^yposito to one of the ef|ual 
angles in each, U common to Uith ; 
therefore their other sides are e<|ttal ; {I, 26. 

therefore AF is e<|ttal to FH. 

Wherefore, if a straight tins 4c. Q.e.D. 
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PROPOSITION i. THEOREM. 

If in a cirde two ttraighi line$ cut one another^ which 
do not past through the centre, they do not Intect one 
afiother. 

Lot AJiCD bo a circle, and AC, BD two straight lin(» 
in it, which cut one anotlicr at the point E, and do not both 
pass through Uio centre: AC, JSD shall not bisect one 
another. 


If one of the straight lines 
pass through Uie centre it is plain 
that it cannot bo bisected by 
the other which does not pass 
through the centre. 

But if neitlier of Uicm mss 
through the centre, if {KMwmlo, 
let Aa bo equal to EC, and BE 
eqtuU to ED. 

Take F Uu) centre of the drdo 



and join EF. 

Then^ because FE, a strai^it line drawn through the 
centre, bisects another straight Tine A C which does not paM 
through the eoutre ; {liypotktM. 

FE cuts AC at right angles ; [111. 3. 

therefore the angle FEA is a right angle. 

Again, be^^ause the straight line FE bisects the straight 
line BD, which docs not (lass through tlie centre, Viyp> 
FE cuts BD at right angles ; [111. 3. 

therefore tlie angle FEB is a right angle. 

But the angle FEA was shewn to be a rigltt angle ; 
therefore the angle FEA is equal to the angle FEB, [^r. 1 1. 
tlie less to the grenUsr ; wliich is impossible. 

Therefore AC, BD do not bisect each ether. 

Wherefore, if in a eircie Ac; qjlp. 


PROPOSITION 5. THEOREM. 

If two cirtUe cut one another, they ehall not hate the 
iome centre, 

Let the two cirdos ABC, CJDO eat one another at the 
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paints By C\ they shall not haTo tho same centre. 

For, if It bo poMiblo, let E 
be their centre ; join EC, and 
draw any straight line EFG 
mooting tho circumferences at 
F and Q, 

Then, becauso E is tho ocn< 
tre of the circlo A UVy EC is 
equal to EF. (I. liejinition 15. 

Again, bet^auso E is the ceiitro 
of tho nrcle f ’/>fr, AY’ is equal 
to EC. [I. Ikjinititm 15. 

But EC was shewn to he equal to EF ; 

therefore EF is equal to AY/, [.iriom 1. 

Uio leas to the greater ; whtdi is impossible. 

Therefor© E is not tho centre of tlio circles ABC, CDC, 
Whereforo, if iuy> cirefrs 4fa q.k.i>. 



pnorosiTioN e. 

If two rin'les tunch anot/t^r itUernaHy, they §h(iU 
fud hnr€ the tame eent/y. 


I^t the two circles AB(\ CDE touch ono anoUmr inter- 
nally at Uie {K>int </ : they shall noi Imve tho same centre. 


For, if it l>o {possible, lot 
F bo their centre ; join FC, 
and draw any straight lino 
FEBy meeting the circum- 
ferences at E and B. 

Then, because F is tho 
centre of the rirclo ABO, 
/Vis equal to FB, [I. Jhf. 15. 
Again, because F is the 
centre of the circle CBE, 
FC is equal to FE, 


c 



[I. tkJlnUi//n 15. 


But /Vwas shewn to be equal to FB ; 

therefore F£ is equal to FB, [Axum 1. 

the less to the greater ; which is impossible. 


Therefore /* is not the centre of the circles ABC, CDS* 
Whmtbnyifiwocirelmittt, 
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PROPOSITION 7. THEOREM, 

If any point he taken in the diameter qf a circle vhich 
ie not the cent re , of all the straight lines ithich can he 
Irairn/rijrn this n**int to the circMUff^ence, the greatest 
is that in which the centre t>, and the other part of the 
diameter is the least ; and^ of any others^ that which is 
nearer to the straight line whieh j^asscs through the centre, 
is always greater than one more remote; and from the 
fame f mint thrive can Ite draten to t}o>, circxanferefice two 
ftraight lines^ and only twi>^ which are equal to one ann^ 
(her, one on each side of the shortest line. 

Let A BCD 1)0 a cirele aiwl Al> iU cliametor, in wliicli 
let any |M)iiit F be taken which is not the centre ; let F bo 
the centre ; of all the atraight linen /V/, Ft \ FOy &c. that 
(!an l>o drawn from F to tlio circumference, FAy which 
lumses through A’, shall Ik* the greatest, and F/t, the other 
jiart of the diameter A h, shall be the leiwit ; anil of the 
others Fll shall Ihj greater than /Y’, and FV than FG, 

Join liKy CKy OF, 

Tlion, liecauso any two sides 
of a triangle are greater than the 
third side, [I. 20 . 

tlieroforo HF, EF are greater 
tiian JiF. 

Rut HE is equal to ,*4 AT ; [ I. Ikf. 15. 
therefore AEy EF are greater 
than BFy 

Uiat is, is greater than EF, 

Again, because EE is cijual to CE, [I. Tkfmimn 15. 
and EF\» common to the two triangles BEFy CEF\ 

the two aides BE, EF arc equal to the two aides CE, EF, 
each to oadi ; 

but tlie angle BEF is greater than the angle CEF\ 
therefore the base FB is gretUer than the base IV, [T. U, 

In the same tnaim^ it may be shewn that FV is greater 
tha»m 

Agi^fMaiiae greats 
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ftnd that FM is 0 <iual to ED ; p. 15. 

ilicrefore OF^ FE aro greater Uian ED. 

Take away tlie common jari FE. and the remainder GF\a 
greater titan the remaiiaier FD. 

Therof<»re FA is the greatest, an<l FD the least of all 
the stnught lines from F to the cimtiuferenec ; tuid F!l is 
greater Uian /V, luni /Y ’ilian FH. 

Also, there can l>o drawn two e^iual straight linos from 
tho jK)iiit F to the circumference, one on each sitle of the 
shortest line FD. 

For. at the j>oint E. in the straight line EF^ make tho 
angle FEU equal to the atiglo FFJi, [** -'h 

and join FH. 

Then, Itocause Ed is equal to A’//, fl. 15, 

and A’f'is coiniiion to the two triangles OFF^ l[FF\ 

the two sides Ed^ /v/'ure equal to the two sides AV/, FF^ 
esu'h to each ; 

aiiil the angle dFF is cninal to the angle ifFF ; 
therefore the biisc F^i is eqtial to the haiu^ FJf. {I. 4 . 

ihit, l»e«ides FIf. no other stmight lino can bo drawn 
from /'to tho circumference, e»]ujil to Fd. 

For, if it lie isissible, let FK lx> CH^ual to FO, 

Tlion, liecuuae FK is e<iual to Fd, [Uypotht$ta. 

and FJi is also ecjual to /V;, 

Uiereforo FIf is e<jual FK \ {Axiom 1. 

Uiat is, a line nearer U* that which fiasses through the 
centre is eqiud U> a line whicli is more remote ; 
w hich U imfs>ssilile by wliat has liet'n already shewn. 
M’bcrcforo, if any jmnt he tak^n Ac*, g.E.r). 

FK01*OSITION 8. TllKURKM. 

If any p^nnt }*e taken witirait a rircD, and etratght 
Unee tm drawti/rom it the cirruvtferen*'*\ ^me rf vrhieh 
through the centre ; *f ihoee which fall oi» the erm- 
cmre eirrunfermcef the greatett t> tliat which p^ueee 
through the centre^ and of the reel, that which is nearer 
to tlu *me paeeing through the centre i$ greater 

than ane more remote; hut of them which' m the 
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eonreJ! eircun^ferene^ the least U that between the point 
without the circle and the diameter; and qf the rest, that 
which U nearer to the least is always less than one more 
remote ; and from the same point there can he drawn to 
the circumference two straight lines^ and only two^ which 
are equal to one another ^ one mi each side of the shortest line. 
Lot ABC Ik) a circle, and D any point without it, and 
from 1) let the straight linea DA^ VEj J)F, DC be drawn 
to the circumference, of which DA passes through the centre : 
of thoHo which fall on the concave circumference AEFC^ tho 
greatest shall bo DA which passes through tho centre, and 
the nearer to it shall bo CToatcr than tho more remote, 
namely, DE greater than DF^ and DF greater than DC ; 
l>ut of those which fall <»n the convex circumference GKLH^ 
the least shall be DG l>ctwcen Uio i^oint D and the dia- 
meter A G, and tho nearer to it shall bo less than the more 
remote, namely, DK less tlian DLy aiid DL less than DH. 


Take 3/, tho centre of tlio 
circle [III. 1. 

and join ME, MF, MC, Mil, 
ML, MK. 

Then, because any two sitles 
of a triangle are greater than 
tho thirtl side, [T. 20 . 

Uiereforo EM, MD are greater 
than ED. 

But is equal to A M\ [1. />r/ 1 5. 

therefore A M, MD are greater 
than ED, 

that IS, AD \% greater than ED. 
.A^^un, because EM is equal 

and MDU common to the two 


B 



A 


triangles EMD, FMD ; 


the two sides EM,MD are equal to the two sides FM, a 
each to each ; 


but the angle EMD is greater than the angle FMD ; 


therefbre the base ED is greater than the base FD. [ 1 . 24. 

In the SKDie ninner it may be shewn that FD in 
greater than Cl>, 
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Tlicreroro BA la the mateat, and BE greater tliaa BF, 
anti DF grmi&r ilian JXJ. 

Again, becauae ITA", KD are greater than [I. SO. 
and MK is equal to Jf(?, [1. 15. 

the remainder A'/> in greater than Uio remainder OA 
that ia, GD ia leaa than FJK 

And boeaitse MLD ia a triangle, and (Vam the pointa 
Af, A the extremities of ita aide Af A the straight linea 
MA\ I)K are drawn to Uio point A" wiUdn the triangle, 
therefore AfA' AV> arc leaa than ML, Ll> ; (1. 21. 

and MK la equal to ML \ fl. PfJniHon 15. 

therefc»ro the remainder KD ia leaa Uian the remaiiuler A A 
In tlio same maimer it may ha shewn Uiat LD ia leaa 
than I/D. 

Therc^fore DO ia Uio least, and DK Ifsa than DL, and DL 
lose than Dll. 

Also, there can l>o drawn two equal straight lines from 
the |H>tnt D to Uie circumference, one on e^i aide of the 
least lino. 

For. at the point Af, in the straight line Af A nutke the 
angle J>J^/JJ equal to the angle DMK^ [1. 23. 

and join DJi. 

Then, l>ecauae Af AT ia equal to Af /?, 
and MD is omimon to Uic two irianglea KMD, BMD ; 
the two sides KM, MD arc equal to the two aidoa BM, MD, 
eadt to each ; 

and the angle DMK ia equal to the angle DMB ; {CoMtr. 
therefore the Imso DK ia equal to the bane DB. ft. 4. 

But. besidea DB, no other straight line can be drawn 
from D to the circumference, equal to DK 
For. if it be posailde, let DN be equal to DK 
Then, l>ccause DN ia equal to DK^ 
and DB is also equal to DK, 

therefore DB ia equal to DN ; [Axiom 1. 

that is, a line nearer to the least U equal to one which is 
more rcnioie; 

whidi ia impossible by what has boen already shewm 
y/lmelont if my point be (oAm kc (imjk 
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PKOPOSmON 9. THEOREM. 

If a point he tcUeen ttithin a circle^ from which there 
fall more than tieo eqiud Hraight time to the circum^ 
ference, that point i$ the centre of the circle. 

Let the point D Ix) taken within the circle ABC^ from 
whicti to the cireiimforciice there fall more than two eoual 
straight lincl^ namolj VA^ PH, PC : the point P shall bo 
the centre of tho circle. 

For, if not, let E be tho centre ; 
join PE tuid prodace it both ways to 
meet tho circumference at E ami G ; 
then FO is a diameter of tho circle. 

Tlien^ l)ocauso in FG, a diameter 
of tho circle AHt\ tho point P is 
taken, which is not the centre, DG 
is tho greatest straight lino from P 
io tho circumfercnco. and PC is greater than PH, and 
PH greater than PA ; [III, 7, 

but Uiey aro likewise equal, by hypothesis ; 
which is im|K>ssiblo. 

'llicrcforo E is not tho centre of tho circle ABC. 

In tho same manner it may bo shewn that any oilier 
lK)int Uiaii P is not the centre ; 
therefore P is tho centre of Uic circle A BC. 

Wherefore, if a point be taken &c. 

PUOPOSITION V\ THEOREM. 

One circun\ferenoe ef a circle cannot cut another at 
more tluin two jKtinte. 

If it Ik) iKissible, lot tho drcumfcronce ABC cut the 
drcumfereuoo PEF at more 
tlian two points, namely, at tlio 
IMiints B, G, F. 

Take A", the centre of the 
BC, [111. 1. 

and join KB, KO, KF. 

Then, beomso A!' is the 
centre of the eirde ABO, 
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therefore A’Tare all equal to each other. 

Anti becauae within the circle l>EF.\hc mint K in taken, 
fh>ni which to the circamforenoe DBF fiul more than two 
equ^ straight lines KB^ KO, KF^ therefore A" is the 
centre of the circle DBF. [III. 9 . 

But A* is also Uto oeutro of Uie drclo A BC. 

Therefore the same point is the centre of two circles 
which cut one another; 

which if im{K>estbIe. [111.5. 

Wherefore, ows cirrun^ferenee Ac. g.E.D. 

PROmSITION II. TliKORKM. 
circlip touch one another intemnihf^ the nt might 
line ichichjiHni their ernfree^ being pnHlurcdy ihall pas$ 
through the point of contact. 

Ixjt the two circles JBf\ APB touch one another Inter- 
nally at tlie |v>tiit A ; and let F l»e the ctmtre of the circio 
ABi \ and (i Uio centre of the circle APB: the straight 
line which loins tlie centres A, fi, Mng produced, sluill 
|Nuw thnuigh the iK>iut A, 

For, if not, let it fiass otherwise, 
if iKMisthle, as FQPH^ and join 
Ah\AQ, 

Then, because AG^ GF are 
greater than AF^ [1. W. 

and AFia equal to IlF, [I. IM/, 15. 
therefore AG, GF. are greater 
than JIF. 

Tidee away the common part GF\ 

Uierefore the remainder AG is greater than the remainder 
HG. 

But AO\b equal to PO, [I. P^JltUtbrn 15. 

Therefore DG is greater than HO, the less than the greater ; 
which is impossible. 

Therefore the straight line which joins the points F, G, 
being produced, cannot pass otberwiso than Utrough the 
point A, 

that is, H must past through A. 

Wherefore, if two eirdu Ac. Qxn. 
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PROPOSITION 12. THEOREM. 

If two eirdei touch one another externally^ the Hraighi 
line which joine their centretehall pa$$ through the point 
qf contact. 

Let the two circles ABCy ADE touch one another ex- 
ternally at the mint A ; and lot F l^e the centre of the 
circle ABC^ ana O the centre of the circle ADE: the 
stnviglit line which joins the points F^ Gy shall [lass through 
the |K)int A. 

For, if not, let it 
fmsH otiicrwiso, if pos^ 
sihle, as and 

join FAy AO. 

Then, l>ucauHC Fin 
the t'entre of the cir- 
cle A HVy FA is equal 
to FC’y [I. Dtf. 15. 
and because G is tlie 
centre of the circle A DKy GA is cnjual to GD \ 
therefore FAy AG are ecjual to FCy DG. [Axiom 2. 

Therefore the whole FG is greater than FAy AG. 

But FG is also loss tlian FAy AO ; [1. 20. 

which is im{X)ssible. 

Therefore the straight lino which joins the points Fy (?, 
cannot fiass otherwise than through the [mint Ay 
that is, it must pass tlirough A. 

Wboroforo, if two circlee &c, q.k d. 

PROPOSITION 13. THEOREM. 

One circle cannot towh another at more points than 
one, whether it touches it on the insifle or outside. 

For, if it be possible, let tlio circle EHF touch the 
circle ABC at more pc^ts Uian erne; and first on the 
inside, at t^ pmnts B, D. Join BDy and draw f?^bisoci- 
ing BD at i^t angles. p. 10, 11. 

Thmi, becanse the two points 27, /> are in the dream- 
ferenoe nf each of the draes, the straight Une BD fidk 
within eadi of them; [UL 2. 
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luid therefuro tho contro of each circle is in the straight 
lino fr// which bisects B/J at right angles; fill, 1, (Vrc>/. 
therefore G// {lassos tliruugh tljo {joint of contact (III. II, 
But G il does not {josh through tho |K>int of contact, 
cause the {joints are out of tho Imo OH ; 
which is aijsurd. 


Therefore one circle cannot touch another on tho tiisido at 
more {joints than one. 


Nor can ono circle tjuch an> 
other on the outside at more 
{Joints than one. 


For, if it Ijo {Kswible, lot tho 
circle AVK toucli tho circle A iiC 
at the {joints yl, V, Join AO, 

Then, because the two {Kjints 
C arc in the circumference of 
the circle A(JK^ tlie straight lino 
A f ' which joins them, falls within 
Ujc drclo -4C'A'; (111,2. 

but tlie circle ACK is without tlie circle ABV\ 
therefore tho straight line AC is wiUiout Uio drdo ABC. 


K 


But Ijecaoso tho two tmuU A^ C arc in tho drcumforonco 
of tho dircic A BC\ the straight lino,^C' falls within tlie 
drclo^lilC'; (111,2, 

whidi is absurd. 

Therefore one drde cannot touch another on the outside 
at more pointi than one. 

And it has been shown that one drelo cannot touch 
another on the indde at more poinU than one, 

Whereiore, (me Hrde Ae. 



86 


EUCLID'S ELEMENTS. 


PROPOSITION 14. TlIEOnEM 

Equal itraight Una in a circle are equally dhtmtfrom 
the centre: and thoee which are equally distant from the 
centre are equal to one another. 

Let the straight lines yl2?, CD in the circle ABDC^ bo 
equal to one another : they shall bo equally distant from 
the Centro. 

Tidco E^ the centre of the 
circle ABDC\ [III. 1. 

and from E draw EF, EG per- 
pendiculars to AB, CD\ [1. 12. 
and join EA^ EC. 

Then, because the straight 
line EFy passing throi^h the 
centre, cuts Uie straight Uuow4//, 
which does not pass throm^ the 
c^tro, at right angles, it also bisects it ; [1 11. 3. 

therefore AF is o<iual to FB^ and AB is double of AF. 
For Uio like reason CD is double of CG. 

But A B is e(]ual to CD ; [llypothetU. 

therefore AFve etpial to CG. [.4 xitm 7. 

And because AE\e equal to CAT, [I. Thfnitian 15, 
the square on AE is equal to the square on CE. 

But the squares on AF, /Ware equal to the square on .4 i?, 
because the angle AFE is a right angle ; [I. 47. 

and for the like reason the squares on CG^ GE are equal to 
the square on CE; 

therefore the squares on AF, FE are equal to the squares 
on CO^ GE [Axifm L 

But the square on AF is equal to the square on CG^ 
because AF is equal to CG ; 

therefore the remaining square on FE is equal to the re* 
maining square on GE\ {Aadam 3. 

and therefore the straight line EF is equal to the stralgfat 
Va» EG. ^ ^ 

But straight lines in a oirele are said to be equa&j distant 
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fVoin the centre, when the perpendiculars drawn to them 
from the centre are equal ; [IH. B^nition 4. 

therefore AB^ CD are equally distant from tlio centre. 

Next, let the straight lines A By CD bo equaHy distant 
from the centre, tliat is, let EF be equal to EO ; AB shall 
bo e<iual to CD, 

For, the same construction being made, it may l>o 
shewn, as before, that ABSa double of AFy and CD double 
of CGy and that the squares on EFy FA are equal to tlie 
sejuares on EGy GV\ 

but the square on EF is o<iual to the square on EGt 
because EF is equal to EG ; [H^pathe$U, 

therefore Uio remaining square on FA is oqtud to Uio re- 
maining square on GCy [Axurn 8. 

and Uicrofore the straight lino AF equal to the straight 
line CO. 

But AB was shewn to bo double of AFy and CD double 
ofCG. 

Thoreforo AB is equal to CD. [Axiom e. 

Wherefore, fqwti xiraigfU linex kc, Q.E.D. 

PROPOSITION 15. THSORKlii. 
diam4>ter it ths grealeti ttraight lint in a fifrle ; 
andy t\f <U4 (4herty that which it nearer b/ (he eentre it 
eUwayt greater than one more rnnote; and the greater 
it nearer to tite centre than the leet. 

Let ABCD be a circle, of which AD is a diameter, and 
i?Uie oentre ; and let BC be nearer to Uie centre than FO : 
AD shall be greater than 
any straight lino BV which 
isnot a diameter, and BO shall 
be greater than FQ. 

From the centre E draw 
EHy EK pcriicndicalani to 
BCyFQy [ 1 . 12 . 

and join BBy BCy EF. 

AE\m 

therefore AD Is equal to i?i^, EC \ 
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but BB^ ECvtt greater than BC\ [I. 20. 

therefore alao AD ia greater than BC, 

And, becaoae BC ia nearer to 
the centre than FG^ [Hypotktsu, 

EH ia leaa than EK. [IIL />e/.5. 

Now it maj bo ahewn, aa in the 
preceding propoaition, Uiat BC 
la double ot BiL and FG double 
of FK^ and that the aquarea on 
EH^ HB are equal to the aquarea 
on EK, KF, 

But tlie aejuare on EH ia leaa than the square on EK, 
because EH ia less than EK\ 

therefore the square on HB ia greater than the square 
on KF \ 

and therefore the straight line Bll ia greater than the 
straight line FK ; 

and therefore BC ia greater Uian FG, 

Next, let BC bo greater than FG : BC shall be nearer 
to the centre than FG^ that is, Uie same conatruction 
being made, EH ahull be leaa than EK. 

Fur, bemuse BC ia greater than FOy BU is greater 
than FK. 

But Uie aquarea on BIL HE are oqiud to the squares on 
FK, KE , 

and the aanure on BH ia greater than the square on FK, 
because isU ia greater than FK\ 

therefore the square on HE ia lees Uian the square on KE ; 
and therefore the straight line EH is leaa than the straight 
line EK. 

Wherefore, iht diameUr Ac. Q.E.n. 



PBOPosrrioK te. theomm . 

Tk$ ytraight Un4 dravm at right aaglm to the diameter 
Uf a circle Jhm the eriremitg of tV, /aOe without the 
Hrde; and no etraighi litke can be drawn JHm the 
eeetremitg, between that straight line asul the ciremn^rr* 
once, so as not to cut the cir 
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Let ABC be a circlei of which D is the centre and 
AB a diameter: the straight line drawn at rkht angles to 
AB, from its extremity A, shall fiUl wiUiout the circle. 


For, if not, let it fall, if pos- 
sible, within the cirdc, m AC 
and draw DC to the point C, 
where it meets the circumference. 


Then, because BA is equal to 
BCf [I. DfJinUion 15. 

the angle DAC is equal to tlio 
angle hCA. [I. 5. 



But the angle DAC\m a right angle ; [//y/xiM/jw. 

therefore the angle IX^A is a right angle ; 


and therefore the angles DAt\ DC A are orjiial to two 
right angles; which is inqiossiblo. [f. 17. 


Therefore the siraigltt lino drawn from A at right angles to 
AB does not fall within the circle. 


And in tlie same mamier it may be shown that it does 
not (all on the circumference. 


Therefore it must fall without the circle, m A E, 

Also lietween Uie straight line AK and Uio circumfer- 
ence, no straight line can drawn from the {leint A^ which 
docs not cut tlie circle. 


Ktir, if i)ossiblo, let f lie between 
them; anu from the centre D draw 
Dii i>eniendicular to AF\ fl. 12. 

let DG meet Uie circumference at l[. 

Then, liecause the angle DGA is a 
right angle, [C<m$trurtum. 

the angle DAG is loss than a right 
angle; (I. 17. 

therefore DA is greater than i>C/. [X. 1 ii. 

But DA is equal to DII) [1. IhAnUum 15. 

therefore 2>/f is mater than i>6^, the less than the greater ; 
which is in^poisibio. 

Therefore no strai^t line can be drawn from the point 
A between AE and the circumference, so as not to cut the 
circle. 


F K 
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Wherefore, the straight line kc. qjld. 

Corollary. From this it is manifest, that the straight 
lino which is drawn at right angles to the diameter of a 

. « At - . ii. a. 1 rrfT a 




and that it touches the circle at one point only, 
because if it did meet the circle at two points it would fall 
within it [HI* 2- 

Also it is eridont, that there can bo but one straight lino 
which touches the circle at the same point 

rROPOSITIOK 17. PROBLEM. 

To draw a straight line from a given pointy either 
without or in tlw circmn/erenee^ which shall touch a given 
circle. 

First, let the giron point A be without the given circle 
ECJ): it is required to <lraw from A a straight lino, which 
shall touch Uie given circle. 

Take E, the centre of tlio 
circle, [ill. l. 

and join A E cutting the circum- 
ference of the given circle at D ; 
and from the centre J?, at tlto 
distance EA, describe tlio circle 
AEG; from tho {wint /> draw 
VE at right angles to PJA ,[1.11. 
and join cutting tho dreum- 

forenoe of the given circle at B ; 
join AB. AB shall touch the circlo BOD. 

For, bocause B is the centre of tho circlo AFO, EA is 
equal to EE. [1. D^nUnm 15. 

And bocause E is tho oentre of the circle BCD^ EB is 
ei]ual to ED. [1. DcAnUiom 15. 

Tlierefore the two sides AE, ED are equal to the two sides 
FE^ ED^ each to each; 

and the angle at is common to the two triangles AEB^ 
FED; 

therefore the triangle AEB is equal to the triangle FEDf 
and the other angles to the othm* angtesi eadh to eadi, to 
which the equal indes are (^iposlte) [I. t. 
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therefore the angle ABEn equal to the angle FDE. 

But the angle FDE is a right angle ; 
therefore the angle ABE is a right angle. [yiTiom 1. 

And EB is drawn from the centre ; but the straight lino 
drawn at ris^t angles to a diameter of a circle, the 
extremity of it, touches the circle ; [HI. 16, Corollarj/. 
therefore AB touches the circle. 

And ^ ^ is drawn from the given point A. Q.fi.F. 

But if the given point l»e in the circumference of the 
circle, as the point /), draw DE to the centre E, and DF at 
right angles to />A^; then />/^ touches tliedrcio. [111. 10, CW. 


BUOPOSITION 18. TJIEOKEM. 


If a itraight Um touch a circle the itraight line drattn 
from the centre to the point <f contact ehull be j>erpen- 
diculnr to the line touchiffg the circle. 


I straight lino DE touch the circle A BC at the 
ake /, the centre of the circle AB<\ and draw 


Let the I 
point C ; take 

the strath t lino /*( *: FC shall be per|K)n<licular to DE. 

For if not. let FG Ihj drawn from the point F perpen- 
dicular X/o DK meeting the cir- 
cumference at B. 

Tlien, because FGC is a right 
angle, I Uyptth fitin. 

FCG is an acute angle; [T. 17. 
ami the greater angle of every 
trianglo is subtended liy the 
greater side; (1.19. 



therefore FC is greater than FG. 

But FC IS equal to FB ; [r. DfJtnUlm l.’i. 

therefore FB greater than FG^ the loss than Uio greater : 
which is impossible. 


Therefore FG is not perpendicular to DE. 

In the same manner it may bo shewn that no other 
idraight line from F is perpendicular to DK W FC\ 
therefore FC^ perpendic^r to DE. 

Wherefore if a etraigfu line kc. Q.u. 
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PEOPOSITION 19. THEOREM. 

If a straight lim t<meh a circle^ and from the point qf 
contact a itraight line he drawn at right ang&e to the 
touching line, the centre qfthe circle ehall he in that line. 

Let the straight lino DE touch the circle ABC at C, 
and from C let CA bo drawn at right angles to DE: the 
centre of the circle shall bo in CA. 

For, if not» if possible, let bo 
the centre, and join CF. 

Then, because DE touches the circle 
ABC, and FC is drawn from Uio 
centre to tlio point of contact, FC 
is {>er])ondicular to DE; [III. IS. 

Uieroforotho mgXoFCE is a right anglo. 

But the angle ACE is also a right 
anglo ; [Vutut ruction. 

therefore the angle FCE is equal to Uie angle ACE, [dx. 1 1. 
the less to the greater ; which is iuq>ossibics 
Therefore /’is not tlio centre of tlio circle ABC. 

In the samo manner it may bo shewn thatnootlior point 
out of CA is the centre ; therefore tiie centre is in CA. 

Wherefore, if a etraight li$te &c. q.e.d. 

PUOPOSITION 20. THEOREM. 

The angle at the centre of a circle i> double if the angle 
€U Hie circuffferencc on the eame haec, that i>, on the emie 
arc. 

Let A BC bo a circle, and BEC an angle at the centre, 
and BAC an angle at Uie circumference, which have tlio 
samo arc, BC, lor their base: the angle BEC sliall l>o 
double of the anglo BAC. 

Join AE, and pitnlucc it to F. 

First let the centre of tlio cirdo 
be witliin the angle BAC. 

Then, because EA is equal to 
EB, the angle EAB is equal to the 
angle p- 5. 

therefore the angles EAB. EBA 
are double of the anglo EAB. 
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But Uic angle BEFin equal to the angles EAB^EBA ; [1.82. 
therefore the angle BEF is double of the angle EAB, 

For the same reason the angle FEC is double of the 
angle EA€, 

Therefore tlie whole angle BEC is double of the whole 
angle BAC, 

Next, let the centre of the circle 
l>c without the angle BAC, 

Then it may lie shewn, as intho first 
case, that the angle FEC is double of 
the angle FAi\ and that the angle 
FEBy a part of the first, is double of 
the angle FA //, a |mrt of the other ; 
therefore the remaining angle BEC is 
double of the remaining angle BAC. 

'Wherefore, tfu angle at tlic centre &c. Q.K.l>. 



PUOIH)SITION 21. TI/BOliBM. 

The attgfci in the $ame eegment of a circle are equal to 
one another. 

Let A BCD Iks a circle, and BA />, BED angles in the 
same segment BAED\ the angles BA D^ BED shall be 
equal to one another. 

Take F the centre of the circle 
ABCD. [III. 1. 

First let the segment BAED be 
greater than a semicircle. 

Join BF, DF, 

Then, because the angle i?/*/) is 
at the centre, and the ande BA D is 
at the ctrcumfereiioe, and that they 
hare the same arc for their liase, 
namely, BCD ; 
therefore the angle BFD isdoubleof Uie angle BA D.[I IT.20. 
For the same reason the angle BFD is double of the angle 
BED, 

Therefore the'angleifJ/) is equal to the angle BED. {Ax. 7. 
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Next let the segment BAED be not greater than a 
Bomidrcle. 

Draw AF to the centre, and pro- 
duce it to meet the circumference at 
Cy and join €E. 

Then the aegment BAEC is 
greater than a Hcmiciid^and there- 
fore the angles JiAC^ DEC in it, are 
equal, by the first case. 

For the same reason, because tlio 
segment VAED is greater than a 
semicircle, the angles CADy CEJ) arc equal. 

Therefore the whole angle BAD is otiual to the whole 
angle BED. [.^ariow 2. 

AVherefore, the anglee in same segtneni dtc, q.k.I). 


PROPOSITION 22. THEORKM, 

The opposite angles of any quadrihttf'al fgure in- 
scribed tn a cbxle are together »iml to two right angles. 

lict A BOD l»o a q\ia<irilatcral figure inscril>cd in Uio 
circle A BCD : any two of its opiiosite angles sbali be toge- 
tlier equal to two right angles. 

Join ACy BD. 

Then, because Uie three angles 
of every triangle are togcuicr 
equal to two right angles, [T. 32. 
the three angles of the triangle 
VABy namely, CABy ACBy ABC 
are together e<iual to two right 
angles. 

But the angle CA B is equal to the angle CDBy because 
they are in Uie same segment CDAB\ [111. 21. 

and the angle ACB is equal to the angle ADBy because 
they are in the same segment ADCB ; 
therefore the two angles CABy ACB are together equal 
to the whole angle A DC. lAxiam 2. 

To each of these equals add the sao^tABCi 
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therefore the three eagles CAB^ ACB^ ABC^ are equal to 
the two eagles ABC, ADC. 

But the angles CAB, ACB, ABC are togetlier equal to 
two right angles ; [T. 32. 

therefore also the toi^XeBABC, ADC Are togothor equal to 
two right angles. 

In the same manner it may bo shown that the angles 
BA />, BCD are together e<]nfLl to two right angles. 
Wherefore, f/ie opposite angles dtc. q.e.p. 


PROPOSITION 23. TUEOltEM. 

On the »anu* ttraight and on t/m game ixdii of 
there cannot be two similar eegnunU of circles, not coin- 
ciding with one another. 

If it l>e t^ssible, on tiic same straight lino A By anri on 
Uie sariio side of it, let there l»o two similar sc^gments of 
circles A CBy A DB, nut coinciding with one another. 

Then, liocauso the circle A VB 
cuts the circle ADH at tlio two 
points Ay B, Uter cannot cut ono 
aiioUier at any other |x>int ; [ 11 1 . 1 0. 
therefore one of tho segments 
roust fall within tho other; let 
A<"B fall within ADB\ draw tho 
straight lino BCDy and join ACy AD. 

Then, because AC By ADB are, by hypr>thesiii, similar 
segments of circles, and that similar segments of circles 
contain equal angles, [III. l>efinition 11. 

therefore the angle ACB is equal to the angle ADB ; 
that is, the exterior angle of tho triangle ACD is equal to 
the interior and opposite angle ; 

which is impossible. [I* 14* 

Wherefore, on the same etrenghi line Ac. HM, 
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PROPOSITION 24. TBEOnEM. 

Similar iegmmti qf eirde$ on (qwd itraight linei ar$ 
equal to one another. 

Let AEBf CFD be similar segments of circles on the 
equal straight linos AB, €1 ) : the segment AEB shall be 
equal to the segment CFI>. 

For if the segment 
AEB bo applied to 
the segment CFDy 
so Uuit the point A 
may bo on tiie ix)iut 
f/, aiul the straight line A Bon the straight lino CD, the 
p^nt B will coincide with the point B, because AB is 
equal to CB. 

'^ereforc, the straight lino coinciding with the straight 
lino CB, the soginont A EB must coincide with the seg- 
ment C/7>; [111.23. 

and is therefore e<|ual to it. 

'Whoreftiro, gimilar tegm^nte Ac. q.k.I). 

PROPOSITION 25. PROhLEM. 

A gegmmi qf a circle being gicen, to dcseribe the circle 
qf vhich it i$ a tegment. 

Let A BCho Uie giren segment of a circle : it is required 
to describe the circle of which it is a segment. 




Bisect AC at B ; [1. 10, 

from the pidnt B draw BB at right angles to ; [1. II. 
and join AB. 

First, let the angles >4 i?/>, BAD, be equal to one another. 
Then BB\a equal to BA ; [I- 

but BA is equal to BC ; [CV>iis<n*c<«m. 

therefore DJET is equal to DC. [Atdoml. 
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(rliefeforetbdUifM tbraight lines DAtDBfDCwo all equal ; 
and therefore 2> is the oentro of the circle. [III. o. 

From the centre 2). at the distance of any of the three 
J)A, DBf VC, describe a circle; this will pass through 
the other point^ and the drclo of which ABC is a segment 
is doscrib^i 

And because the centre D is in AC, the segment A BC 
is a semicircle. 


Next, lot the angles ABD, BAD be not equal to one 
another. 

At the point A, in the strai^t line AB, make the angle 
BA E otiual to the angle A BD ; [ 1. 23. 

produce i?/), if necessary, to meet AE at E, and Join BG. 

Then, because tlio angle BAE is equal to the angle 
ABE^ [OoMimeUmi. 

EA is equal to EB, [I. 6. 

And because AD is equal to [CoMtructiom. 

and VE is common to the two triangles ADE^ ODE \ 
the two sides AD^ DE are equal to the two sides CA 
each to each ; 

and the angle is equal to the angle CDB, for each of 
them is a right angle ; [Cimttmetum. 

thorofors the base EA is equal to the base EC* [1. 4. 

But EA was shown to be equal to EB ; 
therefore EB is equal to EC. [2r^ 1. 

Therefore the three stiaight lines EA, ES,E€ut all equal ; 
and therefore is the centre of tho drclo. [1 11. 0. 

From the oeoire E, at the distance of any of the three 
BA^ EBj EC, describe a drcle ; Uiis will imss through tbo 
oUt^^omts^ and the drcle of which AB(J is a segment is 

And H is erident, that if the angle ABD be greater 
than the angle BAD, the centre B (alls without the seg* 
SMjd ABO, whidi is therefore loss than a semicircle ; but 
^.iagie ABD be lees than the angle BAD, the eeotre 
^ vhd fo therefore greater 


hmUm4mera,i^,chia.U1$a»«gmni «Jtf. 
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PBOPOSITION 20. THEOREM. 

In equal circlee^ equal anglee stand on equal ares, 
whether they he at the centres or circumferences. 

Lot ABC^ DEF bo oqual circles ; and let BOG^ EHF 
bo equal angles in them at their centres, and BA G. EDF 
equal angles at their circumferences : the arc BKG shall 
be oqual to the arc ELF. 



Join BC, EF. 

Then, because the circles ABG^ DEF arc oqual, [Hyp. 
tlie straight lines from tlieir centres are e<iual ; [III, Dtf. 1. 

therefore the two sides BG^ GG are equal to the two sides 
EH. HFf each to each ; 

and tlie angle at O is equal to Uie angle at H ; [Ilfpothesis. 
therefore the base BC is oqual to the base EF [1. 4. 

And because the atigloat^i isequalto theaii^eatD4;//ji/p. 
thesogment JS^Cis similar to the segment EDF\ [lll.lhfM. 
and they are on oqual straight lines BC. EF. 

But similar segments of drcles on equal straight lines are 
equal to one another; [in« 24. 

therefore tlie segment is equal to the segment EDF. 

But the wholo circle Ai.BC is equal to the whole circle 
DEF ; 

to the re- 
Idsasa 3. 

Wherefore, m equal cir^ 4c. 


therefore the remaining segment BEG is equal 

maining segment ELF\ 

therefore the are BKG is equal to the are JE£#*. 
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PROPOSITION 27. TBEORSM. 

In equal circUe, the angles which etand on equal ares 
are equal to one another, whether they be at the centres or 
circur^ferences. 

Let ABCt DBF bo equal circlea, and let the angles 
BGi\ EHF at thdr oentros, and the angles BAG EDF 
at their circumferences, stand on eaual arcs BC, EF\ the 
angle BGC shall be equal to the angle EHF, and the angle 
BAC o<iual to the angle EDF. 



But, if not, one of them must lie the greater. Let BOO be 
the greater, and at tlio {XiUit G, in the straight lino BG, 
make the angle BO K cr^ual to the angle EHF. [I- 23. 

Tlien, liecause the angle BGK is equal to tlie angle EHF^ 
and that in o<]ual drclos equal angles stand on equal arcs, 
when they are at the centres, [111.26. 

therefore the arc BK is equal to tlio arc EF, 

But the arc EF is equal to the arc BO ; {Ufgoikuis. 

therefore the arc BK is equal to the arc BC, \Asvm. 1. 
the less to the greater ; which is impociiblo. 

Therefore the angle BGOismA unequal to the angle EHF, 
that is, it b equiu to it 

And the angle at .4 is half of the ang^e BGfC, and the 
angle at D is half of the angle EHF, [iU. 20. 

therefore the angle vAAIm equal to Uie angia at D. 7. 

Wherefore, tn equal cirdee Ac. qju>« 


7—2 



100 


BUOLWa ElBMENm 


WtOPOSmON 28. 

In equal eirdeSf equal etraight linee eut off equal afce, 
the greater equal to the greater, and the leee equal to the 

Uee. 

Let ABC, DEE be Muel circles, and BC, EF equal 
straight linee in them, whl<m cut off the two greater arcs 
BAG, EI)F, and tlie two less arcs BGC, EHF: the 
greater arc BAC shall be equal to the greater arc EDF, 
and the loss arc BOC equal to the less arc EIIF, 


A D 



Take iT, L, the centres of the circles^ [III. 1, 

and join BE, EC, EL, LF. 

Then, because the cirdes are equal, lITifpoihetU, 

the siralglit linos from tlieir centres are equal ; [III. Btf, 1. 

therefore the two sides BE, EC are equal to the two tides 
EL, LF, eadi to each ; 

and the base BC is equal to the base EF; lB^potJke$ie, 

therefore the angle BEC is equal to the aofi^e ELF, [I. 8. 

But in equal cirdes equal angles stand on equal arcs, when 
they are at the eeiities, [lit 2U« 

tlMnefoie the arc BOOm equal to Uie are EffF. 

But the dieumfereiioe ABGC is equal to the drcuni* 
toenoe DSHF\ {JBggtkkuU, 

therdbre the remaiaisg arcBJCk equal to the remaining 
ueBBF [deiosiS. 

Wheieioie^<iiigiMdeMbt4e. quit 
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PBOFOSmOK 29. TEEOMM. 

In ^ual eirdeiy equal area are eubtended by equal 
eiraight Unee, 

Let ABC^ DEF be equal circles, and lot BQC^ EHF 
be equal arcs in them, and join BC^ EF\ the straight line 
BC snail be equal to the straight lino EF. 


A 




Take iT, X, the centres of Uie circles, [IIL L 

and join if A', KC, EL, LF. 

Then, because the arc BOC is equal to the arc 
EUF, {HgpoihtUi. 

the angle BKC is equal to the angle ELF. [III. 27. 

And because the circles ABC^ DBF wre equal, [ff^pothttU. 
Uie straight lines from tiioir centres are equal ; [I IT. Drf, 1. 
therefore the two aides BE, AX7aro equal to the two sidea 
EL, LF, each to each ; 
and they contain equal angles ; 

therefore tho base BC is equal to the base EF, [I. A 
Whorefore, in eqmd circles 4c. Q.is.i>. 

PROPOSITION $0. rnOBLBM, 

To bieed a gieeu arc, that is, to divide U into two equal 
parte. 
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Lot ADB bo tho giron arc: it is roqnired to bisoct it 
Join AB\ 

bisoot it at C; [1. 10. 

from tho point C draw CD at 
right angles io A B mooting 
the arc at D. [i. 11. 

Tho tLTcADB shall bo bisected 
at the point D. 

Join AD^ DB. 

Then, because ACi^ equal to CB^ 
and CD is common to tho two triangles ACD^ BCD\ 

the two sides AC^ CD are equal to tho two sides BC^ CD, 
each to each ; 

and the angle ACD is equsd to the angle BCD, because 
each of them is a right angle ; {Canstmetum. 

therefore tho base AD is equal to the base BD. [I. 4. 

But equal stndght lines out off equal arcs, the greater 
ecjual to tho greater, and tho less equal to the less ; [HI. 28. 

and each of the arcs AD, DB is less than a semi-cirenm- 
ference, because DC, if produced, is a diameter ; [III. 1. CW 

therefore the arc AD is equal to Uu> arc DB. 

Wherefore the givai arc t> bisected at D. Q.*.r. 



PROPOSITION 31. THEOREM. 

In a cirde the angle in a semicircle is a right angle; 
hut the angle in a segment greater than a eemieirde is less 
than a right angle ; and the angle in a eegmcftt less than 
a semicircle is greater than a right angle. 

Let ABCD be a ctrde, of which BC is a diameter 
and E the centre ; and draw CA. diriding the circle into 
the segments ABC, ADC, and join BA, AD, DCi the 
angle m the semtoirde BAC sh^l be a right ang^e; but 
the angle in the segment ABC, which is greater than a 
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iemicirde, shall be less than a 
Hght angle ; and the anp^lo in 
the segment ADC^ which is less 
than a semicircle, shall be greater 
than a right angle. 

Join A Ef and produce BAioF, 

Then, because EA is equal to 
EBf [I. JD^nitum 15. 

the angle EAB is equal to the 
angle EBA ; [I. 5. 

and, because EA is equal to EC, 
the angle EAC is eqnm to the angle EC A ; 

therefore the whole angle BAC\^ equal to the two angles, 
ABC, ACB^ [Axitmi 2. 

But FAC, the exterior angle of the triangle ABC, is equal 
to Uio two angles ABC, AVB; [I. 82. 

therefore the angle BAC is equal to the angle FAC, [Ax, 1. 
and therefore each of them is a right angle. [I. /></• 10. 
Therefore the angle in a semicircle BAC h a right angle. 

And because the two angles ABC BAC, of the triangle 
ABC, are together less than two right anglos, [1. 17. 

and that BA Chiu liecn shewn to be a right angle, 
therefore the angle ABC it less than a right angle. 
Therefore the angle in a segment ABC, greater than a 
semicircle, is less thiui a right angle. 

And heotaae A BCD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two 
ri^it angles; [111.22. 

Uicrcforc the uigictABC, ADC are together ccpial to two 
right angles. 

But the angle has been shewn to be less than a right 
angle; 

therefore the angle A DC is greater than a right angle. 

Therefore the angle in a segment A DC, less than a semi* 
ctrde, is greater than a right angle. 

^Wherefore, the angle &c. Q.C.D. 
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CoROLtAET. From the domooBtraiion it is manifest 
that if one angle of a triangle be equal to the other two, it 
is a right angle. 

For the angle a4jaccnt to it is equal to the same two 
angles; [I. Sa, 

and when the adjacent angle# are equal, they are right 
aUgles. [I. IMfinUiim 10. 

PROPOSITION 32. THEOREM, 

If a %iraight lim touch a cirde^ and from Ou ^oint qf 
contact a itraight line he drattn catting the ctreUf the 
anglee which thi$ line inah^e with the line touching the 
circle ehall he equal to the anglee which are in t/w alternate 
eegmente <f the circle. 

Lot the straight line EF toudi the circle ABCD at 
the Mint By and from tho point B let the straight lino BD 
bo arawn, cutting the circle : tho angles which BD makes 
with the touching lino EF. shall lio equal to the angles in 
the altomato segments of tho circle ; ihai is, the angle 
DBF shall be equal to the angle in tho segment BAD^ 
and tho a^le DBE shall be equal to the an^e in the seg- 
ment BCA 

From tho point ^ draw BA 
at riglit angles to J?/', [1. 11. 
and take any point C in the 
arc BD, ana join AD, DC\ 

OB. 

Then, because the straight 
lino EF touches the rirole 
at the point [Bgp. 

and BA is drawn at right 
angles to tho touching line 
from tho point of contMt B. [Caiu<rtirt»on. 

therefore the centre of the circle is in BA. [HI. I9. 

Therefore the angle ADB, l>eing in a semicircle, is a right 
angla [IIL SL 

Therefore the other two angles BAD, ABD are equal to a 
right angle. [1. 32. 

But ABF is also a right angle. [CaiufrscrioN. 
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Thereforo the angle ABF is equal to the angles BAD^ 
ABD. 

From each of these equals take away the common angle 
ABD\ 

therefore the remaining angle DBF is otjoal to tlio remain- 
ing angle BAD^ {AxUrn 3* 

which is in the alternate segment of the circle. 

And bocauso A BCD is a quadrilateral figure in a circle, 
the opposite angles BAD, BVD are together equal to two 
right angles, [III. 22. 

But the angles DBF, DBE are togotlier etpial to two 
right angles. [I. 13. 

Therefore the angles DBF, DBE are together equal to tlio 
angles BAD, JiVD> 

And the angle DBF has boon shown equal to the angle 
BAD, 

therefore the remaining angle DBE Is equal to the re- 
maining angle BVD, [Axi*m 8. 

which is in the alternate segment of the circle. 

Wherefore, if a straight line Ac. 


PROPOaiTIOK 38, PHOBUM, 

On a gitm straight lim ^ describe a segment qf a 
circle, omiaining an angle egual to a given reetUineal 
angle. 

Lei AB bo the gircn straight line, and O the giten 
rectilineal angio : it is required to describe, on the giren 
straight line A B, a segment of a circle containing an angle 
equal to the angle V. 

First, let the angle C 
be a right angle. 

Bisect AB at F, [1. 10. 
and from the centre F, at 
the distanoe FB, describe 
the semidfcle AHB, 

Then the angle AHB 
in a semictrcle is equal to the right angle C, [III, 31. 
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Bat if the angle C be 
not a right angle, at the 
point Afin the straight line 
ABf make the angle BAD 
equal to the angle 6'; [1. 23. 
from the point A^ draw AE 
at right angles to AD\[l.l\, 
bisect at -F; [1. 10. 

from the point F, draw FG 
at right angles toAB; [1. 11. 
and join GB, 

Then, because AF is 
equal to BF, [C/mst. 
and FG is common to the 
two triangles A FG, BFG\ 
the two sides A F, FQ aro 
oqual to the two sides 
BF, FG, each to each ; 
and tlie angle AFG is 
equal to the angle BFO ; 

Uiercfore the base AG equal to the base BG ; [I. 4. 

and therefore the drde described from Uie centre G, at the 
distanco GA, will pass through the point B, 

Let this circle be described; and let it be AHB, 

The segment AHB shall oontain an anglo equal to the 
given rectilineal anglo 0, 

Because from the point A, the extremity of the diameter 
AE, AD in drawn at right angles to AE, [Crnttnutum, 
therefore AD touches Uie circle. [III. 16. Corollary, 

And because ri/? is drawn from the point of contact A, 
the anglo DAB is equal to the angle in the alternate 
segment AHB. [III. 82. 

But the anglo DA B is equal to the angle C. [Constr, 

Therefore the angle in the segment AHB is equal to the 
angle €, [Axiom 1. 

'Whm^ore, on the ffieen ntraujht line AB, ihs eegment 
AHB qf a Hrds ha$ been deeer&ed, comUnninf^ <m anffie 
equal to the given an^e C. Q.a.7. 




[I. DtfinUion 10. 
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PROPOSITION 34. PJtOnLEM, 

From a giton circle to cut off a segment containing an 
angU equal to a given rectilineal angle. 

Let ABC be the giren circle, and D the given recti- 
lineal angle : it is required to cut off from the circle ABC 
a segment containing an angle equal to the angle />. 

Draw tlie straight 
line EF touching the 
circle ABC at the 
I»olntJ?; [III. 17. 
and at the mint /?,in the 
straight Ime BF^ make 
the angle FBC equal 
to the angle i>. [1,23. 

The segment BA Cshall 
contain an angle equal 
to Uic angle D, 

liecaiise the straight lino EF totiches tlie circle A BC, 
and BC is drawn from the point of contact /i, [Corntr, 
therefore the angle FBC is equal to the angle in tho 
alternate segment BAC of the circle. [III. 82. 

But tho angle FBC Is equal to the angle I>. [Cmitructton. 

Therefore the angle in the segment BAC is equal to tho 
O. lAxinm 1. 

Wherefore, /rom the giren circle ABC, the eegmetit 
BAC hoe been rut off ^ containing an angle equM to t/tc 
given angle />, Q.K.r. 



PROPOSITION 35. TUKOUEM. 

1/ two straight lines cut one an^dher within a circle^ 
the reciemgle eontdined by the segments of me of them 
shall he equal to the rectangle contained hg the segments 
qf the other. a, ^ 
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Let the two Btraieht lines AC, BD cat one another at 
the point Ey within the circle A BCD : the rectangle con* 
tained by AE^ J?(7 shall be eqoal to 
the rectangle contained by BEy ED, 

If ^ (7and BD both pass Uirough 
the centre, so that E is tho centre, 
it is evident, since EAy EBy EC^ 

ED are all equal, that the rect- 
angle AEy EC\^ equal to the rect- 
angle BEy ED, 

But let one of them. BDy pass through the centre, and 
cut the other ACy whicli does not pass through the centre, 
nt right angles, at tho ixtini E. 

Then, if BD bo bisected at Fy F 
is ^0 0011 tre of tho circle ABC D\ 
join AF, 

Then, because tlio straight 
lino BD which passes through 
the centre, cuts tlie straiglit line 
A Cy which does not pass tlirou^ 
the centre, at right angles at the 
|x>int Ey 

AE is ^ual to EC, [111. 8. 

And because tho straight line BD is divided into two 
equal t>arts at tlie point Fy and into two unequal ^arts at 
the point Ey tlie rectangle BEy EDy tmthw with tiie 
square on EFy is equal to tho square on FBy [11. 5. 

that is, to the square on AF, 

But the square on .^/’is equal to the squares on A Ey EF.[IAT, 

Therefore Uie rectangle BEy EDy together with the square 

on EFy is equal to the squares on AEy EF, [Amtm 1. 

Take away the common square on EF\ 

then tlie remaining rectan^e BE, EDy is equal to the 

remaining square on A Ey 

that is, to the rectangle AEy EC, 

Next, let BD, which passes through the centre, cut 
the other ACy which does not nass tmtiugh the centrsL 
at the point Ey but not at rigfit angles. Then, if BD 
be bisected st /*, /* U the centre of the drde ABCD\ 
join.^F, and hrom /’draw FQ perpendkuiar to AC, [L 
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Tlwii At^ is «q«ul to GC\ [III. 3. 
therefore the rectangle AE^ EC^ 
together with the square on EG^ is 
equal to the square on A G, [1 1. 5. 

To each of these equals add the 
square on GF ; 

then the rectangle AE, EC^ to- 
gether with the squares on EG^ 

GFy is equal to the squares on 
AG^ GF, [Axum 2, 

But the squares on EG, GF arc equal to the sriuaro on 
EF ; 

and the squares on AG, GF arc equal to tlio square on 
AF. [L 47. 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the square on A F, 

that is, to the square on FB» 

But the square on FB is equal to the rectangle BE, ED, 
together with the square on EF, {If. 5. 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to too rectangle EE, ED, together with 
the square on EF, 

Take away the common square on EF ; 

then the remaining roctanalo AE, EC is equal to Uio 
remaining rectangle BE, ED. [Axum 3. 

Lastly, let neither of the straight linos AC, BD pass 
through tlie centre. 

Take the centre F, [HI. 1. 
and through E, the intcrsoction 
^ the straight lines AC, BD, 
draw the diameter GEFH. 

Then, as has been shewn, 

^ reetanwle QE, BH\m e^ 
to the re^s^ AE, EG, and 
^ to the rectampIe^jE; ED% 
t^Mthereetaii^ 
ii equal to the leotasi^JBJVJ^ UMml. 





110 


EUCLWS ELEMENTS. 


PROPOSITION 30. TUEOREM. 

If from any point without a circle two ttraight Una 
he drawn^ one (f which cuts the circle^ and the other 
touchet it; the rectangle contained by the whole line which 
cute the circle^ and the part <f it witlumt the circle^ ehcdl 
be equal to the equate on the line which touchee it. 

Lot D bo any point without tho circle ABC^ and let 
IWA^ DB bo two straight lines drawn from it, of which 
DC A cuts the circle and DB touches it: tho rectangle 
A D^ DC shall be equal to the square on DB. 

First, lot DCA pass through 
tho centre E^ and join EU. 

Then EBD is a right angle. [I II. 18. 

And because the straight line AC 
is bisoctod at Ey and produced to 
Dy tho rectangle ADy DC togotlier 
with tho square on EC is equal to 
tho square on ED. [11. 0. 

But EC is equal to EB ; 
therefore tho rectangle ADy DC 
together with the square on SB is 
eejuai to the square on ED. 

But tho square on ED is equal to tho 
squares on EBy BD, because EBD is a right angle. [1. 47. 

Therefore tlio rectangle ADy DCy together with the square 
on EB is equal to tho squares on EBy BD. 

Take away tho common square on EB ; 

then the remaining rectanglo ADy DC is eqtud to the 
square on DB. [Asemm 3. 

Next let DCA not pass through the centre of the circle 
ABC; take tho centre E ; [ 111 . i. 

from E draw iSlF perpendicular to AC; [T. 12 . 

and join EBy EC, ED. 

Then, becanse the straight line irFwhkh pasaMthroogb 
^ centre^ cats the atrahpt Hue AC, which dees net paaa 
Urn centra at rightaiii^Hhlae^^ [111. A 
therefore .dJP it equal to FC. 
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And becauBO the straight lino AC is bisected at and 
pi^uced to Z>, the rectangle AD^ DC^ t<mther with the 
square on FC^ is equal to the square on FV. [II. 6. 

To each of these equals odd the square on FE. 

Therefore the rectangle AD^ DC 
togetlier with the squares on 
CFf FE^ is equal to the squares 
on DFy FE. [jixwi/i 2. 

But the squares on CF^ FE are 
equal to the B<|uaro on CE^ l>e* 
causo CFE is a right angle ; [I. 47. 
and tlie 8<iuarc8 on DF^ FE arc 
equal to Uie s^iuaro on DE. 

Therefore the rectangle AD^ Df\ 
together with the S(|ttarc <m CE^ 
is equal to the square on DE. 

But CA? is equal to 
Uierefore the rectangle AD^ DC^ togoUicr with the square 
on BE^ is equal to the s^juare on DE. 

But the sq^re on DE is equal to tho squares on DB^ 
BEf because EBD is a right angle. [1. 47. 

Therefore the rectangle AD, DC\ togetlier with tlie square 
on BEf is equal to Uie squares on DB, BE. 

Take away the common s<|uaro on BE ; 

then the remaining rectangle AD^ DC is cquid to the 

square on DB, [Ajewm S. 

Wherefore, iffrotn my point Ac. q.b.d. 


D 



ConoLLAAr. If from any point 
without a circle, there bo drawn 
two straight linos cutting it^ as 
AB, AC, the rectangles oontainod 
W the whole lines and the parts 
01 them without the circles are 
equal to one anoUier ; namely, tho 
rectangle BA, AB is equal to tlio 
redai^ CA, AF; for each of 
them IS equal to the square on the 
i6ra^t fine AD, mdi toadies 
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PROPOSITION t1. theorem^ 

If frwti tmy point without a eirde there he dtdwn ltdO 
etraight lifiee^ one qf which cute the^ circlcy and the otfwr 
meets it^ and if the rectangle c/mtain^ by the whole line 
which cuts the circle^ and the j^rt qf it without the drde^ 
he eaual to the square on the line which meets the cirde^ 
the line which meets the eirde shall toueh it. 

Let anr point D be taken without the circle ABC, 
and from it let two straight linos DCA, DB be drawn^ 
of which J>CA cate the circle, and DB meets it ; and let 
the rectangle AD, DC be equal to the square on DB: 
DB sliall touch the circle. 

Draw the straight lino DE, 
touching Uie circle ABC-, [II 1. 17. 
find /’the centre, [III. 1. 

and join FB, FD, FE, 

Then the angle FED is a 
right angle. [III. 18. 

And because DE touches the 
drcle ABC, and DC A cuts it 
the rectangle AD, DC is equal 
to the square on DE, [111. 36. 

But the rectangle AD, DC is 
equal to Uie square on DB, {Hyp, 

Therefore the S(]uare on jOA^is equal to the square on2>iI’J[Jx.L 
therefore the straight line DE is equal to the straight line 
DB, 

And EF\e equal U) BF\ [I. Difmtum 16. 

therefore the two sides DE, ^J^aro equal to the two sides 
DB, BF each to each ; 

and the base i>/'is common to the two triangles DBF; 

therefore the angle DEF is equal to the angle DBF, [L 8.. 
But DEF is a right angle ; [CVmUnisI^ 

therefore also DBFve a right angle. 

And BF, if produced, is a diameter ; and the straight lintf 
wliich is drawn at right angles to a diameter nom the 
extremity of it touches the dm; [IIL Xd. CsrsUssgp 
therefore DB toudies the drde At^ 
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1. A RKCTIUXKAU figUIO IS SJlid 
to )k 5 iu8cri)H3d in anotlier rcotiliiiiid 
figure, when all the angles of the in- 
scrihed figure are on the sides of tho 
figure in which it is iiuKjril>e<l, each on 
each. 

2. In like manner, a figure is ««tl 
to bo dcacrilied als>ut another figiire, 
when all the sides of the circuiiiiierilKMl 
figure iMww through the aii^lar |KiinU 
of tho figure about which it is de- 
scribe, each through each 

3. A rectilineal figure is sahl to 
bo hiscrilHjd in a circle, when all Uio 
angles of tho inscrilgsl figure aro on 
tho circumferenoo of tho circle. 


\ 

\ 






4. A recUliucal figure is said to bo ^ 

^UMcribod about a circle, when each ^ 

side of the drcumscriboil figure touches 

the circitiiifereoce of tho ctrdo, ' 

5. la like nuumor, a circle is said I 
to be hiscfihed iu a recUlineal figure, , 
when the drcmnference of tho circlo I _ . 
tooebea each side of the figure. 
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6. A cirde is said to be deacribod 
about a roctilineal figure, when the dr- 
cumforence of the cmtIo passes through 
all Uio angular points of the figure about 
which it u describocL 

7. A straight line is said to bo 
placed in a circle, when the extremities 
of it are in Uie circumference of the 
circle. 



MiOPOSITlOV 1. PHobLEM. 

In a {/irm rirch\ tu t)Uice a $trnujht e^ual to a 
ginm iirnojht line, tthich U grmter than the diameter 
of Uu circle. 

liCt A HC l>e the given circle, and !> the given straight 
line, n(»t gn^atcr than the diatneUT of the circle: it is 
re<)aireii to place in the circle AUt\ a straight line oaual 
toy>. 

Draw ll(\ a diameter of 
Uie circle AUV, 

Then, if HC is iHpial to A 
the thing rcHjuired is done ; for 
in the drclo A fU\ a stniight 
lino U placed equal to IK 

But, if it is not, BV is greater 
than A [//ypwfActw. 

Make CE equal to />, 
and fVoiii the centre i\ at the distance CE, describe tlie 
circle AEF, and Join VA. 

Then, because C is the centre eC the circle AEF^ 
CA is equal to €E\ (I. 15. 

but €B is equal to D ; [CbMtmrf ioa. 

therdToro VA is equal to /). [Axiom 1. 

'Wherefore, in the eirde ABC, e etraight line CA U 
placed egnai to the gieen eiraighi line It, which tf nd 
greater them the d iam e te r of the eirde. qjlf. 
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PBOPOamOK 2, PttOBLMM, 

In a (fi9fn eirde^ to in^crtbo a triangU tquianguliir to 
a given triamgie. 

Let ABC bo the fflvcn drcle, and I>EF the cnvoti 
triangle: it it roqmrea to ineoribe in the circle ABC a 
triangle equiangular to the triangle DBF, 

Draw Uie strai^it 
line OA/i touchli^ 
the circle at the point 
A; tin. 17. 

at the point A^ in the 
straight line A //, make 
the angle //.d Cotioal to 
the angle B/CF ; (1. 23. 
andy at the point A^ in 
the straight lino AO^ 
make the angle OA B 
equal to the angle 1>F £ ; 
and join BC. ABC shall bo Ute triangle required. 

Because OAN touches the circle ABC^ and AC is 
drawn from the point of contact A, [rWentcfton. 

tbereforo the angle HAC is equal to the angle ABC in the 
alternate segment of the circle. [III. 92. 

But the angle HACIm equal to the angle DBF. [Ctmstr, 
Therefore the angle ABC is equal to tlie angle BFF. [Ax,}. 

For the same reason the at^le ACB is equal to the 
angle BFB. 

Therefore the remaining angle BAC is equal to the re- 
maining anide EDF. [I. VI, Axiame 11 and 3. 

Wherefore the triangle ABC ie equiangular to the tri- 
angle DBF, and it ie inecrOted in the circle ABC, q.i.r. 



FBOFOsmoy 3. PBOBLBM. 

Ahcniagiemcirde^todmeHbeatfUm^ 
to a giem triemgU^ 





EUCUnS ELEMENTS. 


IIQ 

Lot ABC bo the given circle, and DEF the givm tri- 
angle : it is required to describe a triangle about the circle 
ABC, equiangular to tho triangle BE/'. 

Produce i?/* both 
ways to tho points 
O, H, take k tho 
centre of tho circle 
ABC\ [HI. 1. 
from A" draw luiy 
radius KB \ 
at the [Miint A' in 
the stniight lino KB, 
make tho ando BKA 
equal to the angle 
I) Ed, and tho angle AX' equal to Uio angle 1>F1T\ [I. 23. 
and throtigh tho iKiints A, B, i\ draw the straight linos 
LAM, MEN, NCL, Unuhing the circle ABC. [HI. 17. 
LMN Khali bo the triiuigle required. 

Hoc^auso LM, MN, NL touch the circle ABO at tho 
points A, B, V, [Conttru€ti*m. 

to which fnnu the centre are drawn A" (, KB, KV, 

Uiereforc thoanglesatthepuints.l,/7.rarcrightanglcs.[I I f.l 8. 
And bi*cau8o the four angles of Uie quadrilateral figure 
AMBK arc together cHjual to four right angles, 
for it can he dirided into two triangles, 
and that two of tlieui KAM, KBM are right angles, 
thoreforo the other two A KB, AMB are together c<]ual 
to two right angles. [/lx<V>m 3. 

Buttlm angles DEO, DEF are together equal to two 
right angles. [1.13. 

Therefore Uie angles A KB, AMB aro equal to the angles 
DEO, DEF; 

of whidi tho angle AKB is equal to tho angle DEG ; 
therefore the romaiiiing angle AMB is equal to the re- 
maining angle DEF. [^jetani 3. 

In the same maimer the angle AAfiC may be shewn to bo 
equal to the angle DFE 

Therefore the remahiiiig angle MLN ia equal to the 
remaining angle EDF. H. Si. Aaimm 11 and d. 
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Whisreforo ih$ Mangle LMN U eqmttngtdnr to the tri- 
angle DEt\and it ii deecf'ibedatfoui the circle JBC g.K.r. 

PROPOSmON 4. 

To inscribe a circle in a girm triangle. 

Lot A BO be Uio pren triangle : it is required to insoribo 
a circle in the triangle AB(\ 

Bisect the angles ABO, A OB, 
bT the straight linos BB, OB, 
meeting one another at the point 
B] (I. 9. 

andfrom 7)draw BE,BF, BO j>er- 
pondiculars to A B, B( \ OA. [1.12, 

Then, because the angle EBB 
is e<]ual to tlio angle FBI), for 
the angle ABO is bisected by 
BB, 

and that the right angle BKB is 
equal to the right angle BFB \ 
therefore the two triangles EBB, FBB have ta^o angles 
of the one equal to two angles of the other, each to each ; 
and the side BB, which is op]M>site to one of the equal 
angles in mdi, is c<iiitinon to laith ; 
therefore Uieir other sides are espial ; II. 

therefore BE is equal to BF. 

For the same reason BO is equal U» BF. 

Therefore BE\e equal BO. [.iFom 1. 

Therefore the three straight lines BE, BF, BO are equal 
to f>iie another, and the andc described from tlie centre D, 
at Uio distance of any one of them, will pass through the 
extremities of tlio f»ther two ; 

and it will touch the straight lines A B, BO, OA, Inscanso 
the angles at the nfiirits E, F O arc right angles, and the 
straight line whicn is drawn from the extremity of a dia* 
meter, at right angles to it, touclics the circle. [HI. 16. Cnr. 
Therefore the straiglit lines A B, BO, OA do each of them 
touch the ctfcle, azra therefore the circle is inscril^ tn the 
triangle ABi\ 

Wherefore a circle ha$ been inscribed in the giten 
triangle, g.K.r, 


A 
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PBOPOSmON 5, PROBLEM. 

To deicribe a eirdo abotU a given triangle^ 

Let ABC be the nven triftngle : it u required' to de- 
scribe a circle about ABC, 



Bisect AB^ AC at Uie points />, E ; [L 10. 

from these points draw EF, at right anglM ^ 
AB.AVi tLll. 

/>/*, EFi produced, will moot one another ; 
for if they do not moot they aro jiomllol, 
therefore AB. AC, which aro at right angles to them are 
parallel ; which is absurd : 

lot them moot at F, and join FA ; also if the point F bo 
not in BC,iomBF, CF. 

Tlicn, because AD is equal to BB, [C<m»tfW!iwn, 

and DF is ooinmou, and at right angles to AB, 
therefore tho base PA is et|uai to the base FB, [I. 4. 
In the same manner it may bo shewn that FC is equal to FA. 
Therefore FB is equal to FC j L 

and FA, PB, FC are equal to one another. 

Tliereforo the drdo described from the centre F, at the 
distmioe of any one of them, will pass throng the 
mitles of the other two, and will no described about the 
triangle A BC. 

Whwiforo a eircU hoe been deeeribed cBout the 
given triangle. Q.a.r. 

OoROLtJLET* And it is manifest, that when the eeotre 
of the eifde fslls within the trianglo, eadi of its angles is 
kis than a right angle, eadi M them being in a aegment 
greater a somicirdle ; and when the centre ism one 
of the sides of the triangle, the anrie opwisite to ^ side, 

being in a seinicircle» !• n right an^e ; and when the osotre 
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faiU withoat tiM iriftiigle, the Anglo op^io to tho tido 
bojOQd whkdi it if, boin^ in n fogmeni loM Uuin n aomi- 
drcte, if grofier tmm a right angle. [111. 81. 

Thorcfore, conyeraoly, if tho givon trmnglo be ai'ute- 
angled, the oentro of Uio ctrdo fyu within it ; if it l>c a 
r4^t>an^ed triiuigle, Uio centre in in tho side op^nxiite to 
the right angle ; and if it be an ohtu»o>aiigled triaiigle, the 
centre falls without tho triangle, beyond the side opfiosito 
to the obtuse angle. 

PROPOSITION 6. riiOJilEM. 

To iMcribe a square in a ijirvn circle. 

liCt A BCD Ik 5 Uio given circle: it is required to iu- 
•eribe a square in ABCD. 

Draw two diameters ACyBD 
of the circle A BCDy at right an- 
gles to one another ; [111. 1, 1. 11. 
and join AB^ BC, CD. DA. 

Tlie figure A BCD shall bo tho 
S(|oarc required. 

Because BE is equal to DE^ 
fur E is the centre ; 
sml that EA is cominon, and at 
right angles to BD ; 
therefore the base BA is equal to tho l»aso DA. [1. 4. 
And f4>r the same reason /?€", DC are each of thorn equal 
to BA, or DA. 

Therefore the quadrilateral figure ABCD is equilateral. 

It is also rectangular. 

For Uie straight line BD being a diameter cif Uic circle 
ABCD. BAD is a semicircle; [6Wf 

Uiercforo the angle BAD is a right angle. [111. 31. 

For the same reason each of the angles ABC, BCD, CDA 
is a right angle ; 

therefore the quadrilateral figure ABCD is rectangular. 

And it has beea shown to be equilateral ; tlierelbre it is 
a square. 

Wherefore a equate hm been ineeribed in the given 
drde. q.ar. 


Ji! 
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PBOPOSmONT. PnOBLSM. 

To dueribe a tqttars about a gif>en cirdo. 

Let ABOD be the given drclo: it is required to 
describe a square ab<mt it 

Draw two diameters ACf BD 
of the circle ABCD^ at right an- 
gles to one another; [III. 1, 1. 11. 
and through the points vl, By Cy D, 
draw /yy, Oil, IlK, KF tr>uc!iing 
the circle* [III. 17. 

The figure QHKF shall be Uie 
square required. 

Because FO toudics the mdoABCD, and EA is drawn 
from Uio centre E to the point of contact A, [Crmstrurtion. 
therefore the angles at vi are right anglea [III. 18. 

For tiie same reason the angles at the points B, C,I>9Te 
right angles. 

And because the angle AEB is a right angle, [Cou.f<ru<r^i(m. 
and also the angle EBG is a right angle, 
tlicrefore OH is iMirallel to AC\ [I. 28. 

For the same reason AC is parallel to FE. 

In the same manner it mar be shewn that each of the 
lines OF, HE is |>anillel to BD. 

Therf'^ore the figures GE, GC, CF, FB, BE are parallelo- 
grams; 

and therefore OF is e<|ual to HE, and Gil to FE, (1. 84. 

And becaxisc AC is oqmd to BD, 
and tliat A€ is equal to each of tlio two Oil, FE, 
and that BD is equal to each of the two OF, HE, 
therefinro Oil, FE are each of them equal to GF, or HE; 
therefore tlie quadrilateral figure FGHE is equilateral 
It is also rectangular. 

For since A EBG is a pamllologram, and AEB a right angle, 
tlierefore AGB is also a right angle. ff. 84. 

In tlie same manner it may bo shewn that the angles at 
Ji, E, F are right angles ; 
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thmfofre the qiuidrilftteral figure FOUKk rectangular. 

And it haa been diewn to be equilateral ; theroforo it 
iaaaquare* 

Wherefore a tqmrt hoi bem detcribed about the ffitm 
eirde, 


PROPOSITION a PROniEM, 

To ineerihe a eirde in a gieen eqmre. 

Let ABCD bo the nTon square: it is required to in- 
scribe a circle in ABCD, 

Bisect each of the sides AB^ 

AD at the points /*, E ; [I. 10. 

through E draw Ell )iarallel to 
AB or DC^ and through F draw 
FK i^rallol to Al> or BC, [1. 31. 

Then each of tho figures A K, 

KB, All, IID, AG, GO, BO, GD 
is a Hght-angiod paralletograjn ; 
and their opposite sides arc equal. 

And because A Din equal to A B, 
and that AE w half of AD, and AF half of AB, IConttr. 
therefore AE is equal to AF, [Axiom 7. 

Therefore tho sides opposite to these are equal, namely, 
/r; equal to <7^. ^ ' [I. gj; 

t. manner it may be shewn that the straight 

hnes Gif, GK are each of them equal to FO or GE. 
Therefore tho four straight linos GE, GF, GH, GK are 
CNpial to one another, and the circle described from tiie 
centre G, at the distance of any one of them, will pass 
through tho extremities of the other three ; 
and it will touch the straight linos AB, BO, CD, DA, 
Iks^uso the angles a.t the points E, F, H, K are right 
anglcst and tho straight lino which is drawn from the 
extremity of a diameter, at right angles to it, touclies 
tlie circle. [in.W.< ^rroNnrtf. 

Tlierefore tho strals^t Hnes AB, BC, CD, DA do each 
of them touch the drcle. 

Wherefore a cirde hoM hem in§cribed in the given 
equare, q.K.r. 


A 1 
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[I. 34. 
[f. Dtjlnitim 30. 
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PBOPOSmOK 9. PROBLEM. 

To dticrihe a circle about a given eguare. 

Let ABCD bo tho givon square: it is required to 
describe a circle about ABCD. 

Join AC^ BD^ cutting one an- 
other at E. 

Then, because AB is ofiual to 
AD, 

and AC \e common to Ujc two tri- 
angles BAC, DAC; 
tho two sides BA, A Care equal to 
the two nideaDA, A Coach to each ; 
and tho base BC is equal to the base DC; 
therefore the angle BAC 'xe equal to the angle DAC, [T. 8. 
and tho angle BAD is bisected by Uio straight line AC. 

In Uio same manner it may be sliewn that the angles 
A BC, BCD, CD A are severally bisected by the stra&ht 
linM BD, AC. 

Then, because tho angle DA B is equal to the angle ABC, 
and that tho angle EAB is half tlio angle DAB, 
and the angle EBA is half the angle ABC, 
therefore Uio angle EAB is equal to tho angle EBA ; [Ax. 7. 
and therefore tho side EA is equal to the side EB, [!. 8. 

In the same manner it may be she#n that Uie straight 
lines EC, ED are each of them equal to EA or EB. 
Wherefore tho four straiaht lines EA, EB, EC, ED are 
equal to one another, and the circle destTibed from tho 
centre E, at the distance of any one of them, will pass 
Ummgh the extremities of tho other three, and will be 
deacnood about the square ABCD. 

Wherefore a circle hoe been dcecribed about the given 
eqmre, Q.E.r. 



PROPOSmON 10, PROBLEM. 

To deecribe an ieoecelee triangle, having each gf the 
anglet at the bate double *>/ the third angle. 



lY. Jiu, 




Take any atraSght line 
AB^ and divide it at the 
point C. so that the rectan- 
gle ABy BO may be equal 
to the square on JiC; [IX. 11. 
from the centre A, at the 
distance A By describe the 
circle BDEy in which place 
the strai^t line BD equal 
to ACy v^ch is not greater 
than the diameter of the 
circle [IV. 1. 

and join DA» The triangle 
A BI) sliall be such as is re- 
uired; that is, each of the angles ABD, ABB shall bo 
ouble of the third angle BAB. 

Join BC: and about the triangle ACB describe tlie 
circle ACB. [IV. 6. 

Then, because the rectangle AB, BC is e(]ual to the 
on ACy ICamtrue/um. 

and that C is equal to BB, [tWimeiMN. 

therefore the rectangle ABy BC is equal to the square 
OB BB. 

And, l>ecaosefrom the point without the drde ACB, 
two straight lines BCAy BB are drawn to the drcumferonce, 
one of which cuts the ebde, snd the other meets it, 

and that the rectangle ABy BCy contained by the whole of 
tlie cutting line, aim tho part of it without the drcle, is 
equal to the square on BB which meets it ; 

tbereforoibostraightline BB touches the cirde A CB.U 1 1.37. 

And, becanse BB touches the cirde ACBy and BC is 
drawn from the point of contact By 

therefore the angle BBC is equal to the angle BAC in the 
diernate aegment of the drde. [111. 32. 

To each of these add the an^e CBA ; 

therefore the whole angle BBA is equal to the two angles 
VBAy BAC. lA^eum 2, 

But the exterior angle BCB is equal to the angles CBA, 
BAG [1. 82. 
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Tlicreforo tho an^lo BDA Is 
orjual to tho angle [A x, 1. 

But the angle BDA is equal 
to tho angle DBA, [1. 5. 
l>ocauso AD\% equal to AB. 

Therefore each of the angles 
BDA, DBA, is Ofjual t^) tho 
angle BCD, [Axifm 

And, because tho angle 
DBO Is equal to the angle 
Bf>D, the side DB is o<|ual 
to tho side ; 11.^. 

hut DB was made equal to CA ; 

thorefcMTO CA is o<)ual to CD, 6. 

and therefore tho angle CA D is equal to the angle CD A. [1. 5. 
'riicrefore the angles CAD, CD A are together double of 
the angle ( *AJK 

But the angle BCD is eqtial to the angles CA D, CD A . fl. 32. 
Therefore tho angle BCD is double of tlu^ angle CAD, 
And the angle BCD has l>een shewn to l>e equal to each 
of the angles BDA, DBA ; 

theref«)rc eatdi of the angles BDA, DBA is drmblc of tho 
angle BAD, 

Wherefore an iVisre/ei triangiv ha* l^en dexrriheil, 
haring faeh iif thi* angle* at the hi»e dimlffe **/ the third 
angle* Q.K.r. 



pKorosiTiox 11. piio/tu:M. 

To hi*eril*e an equilateral and ef/niangnlar pentagon 
in a giren circle. 

Lot ABODE be the given circle: it is required to 
Inscribe an equilatend and <N|uianguliir [K^ntagon in the 
cinde A BCD a, 

I>escril>e an Isosccloa triangle, EOII, having each of 
Uie angles at G, If, doable of Uk' attgle at F; [IV. 10. 
in the circle ABODE, inscribe the triangle ACD, emuian- 
gular to tho triangle FQU, so Uiat the angle CAD tmj 
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bo equal to the ang^le at K oeuch of Uio angles A CD, 
A DC equal to the angle at G or II ; (IV, % 

and therefore each of 
the angles ACD, A DC U 
double of the angle CAI ) ; 
bisect the angles A CD, 

ADC by the straight 
XvlxgaCE, DB\ [ 1 . 9 . 
and join AH, BC. AE, 

ED. 

ABCDE shall bo the < 
pentagon rc<iuired. 

For becaiiHo each of 
the angles ACD, ADC tlouhlc of the angle CAD, 
and that they arc bi»octc<l by Uie ntnught lii»es i *E, DJL 
Uiereforo the five angles ADB, BDC, CAD, DCE, EC A 
are equal to one another. 

But equal angles stand on equal arcs ; [111. 2*^. 

therefore the five arcs AB, B(\ CD, DE, EA are ct^ual to 
one another. 

And equal ares are subtended by equal straight lines ; f 1 11. 29. 
therefore the five straight lines AB, BO, CD, DE, EA are 
e<iual to one another ; 

and therefore the pentagon ABCDE is tvjuilateral 
It is also equiangular. 

For, tlie arc AH is equal to the arc DE ; 
to each of these add the arc B(*D\ 

therefitre tlio whole arc ABCD is cqiuU to Uio whole 
arc BCDE. [Ariom 2. 

And the angle A ED stands on the arc A BCD, and the 
angle BAE^m tlie arc BCDB, 

Therefore the angle AED is equal to the angle BA i?. [ 1 11 . 27, 
For iho same reason each of the angles ABC, BCD^ 
Ci>A^ is equal to the angle AED or BAE\ 
therefore the pentagon ABCDE is e<|ukngttJar. 

And it has boon idiewn to be equilateral 

Wher^ore ms mmUtUral and a^pdmgalar pmioffm 
has bam inscribed in tks giem eirde» ^ilw. 
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PROPOSITION 12. PROBLEM, 

To de$tribe an equilateral and equiangtdar pentagon 
about a given circle. 

Let ABCDE bo the giTcii circle: it ie required to 
deecribe an equilateral and equiangular pentagon about 
Uie circle ABODE. 

Let Uie anglei of a pen- 
tagon, tnacribod in the circle, 
bj the last profiontton, be 
at the points A, B, O, />, E, 

■o tliat the arcs AB^ BC\ 

VD^ JJEf EA are ef]aal; 
and through Uio points A, 

B, a, IK E, draw GH, Hk\ 

KL, LMy MGy touching the 
circle. [III. 17. 

The figure OHKLM shall l»e the pentagon required. 

Take the centre Fy and join FBy FK, FCy FLy FD, 

Then, because the straight line KL touches the drde 
A BODE at the point C to which FC is drawn from the 
centre, 

therefore FC is pcrj>endicalar to JTL, [ITL 18. 

therefore each of the angles at C is a right angle. 

For the same reason the angles at the points By D are 
right angles. 

And because the angle FCM\» a right a^gle, the square 
on FK is equal to the squares on FCy CK, [i. 47. 

For the same reason tlie square on FF is equal to the 
itiuares on FBy BK. 

Therefore the squares on FCy CE are equal to the squares 
ouFByBKt Uruml. 

of whkh the square on equal to the square on FB; 

theielbre the femabinl aquare eu CM is equal to the 
lensaining square on BM, Uwiom $. 
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And beciitid FB Is oqiia) to FC, 
and FK is common to tho two tmngloa BFK OFF ; 
the two sides BF, FF are e({ual to the two sides VF, FF^ 
each to each; 

and the base BF was shewn e«|nid to the Imuic CK’ ; 
therefore tho angle JIFF is e^iual to the angle [1. .A. 
and the angle BFF to the angle CFF. 11.4. 

Therefore tho angle BFC is double i»f the angle CFF, 
and tho angle BKV is double of the angle I FF, 

For tlio same reason tho nit|(lo CFI) is double of the 
angle CFL. and Uie angle CLl> is double of Uio angle CLF. 

And because Uie arc BC is c<iuid to tho arc CI>, 
the angle BFC is e<iua] to Uie angle CFI> ; (I I F, 27. 
and the angle BFC is double of the angle CFF, and the 
angle CFV in douVde of the angle VFL ; 

therefore tlio angle CFF^ is equal to tho angle CFL, [Af.7. 
And the right angle FiF is c<|ual to the right angle FCL. 

Therefore in the two triangles FCF, FCL, there are two 
angles of the one c<|uid to two angles of the other, each to 
eara; 

and the stdo F(\ which ia a^iscent to the equal angles in 
each, is cotuttioii to lioth ; 

therefore tlieir other sides are equal, each to each, and the 
third angle of the one e(]ua] to tho third angle of Uie other ; 
therefore tlie straight line CF is equal to Uie straight line 
CL, and Uie angle FFC to the angle FLC. [1. 26 . 

And because CF is equal to CL, LK is double of CF, 

In the same manner it may bo shewn that UF is 
double cf BK* 

And because BF is equal to CF, as was shewn, 
and that /f a: is doutde of BF, and LK double of CF, 
Iberehm/fA^isequaJ to/JT, tAsiosi A 

In the aanie manner it may be shewn that QH, 
<7 Jf, ITA me eadi of them equal to or Xr } 

tlnrefore the peiUafoo QBFLM is eqnilateraL 
li is abo aqoiaaiiilar* 
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For, since the angle FKG is equal to the angle FLO, 


and that the angle HfCL is double 
of the angle FKC, and the angle 
A'LM double of the angle F£0, 
as was shewn, 

therefore the angle II FL is ^ual 
to the angle KIM. [Axim 0. 

In the saiiio manner it may be 
shewn that each of the angles 
KUO, HGM, GML is equal to 
the angle IlKL or KLM ; 



therefore the {lentagou G II KLM is equiangular. 


And it lias been showu to be equilateral. 


Wherefore an equilateral and eqniaugidnr lycningon 
luu been deecribed ahoitX the given circle, q.e.p. 


HIOPOSITION la. PROBLEM. 

To imeribe a circle in a given equilateral and equi^ 
angular penUtgim. 

Let ABODE be the giren equilateral and ^uiangtilar 
pentagon: it is rc<iuired to inscribe a circle in the pen- 
tagon ABODE. 

Bisect Uie angles BOD^ 

ODE by the straight lines 
OF, DF ; [1. 

and from the point F, at 
which they meet, draw the 
straight lines FB, FA, FE. 

Then, because BO is cMpial 
to DC, [IlyptOkteit. 

and OF is common to the two 

the two sides BO, OF are 
equal to the two fddes2>C, OF, 
eadi to eiudi; 

and the angle is equal to the angle DCF; [fVMir, 
therefore the baw JET/* Is equal to the base DF, and thw 
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other angles to the other angles to which tlic equal siiles 
are opposite; [1.4. 

tlicrcforo the angle CBF is equal to the angle CDF. 

And because tlio angle CDE is double of the angle 
CDF^ and that the angle CDE is etjual to the angle CBA, 
and the angle CDF is equal to the angle CBF, 
therefore the angle CBA is double of the angle CBF \ 
therefore the angle ABF is equiU to the angle CBF\ 
therefore the angle A BC is bisected by tlio stniight lino BF. 

In the same manner it may bo shewn that the angles 
BAE, A ED are bisected by the straight lines EF. 

From the [mint F draw FG^ Fff, FK FL, FM i>orpcn- 
diculars to the straight lines AB. B(\ CD, DE, KA. 11.12. 

Then, because the angle FCH is etjual to the angle 
FCK, 

and the right angle FIfC equal to the right angle FKC ; 
therefore in the two triangles /7/f' FKC. there are two 
angles of the one e<iunl to two angles of the other, each to 
each ; 

and the side FC, wliich is opposite to one of the oriual 
angles in each, is common to both ; 

tliereforo their other sides are equal, each to each, ami 
therefore the |)eri»ondicular FJl is ctpial to the i>eri)cn- 
dicular /'A'. fl. 2rt. 

In the same manner it may l>e shewn that FL, FM, FG 
are eiich of them etpial to FJi or FK. 

Therefore the five straight lines FG, FJl, JK, FI,, I'M are 
etpial to one another, and the circle de.scnl>ed from the 
centre F, at tlic distance of any one of them will pass 
through the extremities of the other four ; 
and it will touch the straight lines AB, BC, CD, DJC, EA, 
because the angles at the |K>ints G, II, K, L, M are riglit 
angles, \i'unftr\tclwn, 

and the straight lino drawn from the extremity of a dia- 
meter, at right angles to it, touches the circle ; f 11 1. 10. 

Therefore each of the straight lincti A B, BC, CD, DE, EA 
touches the circle. 

Wherefore a circle Itcut been inscribed in il^e given 
equilateral and equiangular pentagon. 


9 
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PROPOSITION 14. PROBLEM. 

To tJ escribe a circle about a gicen equilateral and equi- 
angular pentagon. 

Let ABODE ho the given e^juilatcml and equiangular 
l>cnttigon : it is re<iuirod to dcHcnbo a circle about it. 

Bisect the angles BCD^ ODE 
by the straight linos i l)F\ [I.O. 
and from the |K)int F^ at which 
they meet, dniw the stniigiit lines 
FIL FA, FE, 

Then it may bo shewm, as in 
the preceding pro[>osition, that 
the angles CBA, BAE, .4A7>are 
bisected by the stmight linos BF, 

AF, EF. 

And, IwcauHO the angle BCD is equal to the angle ODE, 
and that the angle FCD is half of the angle BCD, 
and the angle half of the angle VDE, 

therefore the angle FOD is equal to the angle FDC; [.4x. 7. 
therefore the sitlo FC is cipiid to the side FD. [I. «. 

In the same manner it may be hIicwii that FB, FA, FE 
are each of them e<|ual to FCor FD ; 
therefore the five stniight lines FA , FB, FC, FD. FE are 
c<|UiU to one auotlicr, and the eirclo described from the 
centre F, at tlie distance of any one of them, will pass 
through the extremities of the other four, and will bo de- 
scril>e<l al)ont the CHiuilaterol and couiiuigtilar t>cntagon 
ABODE. 

Wherefore a circle has h^en described ahaU the qicen 
equilateral and equiangular pentagon. 

PROPOSITION 15. PROBLEM. 

To inscritfc an aquilatcral and equiangular hexagon 
in a gieen circle. 

Let A BCDEF be the given circle : it is required to iu- 
Bcribo an ctiuilateral md equiangular hexagon in it 
Find the centre G ef the circlo ABCDEF^ [liL 1* 
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and draw the diameter AOD\ 
from the contro Z>, at the dis- 
tance I)G, describe the circle 
KOCH; 

produce them 
ami join 
FA. 

The hexagon AliCDEF shall 
be c<]uilateral and equiangular. 

For, because O is the centre 
of the circle AliCDEF^ GE is 
Cipiol to GD ; 

and l)ccauHo D is the centre 
of the circle EGCHy l)E is 
equal to 1)G ; 

therefore GE is equal to DE^ [.Ixwm 1, 

and tlie triangle EG D is cfjuilatcral ; 

therefore the three angles EG GJ)E^ DEG are espial to 
one another. [I. 5. CuruUanj, 

But the three angles of a triangle are together cqmd to 
two right imgles; [I. IV2, 

therefore the angle EGD is tho third part of two right 
angles. 

In tho same manner it may bo shewn, that the angle 
DGC is tho third part of two right angles. 

And ItocauHo tho straight line GC nuikes witli tho 
straight line E/t the fluljacent angles EGC, CGJJ togeUicr 
oqual to two right angles, (I. i:j. 

therefore the remaining angle COB is the Uiird port of two 
right angles ; 

therefore tho angles EGD, DOC, COB are equal to ono 
another. 

And to these aro cciual tlio Tortical opposite angloa 
BGA, AOF, FOE, [i. 15. 

Therefore the six angles EGD, DGC, COB, BGA, AOF, 
FOE are equal to one anothei; 


join and 

to thopoints B, / 
BC, CD, DE, E 
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But equal angles stand on equal arcs; [III. 2(1. 

tlioref(»re tlio six arcs A I), JJCj CIJ^ DE^ EF^ FA are 
equal to one another. 

And equal arcs are suhtonded by equal straight lines ; [I IT.29. 
therefore the six straight lines arc equal to one another, 
and the hexagon is e(|uiiuteral. 

It is also ctjuiiingular. 

For, the arc A F is equal to 
the arc ED ; 

to each of thc.so add tho 
arc AJif 1) \ 

therefore the whole arc 
FAJii'D is i*(|uul to the 
whole arc AECDE \ 
and tho angle FED stands 
on the arc FAliCD, 
and the angU* A FE stands 
on tho arc AUVDE\ 
therefore the angle FED is 
e(|ual to the angle A FE. 

In tho same manner it may l>o shewn that the other 
angles of the hexagon AHVDEF are each of them equal 
to tho angle A FE or FED ; 
therefore tho hcx:igon is cqiiiangular. 

And it has been shewn to be etiuiluteral ; and it is inscrilK^d 
in tlio circle AliCDEF. 



[HI. 27. 


Wherefore an enuUaieral and equiangular hejeagon 
has Ihth itm'riln\i in the giren circle, q.rf. 

Conoi.LAKY. From this it is manifest that tho side of 
tho hexagon is et]ual to the straight line from tlio centre, 
that is, U> the aeinidiamctcr of the circle. 

Also, if through tho points A, /i, C, />, E. F, there l>o 
drawn straight lines toiudiing tho circle, an equilateral and 
CMiuiaiigular hcx:igon will be described alxmt tho dreio, 
as may bo diown from what was said of the {lentagon ; and 
a drefe may bo inscribe<l in a ^ven equilateral and equi> 
angular hexa^m, and dreumsi^ribod about it, by a method 
like that used for tho pentagon. 
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PROPOSITION IG. PltOniEyf, 


To inscribe an equilateral and equiangular quimhcagon 

in a giten circle. 


Let ABC!) l>o tlio given circle; it i^ required to iu- 
Bcribe an^ccjuilutenil and equiangular (iuindec;(gou iu tliO 



liCt AC be the side of an 
equilateral triangle in.scribe<l 
in the circle; [IV. i». 

and let A li be the side of an 
o<]Uilutcral and equiangular 
])entiigon inscribed in the 
circle. [IV. u. 

Then, of such equal parts 
as the whole cireumferenco 
ABCDF conUing fifteen, the arc AB(\ which i« the third 
part of the whole, contains five, and the arc AB^ which is 
the fifth part of the whole, oonUins three ; 
therefore their differcucc, the arc BC^ contains two of tho 
satiie parts. 

Uiscct tho arc BC at E\ [III. 30. 


therefore each of tho arcs BE, EC is the fifteenth j»art of 
tho whole circuniference ABCDF. 


Therefore if tho stnught lines BE, FJ: bo drami, and 
straight lines Ciiual to them Ik; placed round in tlic whole 
circle, 1!V^ l. 

an equilateral and equiangular cpiindecagon will l>e in- 
scribed in it q.k.k. 

And, in the same manner as was done for tho pentagon, 
if through the fwinUi of division made by inwinbing the 
quinde^OD, straight linos bo drawn touching the circle, 
an oqoili^r^ ana equiangular quindecagon will bo de- 
scribed about it ; and also, as for tho iientagon, a circle 
may be inscribed in a given oqui lateral and equiangular 
quindecagon, and drcumscribed about it. 



BOOK V. 

DEFINITIONS. 


1. A LK88 inui;ri‘jtudc is said to be a {mrt of a groater 
magnitude, \vhcii the lens iiieaHurea tiio greater ; that is, 
when the lesa is contained a cerUiu number of times ex- 
actly in the greater. 

2. A greater niagiutiido is said to l>o a nmltij»lo of a 
less, when the greater is mo;isumi by the less; that is, 
wdien the greater contains Uio less a cerUin number of 
times exactly. 

llatio is a mutual relation of two magnitudes of the 
same kind to one another in rcs}K}ct of quantity. 

4. Mjignitudes are said to have a ratio to one another, 
when tlic loss can l>c multiplied so as to exceed the other. 

5. The first of four magnitudes is said to have Uie 
Riuno ratio to the second, that tlie third luis to the fourtli, 
when any equimultiples whatever of the first and the thini 
being taken, and any Cijuimultiples whatever of the second 
and tlie fourth, if tlio multiple of the first be less than that 
of Uie second, the mu]ti[)le of the third is also less than that 
of the fourtli, and if the multiple of the first bo equal to 
that of the second, the multiple of the Uiird is also equal to 
that of tho fourth, and if the multiple of the first be greater 
than that of the second, tho moltaple of the third is also 
greater than that of the fourth. 

6. Magnitudes wbkh have the same ratio are called 
IMToporiionals. 
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AVIicn four maguitudos arc promriionats it is usually 
expressed by sayiug, the first is to Uio second os the tliim 
is to tlie fourtli, 

7. When of Uio equimultiples of four magnitudes, token 
as in the fifth definition, the multiple of the first is greater 
tlian the multiple of the socond, out the inultiplc of Uio 
third is not greater than the multiple of the fourth, then 
the first is said to have to the second a greater ratio than 
the third has to the fourth ; and tlio third is said to huvo 
to the fourth a loss ratio than the first has to the second. 

8. Analogy, or proportion, is the similitude of ratios. 

9. Proportion consists in three terms at least, 

10. When three mngnitudcH are proiwrtienals, the first 
Is said to have to the third the duplicate ratio of tliat 
which it has to the second. 

[The second magnitude is said to bo a mmn propor^ 
iionnl between the first and the third ] 

1 1 . When four magnitudes are eontiiiued projmrtiomds, 
the first is said to have to the fourth, the triplicate nitio of 
that winch it has to the second, ami so on, <|uadriiplicato, 
Ae. increasing the d(?nomination still hy unity, in any nnm- 
l>er of projwrtionals. 

Definitim af compound ratio. AVhen there are any 
number <»f magnitudes of the siiinc kind, the first is stii<i U> 
liavo to the hist of them, the rath» which is comjKiunded of 
the ratio whicli the first lias to the i40cond, and of the ratio 
wiiich the second has to the third, and of the ratio which 
the tiiird has to the fourth, and so on unto tlic last mag- 
nitude. 

For example, if A, 7?, C, /> l>o four magnitudes of tha 
same kind, the first A is said to have to ilio last />, the 
ratio comi)OUfided of Uio ratio of A io and of the ratio 
of 77 to , and of the ratio of Cio D\ or, the ratio of A to 
J> is said to bo comjiouDdcd of the ratios of A to /i, B to 
C, and C io D. 

And if A has to i? Urn same ratio that E haa to F ; 
and B UiC the same ratio tliat O has to // ; and C ^ D 
the same ratio that K lias to L ; then, by Uiis definition, 
A is said to hare to Zi the ratio conipcmmle^l of ratios which 
are the samo with the ratios o(£U>F,G U} II, and KU)L, 
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An^l iho Ramo tiling is to bo understood when it is more 
briefly expressed by sayingf, A lias to D tlio ratio com- 
pounded of the Kitios of*i? to O to 7/, and K to L. 

In like manner, the same thinffs bcinpr supposed, if M 
has to N the same ratio that A has to I> ; ti»cn, for the 
sake of Hliortness, M is said to have to N 11 ic ratio eom- 
pounded of the ratios of £ to 6? to //, and JC to L, 

1‘2. In proi>ortionals, the antecedent terms are said to 
bo homoh>ffou3 to one another ; as also the consequents to 
01)0 another. 

Geometers make use of tlic following technical words, 
to signify certain ways of changing cither the order or the 
magnitude of proportionals, so tliat they continue still to be 
pro|K)rtionals. 

13. PennnUnido^ or aitrrnamh^ by pcrmutiition or 
nltcniatelv ; when there are four jirojH>rtionals, and it is 
inferred tliat the first is to the third, as the second is to 
the fourth. V. 1(5. 

II. lurcrtendt^ by inversion; when there are four 
proportionals, and it is inferred, that the second is to the 
first as the fourth i.s to the thinl. V. Ji. 

15. CumpoiK'Htittf by comjK>sition ; when there are four 
proportionals, and it is inferrcil, that the first together 
with the second, is to tho sccoiul. a.s the third together 
with the fourth, h to tho fourth. V. is. 

1(5. Dirideud^ by division; when tliero are four pro- 
]v>rtional8, and it is inferred, that tho excess of the first 
ulwvo tho stvond, is to the second, as the excess of tho 
Uiird alxiro tho fourtli, is to the fourth. V. 17. 

17. Cotirertetid \ by conversion; when there arc four 
pro|K)rtionals, and it is inferred, that tho first is to its 
excess uIhivo the second, as the third is to its excess above 
the fourth. V. E. 

18. Ex (rqimli dUtantia^ or ex <eqit% from equality of 
distance ; when there is any number of magnituacs more 
than two, and as many others, such that they are pro|M>r- 
tionals when taken two and two of each rank, and it is 
infen^ that tho first is to tho last of the first rank of 
magnitudes, as tho first is to the last of the others 
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Of ibis there are the two following kinds, which arise 
from the different order in which ilio magnitudes are taken, 
two and two. 

19. Ex atqtiali This term is used simnly by itself, 
when the first magnitude is to the second of tlio first rank, 
as the first is to the second of the other nuik ; anti the 
second is to the third of the first rank, os tlio soi’ontl is to 
the third of the other ; and so on in order ; and the inference 
is that mentioned in the preceding definition. V. '2± 

20. Ex (vqmli in projmrtime pert urhnfd sou inonfinahlf 
from equality in |:)crturf)ato or disorderly prof>ortion. This 
term is used wlicn the first magintudo is to the scctuid of 
the first rank, ns the last but one is to the last of the scH^md 
rank ; and the second is to the third of the first rank, ns the 
last but two is to the last but one of the s(>con<l rank ; and 
the thir<l is to the fourth of the first nink, as the last but 
throe is to the last but two of the second rank ; and so on 
in a cross order ; and the inference is tliat mentioned in the 
eighteenth definition. V. 23. 


AXIOMS. 

1. Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 

2. Tliose magnitudes, of which the same or equal nuig- 
nitudes are ecjuimultiplcs, are e(|uul to one another. 

3. A multiple of a greater magnitude is greater tlian 
the same multiple of a less. 

4 . That magnitude, of which a multiple is greater tiuui 
the same multiple of another, is greater tliaii tiiat oilier 
magnitude. 
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PBOPOSinON 1. THEOHEJlf. 

If any nunify^r of mayniUidet 1*6 equimultipleg of an 
mnnyy each <f each; whatecermuJtinh any one ^f them is 
if its party tfie same smUtiple shall all the first magnU 
tudes he tf all the other. 

any number of mn^itudcA A By CD bo equimul- 
tiplOH of afi inaiiv others E Fy each of each: whateyor 
iiiultinlo AB is of Ey the wime multiple shall AB and CD 
tots^cthor, bo of E ainl F together. 

For, bcdiuso AB is the same multiple of Ey that CD is 
of Fy as many magiiituclos as there are in 
AB equal to Ey so many arc there in CD A 
CHpial to F. 

Divido AB into tho magnitudes AGy G By 
ciu'h e(pial to E\ and Ci) into the nmgni- 
tudos Clly IlDy each (xpud to F. 

Therefore tho nuinl>er of the magnitudes 
f 7/, HDy will bo equal to tho immlHjr of 
tho magnitudes AGy GB, 

And, because AG is equal to Ey and 
CH e<iu;d to Fy therefore AG and Gif 
together are e<pial U) E and F together ; 
and because GB is e<iual to E. and II D 
equal to Fy therefore GB and HD together 
are equal t<i E and F together. [Ari^m i*. 

Thoreforo as many luapiitudcs as there arc in A B equal to 
Ey SO many aro there in AB and CD together cqiuU to E 
and F together. 

Therefore whatever multiple A B is of Ey tho same multiple 
is AB and CD UvgeUier, of A^'and /'’together. 

Wherefore, {f any number of tmgnitmks &c. q.e.d. 

PROPOSITION 2. TlIEOREyf, 

If lha first be (he same multiple qf the see md that the 
third is of the fourthy and the fifth the same multiple if 
the seemui that the sixth is of the fourth ; the first toge^ 
ther with the fifth shall he the sante multiple qf the sec&^ 
that the third together with the sixth is qf the fourth. 
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Let AB the first Ins the same multiple of O tlio secoml, 
tliat I>E the third is of I' the fourth, arid let BG the ftftli 
be the siiine multiple of O the second, that E/i the sixtii 
is of F tlie fourth : AGy the first together with tlic fifth, 
shall l>e tlic same multiple of C the second, that BJIy the 
third together with the sixth, is of /’the fourth. 

For, because AB is the samo multiple of C that VE 
is of Fy (IS many magnitudes as 
there are in AB cf|U:»l to so ^ 

many are tiiere in IJF eqiud to F. 

F<»r the same reason, as ma?iy 
magnitudes as there are in BG 
c«juai to Vy so many are there in 
Eli ctpial to F, 

Therefore jis many magnitudes 
as there are in the whole AG 
equal to (. \ so many are there in qi j.j 

the whole DIf eipud to F. 
llioreforo A G is the wimo multi- 
ple of C that DIf is of F, 

Wherefore, if thvfirst //«? 
mamf inultiph ic. g.E.i). 

CoKOLLAuv. From this it is 
plain, that if any numlKjr of mag- 
nitudes A By BGy Gif be multi- 
j»les of another 0 ; and as many 
J)Ey EKy KL l>e the same mul- 
tiples of Fy each of each ; then 
the whole of the first, namely, 

AHy is the samo multiple of i\ j I 
that the whole of the last, namely, 

VLy is of 


j 


PHOrOSITlON 8. THEOKEW. 

If the fir$t he the tame multiple «/ the teemii that the 
third u <f the fourth, and if <f the fret and the third 
there be taken eqmmvdlipUt, thete thall be equimulttplee, 
ih€ one oj the eecondy and the tAher of the/Qurth, 
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Let A the first bo the sanio mnltiplc of B the second, 
that C the third is of D the fourth ; and of A and C let 
the equimultiples EF and G/f bo taken ; EF shall bo 
Uio same multiple of B that GIl is of D. 

For, iKJcanso EF is the same multiple of A that GH is 
of C', [IliffHtthfuui. 

as many ma^iitudcs ns 
there are in EF equal 
to so many an' there 
in Oil e<|ual to r. 

Divide EF into the 
iini^nitudes EK, KF, 
e.'ieh e<|ual to A ; and 
(»Jf into the magni- 
tudes (tL, Lll^ each 
Cqiuil to (\ 

Therefore the number of i: A is i ^ I> 
themagnittulos EK^ K F, 

will be equal to the number of the magnitudes GL^ LIL 
And because A is the same multiple of B that C is 
of 7>, 

and that EE' is equal to A, and GL is equal to C \ 
therefore EK is tlie same multiple of B that GL is of />. 

For the same reason KF \» the same multiple of B that 
LIl is of />. 

Therefore because EK ihe first is the same mnltiplo 
of B the second, that GL the third is of D the fourth, 
and that KF the fifth is the wune multiidc of B the second, 
that LIl the sixth is of D the fourth ; 

EF the first together with the fifth, is the same multiple 
of B the second, that Oil the third together with the 
sixth, is of 1) the fourth, [V. 2. 

In the same manner, if there Iw more mrts in ATF equal 
to .t and in GH ecjual to T, it may be snewn that EF is 
tlie same multiple of B that GH is of />. [V. 2, Cor. 

Wherefore, if thejint &c. q.e.p. 

PROPOSmOX 4. THEOREM, 

If har^ ths MfM ratio to (he $econd that the 

third htu to the fourth, and f there be tahen 
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muUiplei tthaUrer of the frst and the third, and a/no 
any eq ui mat ti pies trhatcrer <f the second and the fmrth^ 
then the mtdlipie of the first siudl hare the same ratio to 
the muitiple ({f the seeondy that the maltipic of the third 
has to the mnitiple of the fourth. 

Let A the first have to Ji the sceoml, the same r itio 
that C the thiril has to /> the fourtli ; uml of A ami i ' let 
there l>c taken any e(|uiiimlti|ilcs whatever K nml h\ and 
of B ami D any equimultiples whatever H ami // : K shall 
liave the same ratii» to (i that F has to //. 

Take of F ami F any cqiii- 
imiltiples whatever K uml /, 
ami of O ami 11 anv oqiiimul- I 
tiplcs whatever M amf N. 

Then, because K is the same j 
Tnulti[>lc of A that F is of (\ 
and of K ami F have been Uikcn i 
equimultiples K ami L \ | 

therefore K is the same mul- K K 

tiple of A that L is of C. ( V’. it. i. y 

For the same reason. M is the ‘ 
same multiple of Ji that S i.s of 1). 

Ami lMJcau.se A is to Ji as C , 

18 to />, 

and of A and C have Ihvu taken j 
certain cquimultijtles K and A, j 
ami of li and J> have lieeii taken 
certain equimultiples M and N\ 
tlierefore if K l*c g^reater than 
M,L is greater than N ; and if 
equal, (xpiol ; and if less, Ich.s. 

Jlut K and L are any equimultiples whatever of E and 
and Af and A^are any e<|uimulitj>les whatever of ti and // ; 
therefore E is to O iis F is to //. [V. Df^nUwn 5. 

Wherefore, if the first &c. q e.d. 

CoROLLABY. Also if the first have the same ratio to 
the second that the third lias to the fotirtli, then any e<|ul. 
multiples whatever of the first and thinl shall have the 
•ame ratio to the second and fourth; and the first and 


! I ! I 

A li (; vf 

C 1) )l H 

1 i I I 




I 

[V. Thfinition 5. 
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third Bhftll liave tho same ratio to any equimultiples what- 
ever of tlic second and fourth. 

Let A tlio first have tho same ratio to B the second, 
tliat C tho third has U) 1) tho fourth ; and of A and O let 
there l>e takon any equimultiples whatever E and F: E 
shall bo to i/ as is to 

Take of E and F anjr equimultiples whatever K and Z, 
and of B and D any cquiinultiples whatever G and H. 

Then it mar bo shewm, as before, tliat K is tho same 
multiple of A that L is of C. 

And bocauso A is to as (7 is b) 2>, 

and of A and C have been taken ccrtiiin ccjuimultiples K 
and Z, and of B and D have been taken cerUin Ci|uiniul- 
tipics G and 7/; 

therefore if K be gimter than fr, L is greater than //; and 
if e<|Ual, eijual ; and if less, less. [V. Dfjiniiimi 5. 

But K and L arc any eiiuiniultiples whatever of E and F^ 
and G and II are any eiiuiniultiples whatever of B and D ; 

tlieroforo E is to if as F is to I). [V. DtfinUUm 5. 

In tho same way the other caso may bo demonstrated. 


PlIOPOSITION 5. THEOREM. 

If<me nut{nn'tuilr tfM iame muttifdf (if another that 
a vuujnitude taken from theJirH h of a urngnitude taken 
from other^ t/ie retnainder $haU Inn the tame multiple 
of the remainder that the tehole it (f tlu* wh>de. 

lict AB bo the same multiido of CD. tlmt AE taken 
fh>m Uie first, is of CF taken from tho other : the retuatn- 
der EB sludl be the same nmlUple of Uio remaiudef FD^ 
that tlio whole AB is of tho whole CD. 

Take AQ Uie same multiple of FD, that AE is of CF; 
tlierefore AE is the same multiple of CF that EG is 
ofCA [V. 1. 

But JF is the same multiple of CF that AB is of CD\ 

therefore EG is the smuo multiide of CD that AB is 
t)iCD\ 

Uimreforo EG is equal to AB. 


[V. Axiem 1. 
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From each of these take the oonmion 
ma^itudo AB; thcu the romaitidcr AG 
is equal to the reiiiaindor BB. 

Then, because A K is the same multiple 
of CB that is of BBy [Constructi tn, 
and that AG is equal to j^/f; 

Uiereforc A E is the same multiple of CF 
tiiat EB is of FD. 

But A E is the same multiple of CF tliat 
AB i’A of (JjD ; [llfipothesin. 

Uiereforo EB is the same multiple of 
FD thiit AB is of ry>. 

Wherefore, ij'unemagnilmhkc. q.k.u. 
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PROPOSITION 6. THEOREM. 


If tteo nuign i( udeit In* eguhnultijtlt^t »*/’ two lUhn'ty and 
if eiiuimultijdea tf the»f* t>e tak*‘n from t/irfrst two, t/ic 
renuthulrrs sJmll he either equal to theae othert, or rqtti- 
multiplee of Bum. 

Let the two magnitudes AB, CD 1x5 equimultiples of 
the two E, F\ and let AG, 67/, taken from the fir^t two, 
lie cquinmltiplcH of thc5 Mime F\ tlie remainders 07/, 
HD shull Ix) either e(|ual to E, /*, or CMjuimultiples of them. 

First, let GB lie equal to E\ II D shall Ixj equal to F. 
Make CK ecjual to F. 


Then, because A G is the same mul- 
tiple of E that 67/ is of /’ [/////>. 
and that GB \% equal to JET, and 
CK is equal to F ; 


A K 




therefore .d // is the same mulU- ,,\ 

pie of that AV/ is of ^*1 n I i 

But A B is the same multiple | I I 

of ATthat C/) isof /’;[//y/xxAw£f. B D E F 

therefore KH is the same multiple of F Uiat CD is of A*; 
therefore KH is equal to CD, [V. Axitm 1, 

From each of those take the common magnitude C//; 
then the remainder CK b e<|ual to the remainder HD, 

But Ch b equal to F ; [Cbutfrur/ton. 

therefore HD b equal to F, 
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Next let GB bo a timltiplo of E\ HD shall bo the 
same multiple of F. 

Make CK the same multiple 
of F that GB\^ of E. 

Then, because A G is the same 
multiple of E that G/I is of 
Fy [//y/>o£/ie«M, 

uiul GB is the Kuinc multiple 
of E that CK is of F \ 
therefore AB is the same mul- 
tiple of F that KJI is of F. [W 2. 

Hut A B iri the sumo iiiulti- 
plo of E tluit 6V>is of /*; [//i/p. 

thorefi>re KU is the same multiple of F that Cl> is of -F; 
therefore A'// is equal to i'l>. [V*. 1. 

From i*aeh of these take the common magnitude Vll ; 
then the remainder CK is etpiul to tlio remainder ///>. 

And beaiuso CK is Uie siime multiple of F that GB is 
of Ky [Comti'ucliof^ 

and that CK is equal to IfD ; 

tlicR’iforo JID is the same multiple of /'tliat GB is of E 
Wherefore, if tico imignitudei &c. q.e.d. 


(' 

11 

B D £ t 


rR0P0i>IT10N *4. THEOREM. 

If the of four maguitudes hare the same ratio to 
the second that the third /mi# to tfiefourthy thetiy if the Jirtt 
Ite ff miter than ttie strnndy the third HuiU alto he greater 
than thefourthy and if equal equals and if le$9 lest. 

Take any eciuimultiides of each of Uiom, as Uic doubles 
of each. 

Then if the double of the first be peater than the double 
of Uie second, the double of the tlurd is greater than the 
double of tlie fourth. fV. Be^nUion 5. 

But if the first l>o greater than the second, the double of 
the first is greater than the double of the second; 
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therefore the double of the third is greater than the double 
of the fourth, 

and therefore the third is greater than the fourth. 

In the same manner, if the fir»t bo c<iua] to Uio second, 
or loss than it, the third may be shewn to be equal to tho 
fourth, or less than it 

■VYlicrcforo, if tJiC first dtc. q.e.d. 

PROPOSITION R. THEOREM. 

Xf f^ur magnitudes he proportionals^ tln*y shall also he 
proportionals wlien taken inrersety. 

I^t A Iks to /? as C is to X> : then also, inversely, D 
sliall bo to .^1 as /> is to C, 

Take of B and I) any cquimub 
tiples w'liatcver H and F ;# 
and of A and C any equimultiples 
w'hatever O and If. 

First let E lie greater than Cr, then 
G is less than E. 

Then, because A is io B um C \» 
to IJ ] [J/if/MtthtsU. 

and of A and C the first and tliird, 

G and H are equimultiples ; 
and of B and D tho sectmd and 
fourth, E and F are equimultiples ; 
and tliat G is loss than E ; 
therefore H is less tlian F\ [V. Dtf, 5. 
tliat is, F is greater Uian If. 

Therefore, if J? bo greater tlian O, Fla greater than If. 

In the same manner, if E l>o equal to G, F may bo 
shewn to bo equal to II ; and if less, less. 

But E and F are any equimultiples whatever of B 
and />, and G and II are any equimultiples whatever of A 
and C ; lC*>n$truction, 

therefore is to as /> is to C [V. Brjlmtien 6, 

Wherefore, i/fmr magnitudes &c. 



10 
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PROPOSITION C, THEOREM, 

If the fir$i he Uve same multiple of the second^ or tht 
same, part of that the third is (f the fairthy the firsi 
shall he to the second as the third is to the fourth. 

First, let A bo tlio panic multiple of B that C is of 7>: 
A shall bo to B as 6' is to />. 

Take of A aiul O any Ci|uiinultiplcs 
whatever E ami F\ and of Jl and JJ any 
oijuimultinles whatever H and //. 

Then, oecaiise A is the Hanic intiltiplc 
of B that (' is of I ) ; {Jhjpothni^. 

and that E is tiic sumo multiple of A that 
/'Ms off/; y '40tJ<trorfio/i. A U C D 

therefore E is the same multij»le of B K G F 11 

that /Ms of y> ; [V. 

thatis,//and/Mrecquimultiplesof //andy>. 

Ihit Cm and // are equimultiples of B 
and y> 

therefore if 7/ be a p^reator multiple of 
B than C/ is of y/, E is a greater multi- 
ple of J) than y/ is (»f /> ; 
that is, if E be greater than <7, F is 
greater tlnui 11. 

In the s;ime manner, if E l>o equal to 
O, E may bo shewn to be e<iuiil to 11 ; and 
if less, less. I 

lUit E and E are any equimultiples 
whatever of A and f\ and C/ and // arc any equimultiplea 
whatever of B and 1); 

then*foro A is to B lus C is to D. [V. /Vftm'oVm 5. 

Next, lot A be the ‘same i»art of B that C is of D; 
A shall be to B as (’ is to D. 

For, since ^-1 is the luuuc i>ivrt of B ^ 

that V is of />, i 

tlioreforo B is tlie same multiplo of A ' , ! 

that D is of V ; | 

therefore, bv tlio preceding case, 77 is to I ! ■ 

as /> is to* C ; A B t: I> 

therefore, inversely, is to as C is to i>. [V, R. 

AVhereforo, if the first Ac. 





BOOK r. A 7. 


147 


PROPOSITION D. THEOREM. 

If the first be to ttie secamd as tbs third is to the fourth, 
and if the first he a multiple, or a part^ of the second, the 
third shall be the same multijde, or the same party of the 
fairth. 

Let A be to B sa€ is to D. 

And first, let A l>e a multiple of B\ 

C* shall bo the same multiple of D. 

Take B equal to A ; and what- 
ever imdtiple A or E is of if, make 
F tlie same iinilti[»le of 7>. 

Then, lK>causo A is to B as 
is to 7>, [ll*j]Ht(hr»U. ! i I I 

and of B the second and It the A i\ (’ D 

fourth have been taken c<|uimultiples K. y 

E and F\ [Ctm^frnrtiou. 

therefore ^ is to 77 as (■ is to 
F. (.'oro/fnty. 

But A is equal to E ; [Construcdon. 
therefore Cis equal to F. [V. /(. 

And F is the same multiple of 
7) that A is of B ; [< ’onsfrurtion. 

therefore C is the siinie multiple of IJ that A is of B. 

Next, let A l»e a part of B : d shall be the same jKirt of D, 
For, because A is to B as f * is to 7> ; {//yyxw/ir^wr. 

therefore, inversely, 7/ is to ^ as 7^ is to C. t' ■ 

But A is a part of B ; 

Uiat is, 7/ is a iiiulti[»Ie of A ; 

therefore, by the preceding case, 7> is the same multiple of C\ 
that is, V is the same part of 7> Uiat A is of B. 

Wherefore, if the first Ac. q.e.i>. 

PROPOSITION 7. THEOREM. 

Equal magnitudes hare the same ratio to the earns 
magnitude ; and the satne has tlu same ratio to equal 
magnitudes. 



10—2 
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I/ei yi aud B )hs eciiml magtitiudca, ami € any other 
tii:t{(nUudc : oacli of the nmipiitudea A and B nhall have 
the name niUo to C ; and (J nhall hare tlio lamc ratio to 
each of the Diaptittidev A an<l B. 

Take of A and B aiiv cqiiimultiplcfi 
whaU'Vor B ami A’ ; ami ol C luiy uml- 
whatever 

Then, l>t?cjiu«o /> Ih the ftamo mul- 
tiple of A that E of [f '„Kjftrur/i.fn, 
and that A in to B; 
therefore /> in tMjual to A’. (V. Ariom !. 

Thcrefon^ if /> Ik) i;;:reater than /’ A' i« 
greater than A’j ami if equal, cipial; j C F 

and if Icmm. \ 

Hut JJ ami A’ arc any e4|uiinuHipleH i 

whatever of tuul //. and /’ w any j 
multiple wliatcver of <*; |f 
therefore A i» t<# ( 'a>« B in to ( \ { V. 7 v/. 5. 

Aliio (*aliaU have the tiame ratii» to A that it liaa to B. 
For the fuime conatruetion l»eiug made, it may be aliewti, 
as before, that B is equal to A'. 

Thoroforo if E Ik? j'reatcr than B, F is greater than E ; 
and if cnpial, equal ; mid if Icuh, less. 

Hut F is any multiple whatever of (\ and 7> and E aro 
any cKjuiiiiultipleH whatever of A and B ; 

Uiercfore 6’ is to A jw C is to B. [V. Ih iinUUm 5. 

Wherefore, rqtial maffnitudes &c. q.e,». 


TROrOSITION 8. TTIEOnEM. 

Of nnequai magnUmBs^ th^ great rr has a greater 
ratio to tae eame than the le9$ lui$; and the eatne mag* 
nituiie h(9e a greater ratio to the leei than it ttas to the 
greater. 

Let AB and BC be unequal magnitudes, of which AB 
ia the greater; and let 1) m any other magnitude what- 
eT<nr: AB shall have a greater ratio to B than BC has 
to B ; and D shall have a greater ratio to BC than it 
has 
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If the nukgfiiiutlo whicli in not the greater of Uie two 
fVA \*e not h-iw than J>, take EF, /Y/ the tlouhlea of 
AV, C7i , Figure 1 . 


But if tiiat whidi U not the 
p-cater of the two Af \ <7A ho 
lefts tlian /> Figures 2 anil 3 ;, 
this inognituile euti \h' niultiplied, 
no as to i*ecoine greater tlian 
whether it l>e A V or ( 'll. 



Let it Ik> multiplicvi until it U'- 
eoines gnx*5iter than AA anil let the 
other Ik‘ nuillipticii as often. 

Let JTAMki the multiple thus Liken 
of A(\ aiKl FO the siunc multiple 
of < 7/ ; 

Uicreforc EF and FO arc each 


of them greaU?r tluiii />. 


And in all the o;ises, take // 

tho clou hie of /A A’ its trijile, pi<.. a. j 

and tM> on, until the multiple 
of y> taken is the first whieli 
iftgTcaU^r than F(t. L<!t A. he 
that multiple of AA namely, 
tho first which i» greiiU-r 
than /Yr' ; and let A' be the 
multiple of D which is next 4 

less tlian L. ; ^ 

Then, liccanse L is tho first | I 
iimltipleof/> which is greater G li < 

than rOy [CimnimctUfn. L K H D ^ " 

the next prcceiling multjplo j | I L K n 

AT is not Reuter than F€r ; I j I j j 

that is, /^Ar b not less than A' | j 

And ix!!caiiiie EF is the same 1 1 i 

multiple of AC tliat FG is j 

of CJjy [Carntructi^n. 



Uloreforo EO is the same molUtdo of AB that FO is 
of 67?; pr. L 

that is, EG and FO m oquimultiplos of AB and CB, 
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And it was shewn that FG is not less than 
and EF\fi greater than />; [Corutruetim, 

therefore the whole EG is greater than A' and Z> together. 
But K and 7> together arc c<]ual to L ; [Comtructic/tu 

therefore EG is greater tJiuii L. 

Itut EG iff not greater than L. 

Ami EG ntiil EG were shcwii to he cqui- 
inuitiples of J H and IiG\ 

and A is a iiiultiplo of />. [Cinifintriim. 

Thoreforo A/i lias to /> a greater ratio a 

than //('has to /K (N . I^tiniuou 7. 

Also, It shall have to EC a greater 
ratio than it has to AH. 

For, the same eonstruetion lK*ing made, 
it may he shewn, that A is greater than 
EG hut not greater than EG. 

And L is a mnltiple t»f />, (< 

anil EG ami EG wen* shown to 1 h> e«iiii- 
mnlti|iles <»f Alt uml ^7/. 

Therefore I> luis to JiC a greater ratio than it has 
to All. [V. thknitifm 7. 

Whereftwe, uorqttal mntjHitHih'$ &c. q.k,i>. 


PKoroSITlOX P. TEKrtnKM. 

tchirh A<ire fAe #fime ratio to /Ar tam*f 
arr n/ioi/ / » tour nie /A^r ; am/ (A'^r /»» trAtVA 
f/m frji/ir /tas (hr iame rato^, arr etiwtl to om 

another. 

First, let A and B have the same ratio to C : -4 shall 
bo <X|U;d to B, 

Few, if A is not eoual to //, one of Uiem most bo greater 
than the oUicr ; let J he tJie greater. 

Then, by what was shewn in Propoiitioii fit, there are 
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(Himo cquimultiploD of J and /J, and 
aoino tnultiplo of C, »uch tliat tho 
multiple of .1 i» greater than the 
muUtplo of (\ hut the multiple »»f 
// is nut greater than tho multiplo 
of f*. 

Let Hiich multiples he hikeii: nnd 
let D and E he the otptiiiiii/tiples 
of yf and //, and /’ the itiiiltiplo 
of that /J is greater than 

/’ but E is not greater tlian /’ 

Then, bec;iUHc .1 is to f ’ jis // is 
to (*; and of A and // are taki^n 
e^puinnltiples D and A’, and of (J 
is taken a nnjUiple 

and that I) is greater than E \ 
therefore E is als<» greater than F. 

But E is not greater tiuui F ; 
whieh is iin|K»ssil)K*. 

'njercf<#re A and H are not une<jnal ; that is, they are 
CHjual. 

Ne\t, let C have tiie same ratio to A ami //; A Hhall 
bo cipial to /y. 

For, if . I is not e^piitl to //. one of them must Ikj greater 
than the otlnr; let A Ik* the greater. 

Then, by what was shewn in rrojKisition \ there is 
some mnUij»!e F <»f t \ and some ivpiiniultiples E and If of 
/yarn! A, such that E is greater than A*, hut not greater 
than If. 

And, l>eeau»e to II :ui C is to yf, \U 

and that F the mul tilde of the first is greater than E tho 
multiple of the seeon<l, 

Uicreforo F tJie innltijde of the third is gr<»aU*r titan /> 
the multiple of the fourth. I V. 5. 

But FU not greater Uian D; (twrm-ttwn, 

which is iiii{iofts}hlc. 

Therefore A and /i arc not arior|ual ; that U, they are 
equal. 

Wherefore, magniiud^$ trAtVA 4tc. 
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*<inAtrurtl<m, 

[V. Ikjhiititm 
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PIIOPOSITION 10. THEOREM. 

TfMt moffnitwii* ^rhirh ha$ a greater ratio than another 
has to the same magnitude is the greater qf the two ; and 
t/tat magnitude tn which the same has a greater ratio than 
it has to another mmjnituiie is the less the two. 

Fir»t, lot A have to C a CToator 
raUo iltun // Ima to C : A iukUI bo 
grcator than H. 

For, Ihh^uuso -4 haa a greater ratio 
to C than // has to t\ there are Home 
oquimuliiplcA of A and //, and soino 
inultiplo of t \ iin<*h that the niultiplo 
of A i» greater than Uie tiiulti[>le of C\ 
but the multijde of Jt i« ncd greaUrr 
Uian Uio iiiulUple of C. [V. />r/. 7. 
liOt tueh nniltipica l>e taken : and 
let I) and E Ik) the etptimiiUiplea of * 

A and //, and F the multiple of f’; 
iK> that It b greater tlnui r\ but £ 
ia 04)1 greater than F ; 

Uiercfore D ia greater Uian £ 

And l>ocau»o /) and £ arc e<]ujmultipie8 of A and and 
that D ia greater tlnui A\ 

therefore A ia greater than B. [V. Axiom 4. 

Next, let C hare io B Vk greater ratio than it haa to A : 
B fthall bo IcKs than A. 

For there i» »oiue niultiplo /’ of C and aome eqni- 
multiplr« K and It of B and A, »udi that F U greater 
than £ but not greater than D \ [V. 7. 

therefore E i« leas than />. 

And liecauao E and D are equimultiples of B and A, and 
Uiai E is less than A 

therefore B is leas than A. [V. Axiom 4. 

Wherefore, that magnitude &c. qxd. 


^ 1 
<1 
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PliOPOSITION 11. THEOMM, 

Ratio* that are the iotne to the tame ratv^^ are the wtne 
to one another, 

./I bo to /? as C 18 to I), ami let C l)0 to D va E \e 
to Z’ ; shall be to // as JET is to F. 


- 

n 

K — 


1/ 

X, 

B 

D 

r - 


M - 

, 


Take of A, t \ K any couimultiph^s Hliutever (i, //, K ; 
and of //, />, F any e<|unimUi|»!es whatever A, JA N, 

Thov., because A is to R hh C is to />, 1 //y/K/zArjii. 

and that O and K are cNiiiimultiples of A and (\ ami A 
and M ore c<|uimultiple8 or Jt and /> ; \t ’utthtruHitm, 

therefore if O Ikj greater tlian A, // is greaUT tlian M ; 
and if ei|uai, equal ; and if less. less. (V'. iPcfnitim U, 

Again, liecausc Chio /> m EtnUt F, \ thp^fthr-^U, 

and that If and A' are o<ntiniult}plc8 of C and A’ ami Af 
and N are equinialti|doii of J) and F ; [< "omtrurti.m, 

therefore if II bo greater than Af^ K is greater than N ; 
and if ccitial. equal ; and if less. less. [V. 1. 

But it has Wn shewn that If O be greater than A, // 
is greater Uian A ! ; and if or|ttal. erptal ; and if less. leas. 
Tberefore if G he greater tlrnn A, A' is greater than N ; 
and if equal, equal ; and if leas. less. 

And O and K are any cquimultiiiles wlialevcr of A and ^ 
and A and N are any'eqnimultifJea wliateter of li and F, 
Therefore is to il as i? is to K I V. 5. 

Wberelbre. rofior that are the tame Ac 
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PROPOSITION 12. THEOREM. 

If any numlter of magnitudes he proportionals^ as one 
fif ths anteredmts is to its ronsrqusnty so shall all the ante- 
cedents be to all the ronsegticnts. 

Let any nuiiilwr of tnapiiluilcs /i, A A N bo 
pro|>ortion.'il8 ; imniely, m A is to A C Ikj to A 
E to F: as A is to A »o shall yf, f, E together })0 to 
A A E together. 


C- 

- n — ~ 

K 

A - 

C-- - 

K 

B 

j) 

r 

... 

... M 

s 


lake of A. l\ E any cuuinmltiplcs whatever A If E; 
and of A iK /’any equimultiples whatever A, //, *V. 

Then, beeauso .1 is to H its F is to /> and as E is to A 
and that F. H, K are equimultiples of J, (\ /;, ami A. /A N 
equimultiples of A E. F\ 

therefore' if O be greater than A, I! is grtnilor thim iV, 
and K is greater than A’ ; and if equal, equal ; and if less, 
less, [V. f>. 

Then^fon', if F Ik^ greater than A. then ti, /A K together 
are jirrwiter than A, /A, N ti*gether ; lunl if etpud, equal ; 
ami tf less, less. 

Ilut (f ami fA /A K together, are any cipiimultiplcs 
wliatever of y|, ami A, ( \ E blether ; [V. l. 

and A and A, M, N together arc any e^iuiamltiplcs what- 
ever of A »*>d A E. F together. [V. 1. 

Tliorcforo as -I is to A J, (\ E b'getlter to 

A E, F together. [V. Jn;fnititm 5. 

Wherefore, (A any numl^er q.ilp. 

PUOrtlSlTlON 13. THEOREM, 

1/ thejhrsi hare the same ratio to the #oro«</ tthich the 
third has to the/i^urth^ but the third to the fourth a greaUr 
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ratin than /o Mu »haH A/iru fo /Au 

Becond a greater ratio than thej{0h ha$ to the tixth. 

Let A the firut have the «amo ratio to // the neeond 
that C the third haa to I) the fourtii. hut (* Uic third a 
j^reater ratio to I> the fourth than /* the fifth to /' tho 
aixth: A the first shall have to // the mKoiid a greater 
ratio than /J the fifth has to F the sixth. 


M 

' ’ G- • 

- 

H 

- 

A 

C 


K - 


B 

I) 


F 


K- 

K 

- 

L 



For, iKvaune C has a jrn:*ater ratio to /> tliatJ F h:ia to F, 
thcTC arc .Home cinuinultipleH of (' and F. and some eqiii- 
nniUiples of J> ami F, sneli that the intiliiple of ( * in greaUT 
than the itiuUiplo of />, but the multiple of F is not gri'iiter 
than the multiple of F. f\'. hfjiuidxn 7. 

Let such multitdes he taken, and let O ami /f In* the e<pii- 
luultipleH t>f tj ajid F, ami K and A the eijuimultipIeH of 
1 ) and F ; 

Sf) that a is greater than A', hut // is not greaUr tliari A. 
And whatever multiple is of ^^take hf the Kame nud* 
tiple of A ; ami whatever multiple A' is of />, take N the 
same multiple of H. 

Then, Ixximso A i« to /I as is to />, 
and M and H are CN|ui multiples of A ami ami A' and 
A' are eijui multiples of ft and /> ; [rufittrurfi.,n. 

therefore if M l>e greater tliaii A’, O is grefitcr than A' ; 
and if e«iual, crpiaJ ; and if less, leas. (V, 6, 

But O is greater Uian A’ ; [('onstruetwn, 

therefore Af is greater Uian A’’. 

But // is not greater than A ; 

and M and II are o<|afniiiltinles of A and A* ami A' and A 
are e<]uiinttlU|4ee of // ami F; I' 

therefore A has a grimier ratio B than £ lias to F* 
Wherefore, if thejirtt Ac u.b.d. 
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ConoLLAiiY. And if the fimt have a mater ratio to 
tlio Hccotid tliaii Uio third lias to the fourUi, but the third 
tiio Maine rati<» to tiio fourth that the fifth iuiM to tiiu mixUi, 
it may i>o Hhewti, in Uie fiarno manner, that Uio first has a 
groator ratio to the second Uian the fIRh has to the sixth. 


rUOPOSITION 14. THEOnEM, 

If the fir$i hare the mme ratio to the teefmd that the 
third hue tn the fotrlh, then f the jirnt fte greater than 
the third the geeond ihnll he greater than the fourth; and 
{/'egaat, egital ; and ij‘ lea, less. 

I>et A tho first liave the wiine ratio to It the second 
that f ’ Uio third has to the fourth : if A be j^Tcuter than 
(\ Ji shall bo greater tluui JJ ; if txtual, ctjual; and if less, 
loss. 


1 --i a 



First, lot A lie greater than C: //sliall lx? greater than /). 
For. licctiuso A is greater tlian f\ [//yjHtiAenM, 

and IS is any other magnitude ; 

Uicrofore A Iwis to // a greater ratio than C has to IS. [V. S, 
But is to /f as < ’ is to IJ, [//vj^xAms. 

Therefore C has U) I^ a greaU'r raUo than C has to IS, [V. 18. 

But of two magnitudes, that to which the same has tho 
greater ratio is the less. (V. lo. 

Therefore IS is teas Uuin E ; that is, is greater than />. 

Heeondly. let A l>c equal to C: E sliall bo equal to />. 
Per. A i§ to Em C, that is .d, is to E, [J/gpoiAent* 

Thorofm E is equal to />, [V. 8. 
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Thirdly, let A ho leas Uian C : B aliall bo loas Uian i>. 
For, C ifl greater than A, 

And because 6' is tu /> os ^ im to 'i? ; 
and C is greater tlian A \ 

Uicreforo, by the first case, 1> is greater tlian Ti ; 
that is, B is less than 7>. 

Wherefore, i/ihejirit &c. q K.r>. 


1‘ROPOSITION ir>. TBEORKM. 

Magnitudes hare the same ratio to ime ant ^t her that 
their eguimtUti§dc4 hare. 

Let A B Ik» the same nmUiple of C tliat BE is of F: 
C shall be to F as AB is U> BE. 

For, l>ocause AB is the same imiltiple of V that BE is 
of Ft [BjiiKtfhexis. 

thcrcfi»re as many magnitu<ies as A 

there are in AB csjual to (\ m 
many are there in BE c^ual t4> F 
Divide AB int4j the iiiagnittides 
AOt OBt HBt ejtch equal to 
and BE inh) the inagnitudos 11 
DKt KLt LEy cacli e<|iial to F. 

Therefore tlie nund>er of the inag- 
nitudcsvtfr, <■#//,//// willlic equal U C K K 

to the number of the magnitudes 
BFy KLy LE. 

And Un-ause AOy Oily JIB are all e<iaal ; [Construction. 
and that BE, EL, I.,E are alrni all e4|ual ; 
therefore AG U to BE as Gll is to A' A, aii<l as KB is 
to A A’. tv. 7 , 

But as one of the antocodenta is to its cfinscK|uent, m> arc 
all the antecedents to all Uie oemsequents. (V, lA 

Therefore omAGmU} BE mht A B U* BE, 

Bat AG is er|aal to C, and 1>E is twpial U> F. 

Therefore vs C \s Us F m\% AB U> ItE. 

Wherefore^ magnitudes ho. q iLn. 
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ntOPOSlTIOX 16. THEOREM. 

If four magnilndtt uf the game kind 1*e proport ionaU^ 
they ehall aho tte priy}h*rlvm€dM ttiien taken aUenuUely. 

Let A, 7/, I) iKi four tnnt^nitudes of the name kind 
wliicii arc pro{KtrtionalM ; namely, us A in to // so let Ik) 
to 7V: they shull also lie |iro|iortioiial.s when Uikcn alter- 
iiutely, that is, A shall las t<» C nn li is to 7>. 

K- G 

A -- C 

n D 

F — II—. 

Take of .4 timl It .'ivy ei]iiiiniiltip)es whatever E and 
aiel of /’and /> any e«|iuiiiulti|>leA whatever fr and //. 

'riieii, iHNWine L is the same multiple of A that E is of 
//, and that iini^fnitudts have the same nitio to one another 
that their iMpiimultiplcs have; [V. 15. 

therefore A is U» It as E is Us F. 

Hut .1 is to It iM C is u» Ik 

Therefore / * is to /> as E is U» F. [V. 1 1. 

A^in, U'CJAUse and II are e«|uiuiultiples of C and 7>, 
therefore (7 is to It .xs /»’ is U» II. [V. 15. 

Hut it wa.s aliewii that (■ is U> It m E is to F. 

Therefore E U to /’as ti is U» //. fV. 11. 

Hut when four iir.^putudes ore proiairtionals, if the 
first l>e iiTreutcr tluui the Uitnl. the tieiNuid is greater Uum 
Uie fourth ; an<l if eijuaL cxpial ; and if less, less. [V. 14. 
Therefore if E lie gn^ater Uian f/, F is greater than II ; 
anil if eipial, e<]tial ; and if less, less. 

Hut E and F are any etiuinniUtples whatever of A and 
E. and G and H are any e<|uimulti{>tc8 wlmtever of 0 
and It, 

ltieri»fi>ro A h to Cm» E is to 7). fV, &. 

Wherefore^ (jt* four mayniiudes &c. 
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rROPOSiTiox 17. T/u:oitnf, 


If' ntiUjm'tuJi^s, tnh'u fthitiff, /»#' ftrcfmrftntuth^ thnj 
fhiUl <th>i he prtifhiVtinmU tthnt tnkt it fefhtnitth/ : thul 
if' tiro tuaijnitudt^« tak«'n Vift'ffu r kart* to to/f t>f' thrm 
the etune nifio trhirh tiro i>(here hare fn one of' theitt\ (he 
remtiinintj one of' the fir »t ttr > thall fntre to the other the 
mme ratio trhieh the remainint/ inte of the taut two has to 
(he other of (fie jte. 


Let Aliy /if', ('!!>, J)F he the inri).riiitii(hvH wliich^ iak(*ti 
jointly, Jiro [►nuHtrtioiuil.s ; that in. let Aft he t<» //A* ua ('If 
IH to />/•’: they hhull uI.ko Ik* praiMirlionalH when lukeii 
JK^parately ; that in, .1 A' ^hall Ik* to hli ;u* T'/’is to FlK 


Take of AF FJt. ( F, FD unj 
c«iuimulti|»leH whatever (illy //A, 
A J/, My ; 

ftinl, a^ain. of FJi, Ff> takt* any 
e4[uitnulti{»leM whatever A* A', SF, 
Then, Ikh uum* fiH h the aamo 
multiple of A F that // A' ti» f*f A7/ ; 
thcrt'fon? (f/f i» the mune niultiplo 
of A F. that (i K im of A //. | V. i , 

But A7/ i.H the multiple of 

A E that LM i« of ( 'F, '^‘ut*r. 


\ 


V 

} 




.if 

i 


n 


i: 


n 


Lf 


if 


thm'f>n* a A' ih the Mune tituUiplo 
of.^/fUjal A A/ in of < 7* 


A ;rain, liHxnnms A ^f ia the name '■ 
multiple of ( F that AAV in of F/K 
theref»>ro LM i« the juano multiple of f/F tliat A.V in 
ofC/A (V. 1 . 


C L 

'onftroriion. 


Bui LM w«jt iltcwu to he Uio name mu]Uf4e of CF tlmt 
C;A'wof.4^. 


Therefore GK U the ismie tf}i}lti|4e of AH that A.V U 
of r/>; 

that ift, GF and LN arc cy|U3n}u!U|»loa o( AH and CI>. 
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Again, bccauMO UK in Uio name miiltiplo of that 
MN iH of /7>, an<l tliat KX ii tlio same multiple of EB 
Uiai NP 18 of /7>, 
therefore UX i» the Kamo multiple 
of EB that MP 18 of FD ; I V. 2. 
tliat i», UX ami MP arc cquiinulU- 
plea of EB and Fl>. 

Ami becauHC A B in to BE uk CD 
is to DF. 

aufl Unit fiK and A AT arc eouiiiiiiU 
tinlcs of A B and f 7A and JfX and 
M/* are equiiiniltiplos of EB and 
FD. 

thereforoiffir A' l>o greater than HX. 

A AMk greater than AfP; and if e4|ual, 

CHiual ; and if less, lesui. (V'. /v/. 5. 
lUit if (ill l»o greater than A'A% 
then, hy adding the nunmon imig- 
nitmle //A' to lioth, OK is greater 
than NX ; 

Uicreforo idso LN i» greater tlian J 
and, W taking away the ctuniiion magnitude MN from 
lH»th, AAf is greater thiui NP. 

Thus if 011 1*0 greater Ihiui KX, LM is greater tlian NP. 

In like imuiner it may Iw Rhewn that, if OH be equal 
to KX, LM U equal l<i -V/* ; ami if lens, less. 

Hut frU and LM are any CHiuimultiples whatever of 
AE and ( 7* mid KX and NP are any oijuiumltiples 
whatever of EB and FD\ 

therefore A E is to EB as CF is to FD. (V. 6, 

Wherefore, if four mmjnHuiUM Q.E.D. 


\L'fmMtructwiu 


D 

4 


r 


c A c L 
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iakm thfff 

fWf «t/so Iki pf\worti<mai9 irA^n ftintfy; that is. \f 
ihs frit hi to t As 9Sr*md as ths third to ths fmrih. 
Jint ami ssronJ toffsther shali bs to ths ssetmd as thi third 
asui/omrth fcijPffAer to ths/ourth. 
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Let A E, ED, CF, FI) l>o i>ro|H>rlit»nal« ; that is, lot 
AE Ik> to ED UH CF in te /’/>; they simll also l>e proix^r- 
tiomils when taken jointiv ; that is. AD shall l>o to DE as 
CD is to DF. 

Take of AD, DE, f 7>, DF anv equimultiples whatever 
ail, UK, LM, MX , 

aful, niraiii, of DE, DF take iinv equimultiples whatever 
KO, Xl\ 

Then, because KO an»l XP are equimultiples of DE 
ami DF, ami that A7/ and NM are also equinniltiples of 
DE ami DF ; ( i '•f>tftru<'fu*n, 

therefore if AV). the inultitde of DE, Ik* greater than AVA 
whii'h is a multiple of the same ///.', then A7* l)ie multiple 
of DF is alM» grreater than -Vd/ the multiplo of the same 
DF: and if AV; he e<iu:d to A //, XP is equal XM i 
and if less, less. 

First, let K(f he not jrvealer than A7/ ; 
therefore XP is not greater than XM. 

And Immiuso 67/ and //A' U 

arc equiinnltiples of ,1// 
and DE, p • i-». 
and that AD is greaUT 
iJiafi DE, 

therefor** 67/ is greater 
than I/K . [V. Aru>}n ?>. 

hut is net greater 

than A // ; 

therefore 67/ is greater 
than Ko. 

In like manner it may 
l.»e sliewn Unit LM is 

greater tliim XP. C A C U 

Thus if A’O Ih? not greater 

than KII, tlum 67/. the tnultiplc of AD, i* alwajs greater 
Ouui A'O, tlie multiple <*f DE ; 

and likewise AM, tho multiple of CD, ki greater than NP, 
the multiple of DF, 
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Next, let KO bo greater thim KII\ 
therefore, aa has been shewn, NP is greater than NM. 

And because the whole Oil is the same multiple of the 
whole AD that JIK is of JiEy 

therefore the remainder OK is the same multiple of the 
rciiiaindor AE that OH is oi AH \ [V. 6, 

which is the same that LM is of CD. [Comiruetion. 

In like manner, iKH^atisc the whole LM is the same 
multiple of tlio whole f 7> that MN is of />/’ [Cmistruclitm. 

thoreforo the remainder LN is the same multiple of Uio 
renudtidcr CE that LM is of CD. [V. r». 

But it was shewn tliat LM is the same multiple of CD tliat 
OK is of A E. 

Therefore OK is tlie same multiple of AE that LN is 
of (T; 

tliat is, (7 AT and LN are equimultiples of AE CF. 

And because KO and NP are oquimulti{»lcs of HE and 
DF \ [Conifrtictum. 

therefore, if from A'O and NP there l>e taken AV/ and 
AW, which are also o<piimultiplc8 of HE and DF, [(Vnifr. 

the remainders HO and M P are cither equal to HE and 
DF, or are equimultiples of Uiciu. [V. e. 

Supfiose Uiat HO And MP 
are cNpud to HE and DF. 

Then, l»ocause AE is to ED 
as VF is to FD, (//vpoiAm». 
and that OK and LN are 
eqttimulU|dcs of A E and CF; 
therefore OKU to EDaa LN 
is to FD. [V. 4, tw. 

But HO is equal to BE, and 
MP is etiual to DF; IHj/p. 
therefore OK is to HOuLN 
UioMP. 
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Tlicrcforo if OK l>e greater than 7/0, LN is greater Utan 
MP ; and if oquiU, chjiuU ; and if loss, less. [V. A , 


Again, sapj^sc that 7/0 and MP arc equimnlUnles 
(if EIS and FJ), 

Then, V>ocau.so A E is to Eli 
as VF is to Fl} \ 
and that (iK and LN arc 
c‘t|uiiiiultiplcs of A E ainl f*/’ 
and no and MP are cqiii- 
inaitiples of EH ainl FI ) ; 
therefore if dE ho greater 
than 7/0, LN is greater than 
MP 1 and if cMped, equal ; and 
if less, less ; [V. H, 

which was likewise shown on 
the preceding supposition. 

Hut if on 1k) greater than A7>, tlien hy taking the com* 
moil magnitude AV7 from both, OF is greater than 7/0; 

therefore aIfM> 7>A’'is greater than MP ; 

and, hy adding the omiinon magnitude N"M to Indh, LM 
is greater th:ui AV*. 

'riius if on lie greaUr tlian A'O. LM is gTWiter tlian Ni^. 

In like manner it nmv he shewn, that if OH Ix) CNpifd 
to A77, LM is equal to AV*; and if less, less. 

And ill the case in which KO is md groaUT than AV7, 
it lias l>cen shewn that Off is always greater tiian KO, 
and also LM greater than A 7^ 

But 4? 77 and 7*M are any erpiimuUtfdcs wlmterer of Aft 
atxl €IL KO and NP are any 0 (|uimulttpIcs witmiorer 
of BE and BF^ 

tlicrcforo ^ is to BE as CD is to DF, [V. Ihfimitiiim 5* 
WheroforOi if magnitudi* he, q.e n. 


li 


ll~-9 
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PROPOSITIOK 19. THEOREM. 

If a while magnitmle he to a trhle a* a magnitude 
tah*n from the Jiret in to a magnitude taken from the 
other ^ the remainder thall fus to the remainder at the 
whole it to the whole. 

Let the wIjoIo AH Ik; t4) the whole CJ) an AE, a mapr- 
niltulc tJiken from All, is to ^’/Va tiKifniitiicle taken from 
f 7>; the remainder E/J Hhall Ih 3 to the remainder EE ha 
the whole All i« to the whole f 7>. 

For, hceaiUK} A H \a lo ("/> m A E in io 
CF, 

therefore, nlternatclv, AH in to AE as 
CDxnU^VF. ' [V. !♦;. 

Ami if inagiiittuleH taken jointly he pro- 
]N)rtional8, they are aho pro}K)rtionalH 
when taken M;|wrately; (V. 17. 

therefore EH in to AE as FP in to CF ; 
therefore, alternately, EH i« to FI> as 
AE U to r/’ [V. li». 

Hut A E is t4» < F as A H is to CD ; l//v;>. 
therefore EH is to FJ> as A H i» t<» 1 7>, [ V.l 1. 

AVherefore, (/'<i whole dtc. g.i;.p. 

<\)fioLt.A]tT. If the whole l.>e to the whole as a mag- 
nitiule taken from the first is to a ii)a;;nitudc taken from 
the other, the remainder sliall Ik' to the remainder as the 
magnitude taken from the first is to the magnitude taken 
from the other. The demonstnitiou is contained in the 
preceding. 


1 

y. 


c 


n D 


PROPOSITION £. THEOREM. 

If four magnitudet Iw ^»ro/»/>W#*ooifr, they $hall aim he 
proporiioHolt hy ronrertton ; that it, the frtt thall he to 
iit ejtottt abi>re the teeond at the third it to ilt ejrceu ohors 
the fourth. 

Let AH Ik; to HE ai CD is to DF: AH shall be to 
AEnMCDiBtoCE 



BOOK V, E, 20. 


1G5 


For, bocaiuo AB is to BE as CD is 
to DF \ 

tliercfore, by division, AE is to EH as 
CF is to FD\ [V. 17. 

and, by inversion, EH is to AE as FD 
is to CF. [V. n. 

Therefore, by coni{x>sition, AH is t4J AE 
as < 7> is to CF. [V. ih. 

Wherefore, iffour y.K.i). 



FROPOSITION 20. TUKORKyf. 

If th4^rt* he three tna(tnitu»leit. timf either three, irhieh 
hare the same ratio, taken tiro ami tit'K then, if the frst 
h* {treat er than the thirtl. the fat rth nhall tu tjreater than 
tlte sixth ; and if et/wtl. e*iual ; and if less. less. 

Let A, H. (’ he three mjij,njitiuies, and />, F. F other 
three, which have the s;iriie ratio takt*n (wo ttnd tw«) ; that 
is, let A be to H as /t is to F, mol hd H be to f ’ as F is 
to F: if A U* jjreatcr tliaii C, /> shall bo greater than F\ 
and if cqtud, iNiual ; and if less, less. 

First, let A l*o greater than C: D 
shall be greater than F. 

For, because A is gn utcr than C. aiul H 

is any other iiiagnilu<lc, 

therefore A has to H a greater mtic» than 

r lias to /y. (V. )». i 

Rut A is to B as D is to F\ j 

therefore D has to E a greater ratio than 

r lias to/;. [V 13 , 

And liocauiie B is to Cm E is to /’ {//»//>. ** ^ 

tliercfore, bv inversion, C Its Xjo B m F is y \\ 

toJP. IV.//. j 

And it was shewn that D lias to AT a I 

greater ratio than C has to /; ; 
therefore D lias to E a greater ratio than 
/’hasto/T; (V. C>r. 

tliercfore /> is greater than F. (V. lo. 
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Socondly, let A bo oc|ual to C : /> sliiill 

1)0 equal U) F. 

For, l)ecau»o A in equal to 6*, and B is any 
other iiiiq^uitudo, 

tlicrcforo A is to B as C is to B. [V. 7. 

But A is to B us 1 ) is t4) A’, 
and Cis to B as Fin to E, [/Ay/>. B. 
therefore /> is to F as F is to A’ ; [ V. 1 K 

and therefore /J is equal to F. [V'. u. 

Lastly, let A he less than C : D shall 
Iks less tliaii F, 

Fi»r C is g^reatcr than A ; 
and, as was shewn in tho first cose, (J is to 
B as F is t4) E ; 

and, in the same maimer, B is to A as A* is A B C 
to /J ; 

therefore, by the first case, F is greater 
than B ; 

tiait is, /J is less than F 

Wherefore, O' t hi' re three &c. Q.r..i\ 


I’ltOFOSlTIOX 21. TIIKORRM. 

If there }*e three vmrfnitittie$, ntul itther three, irkieh 
hnre the ennie Vitti k titk*'n ttc^> iih>t ttrr>, fmt in a rr>»t* 
ort/er. then (/' the fret t*e (rreafer thnn the third, the 
fourth thidl t*e tjreiUer than the sixth; and if eytwi/, 
etjmd; and (/* (ese, tes*. 

liOt A, B, t* Ih* three magnitudes, and />, E. F other 
Uiroe^ which have the minie nitio, taken two and two, but 
in a cross onier ; that U, let A Inyto B m E is to F, anti 
let B bo Ui C u» /> it in E : if A 1h> greater than F, l> 
tiiall bo greater than F\ and if equal, e<[ual ; and tf lets, 
less. 

First, let ^ be greater than C: D shall bo greater 
than F. 


D r. r 

I ! 
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For, bocftnse A in jnmier than Q 
and II is tuiy oUior magnitude, 

Uieroforo A haa to a greater ratio 
than V haa to B. [V. 8. 

Hut A iatoZ/aa^UtOjP; [fltjpothms. 

Uicreforo E has to E a greater ratio 
than C has to B. [V. 13. 

And bccauso /? is to C os /> is 
to Ef [//yjtotAesis. 

therefore, }>y inversion, C is to B as 
AMs to /A IV.//. 

And it was shown tliat E has to a 
greater ratio tliun C iias to B ; 

Uicrefore E has to /* a greater ratio 
than E lias to B ; [V. n, c V. 

therefore E is less than /> ; [V. 1 0. 

that is, /> is greater Unui E. 

Secondly, let A be o^jual \joC\ D 
shall bo e<iual to 
For, l>ecauHe A is ciiual to C* and B j 

is any oilier iiiagnituiie, | 

Uicrefore yi is hi B as C in to B, [ V. 7. A B 

But A is to // as E is to E ; ( //»//>. 

and C is to 7/ as E is h> // ; l/itfp. V. //. 
therefore E is Ui E as /; is to 7/ ; [ V. 1 1 . 
and therefore /> is eijual to E (V. 9, 

I.4istly, let yi )>o less than C: D 
shall l>e less Uuui F. 

For € is greater than A ; 
and, as was shewn in the 
C is to 7/ as A is to /> ; 
and, in the same manner, 77 b to ^ as 
/•istoA; 

therefore, by the first case, /*» greater 
than 7>; 

that is, 7) b Was than F, 

Wherefore, if then be thne ike. (itLX 


1 } K r 

1 I 1 
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raorosiTiON 2?. TirEonsM. 

Jf there he any nnmher of magnitvdeg^ and OJt many 
athfn, trhfch hare the fame ratio^ taken (tea and ttco in 
ordei% the firtl thall hare tn the fant of the fret nuuj- 
nitudef the tame ratio tehtch the Jir»t of the others hat 
to the loit. 

[Tl»i*i in uNually citc«I by the words fx crquali'l 

First, let there he throe inagriituilcs A, Ji^ i\ and other 
three J>. /v, which have tlie same ratio, taken two and 
two in t)nler ; that is, let A ho to // as /> is to /;*, and let H 
Imj t<» V ivf E in to /’: A sliall he to ('as D is to F. 

Taki* of A and /> luiy eoui- ^ 
mnlttploH whatever ti and // ; | j 

]uid of II and F ujiy c^iuiinul I ; 

tiplcH whatever K am I / ; j j 

an<l of ( ’ un<l F any eouimuh A <; 

tiples whatever M and ,V. 

1’iion, heeauso A is t<' B ns I> 9 ^ 

U to A’; [tt>i}*»)the.df, j i 1 

and that (* and // arc ecjui- i 

multiples «»f A and />, | i j 

nn«l A* nnd A e<|uimultiples of j j 

7/ ami A’; j ‘ » 

therefore G is to A’ as // is tt> 

A. [V. 4. 

For the same reason. A* is to M as L is to N. 

An«l Uvaiise then' are three niai^nitudes fr\ A' M. and 
other U»reo 77, A, i\*, which have the mnue ratio tidten two 
and two, 

tlierefoix* if (7 bo greater Uian A/, // is greater Uuui N; 
mid if e<ituU, ixiual ; and if less, lc)<a. [V, 20. 

But O and 77 are any e<|utiiiulti]iiea whatever of A and 7>, 
and A7and aV arc any c«iniiuult}plc8 whatever of (’and F. 

Tliercforo .4 U to Cas /) u ta E. [V. Ikimitum S. 

Next^ let tJbore lie fonr magnltiidc*, J, Bt i\ J>, and 


b K r 
H I. N 
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other four J?, Fy Gy //, which have the ~ “ ^ " j 

»aino ratio taken two ami two iu order; j A. n. < . 
iiaiiiely, let A bo to /i as A' is to F, and j K. F. (J, H. 

Ji to (/ as F is to (V, anti <’ to y> as * -- - * 

G is to // : A shall bo to /> as F Is to //. 

For, laHiause A, B, <’are three ina^nilntles, and F, G 
other tiiree, which have the same ratio, taken tw<i and two 
in (»rtler, ( 

tliereft»rc, the first ca«e, A is to <’ as F is to G. 

But is to /> as G' is t<i 7/ ; [/////i'ttArAjt, 

thcix'fore also, by the first case, A is to /> as F is to //. 

And St) on, whatever tn) tlic niiiidn'r <*f inajjnitutles. 

Wherefore, {/* /)<' o/zi/ fta/nhrr 6ic. g.K.n. 


ritoPosiTioK 23 . Tnt:oni:M. 

If ih^re In* nn\t maguitnde*^ ainf a$ fiuiny 

nihft'i, tr/n‘r/i futri' (hr stnn^' ratio^ hikru Hhti tir» in 
ft iii'fff't'y the jh'xt $hftU hnee f > the hift •>/ the ft'nt 

mftfjuituilef the $ittne Vfiti’^ which the jii'*t if the othen 
hi\$ to the fititt. 

First, let there be three iiKijfiiitudcs, A, II, (*, and ttlher 
three 7>, A\ F^ whit h have tlie same ratio, titkcfj two and 
two in u cross ttrdcr ; uhiik Iv. let A be to ti us F is to A’, 
and JI to V a.s IJ i.s t^) F : A shall be to C jih /> is t^i F. 


Take of Ay By F luiy 
c<iuininltiples whatever <7, 
//, K \ and of (\ F, F any 
eiiuiniulliples whatever Ly 
My y. 

Then because G and II arc 
04 tuimuUi]»les of A and //, 
and Uiat ma^itudes have 
the sanie ratio which their 
equimultiples have; [V. liJ. 

therefore ^ is to 77 as fr is 
to//. 

And, for the same reason, 
E 'x^Ui F HA M N. 


.V B i 
CHI. 
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But A is to as ^ is to 

E, {Hyptjthfiu. 

Tlicrufurc G is to 7/ os M 
istoiV, [V. 11. 

Aiul boc«auso 11 in to C 
as D is to K, 

and that // tuul K aro 
Ci]uimnltiplt‘s of H and />, 
and A and d/ aro o<iuiinul> 
tiplos of ( * and E\ [♦ 
tlicroforo H in to L iis K 
is to *4/. [V. 4. 

Ami it has itocn sliewn 
tliat (i is to 11 as M is 
to N. 


A B 
c: H 


t 

1 . 


h k t 

K M N 


'I’lum since tiicrc aro three ma^ndtudes O, If, L, anti 
other tliriH} K\ M, N, wiiich liuvo the siimo nitio, taken two 
and two in a cross order; 

thert*ft*ro if f/ Ik? greatiT than L, K is ^cater than N\ and 
if (Hjual, equal ; ainl if less, less. [V. 21. 

Hut G anti K aro any cquiiiniltiples whatever of A and />, 
and A and N are any cM)uitiiulti]>les whatever of C and F\ 
Uioreforo ,1 is to V as /> is to /. [V. IkAnition 6. 

Next, let tliere l>e four maKuitudos 

A, i\ /A and oUier four A’, /’ G, If. < — 

which Iwvo the same nitio, taken two ! A . H. ('. D. 
anti two in a crt>!w ortlcr ; immeir, let E. k. G. II. 

A lie t<» If as G is to //. *in«l fJ to f 7 

as E is to G, and (7 to i> as EiB to E : 

A shall la) to as 77 is to If. 

For, l>ocause A. //. C are three nu^itudos, and Gy H 
oilier Uireo, which have tlio same ratio, taken two and two 
in a cross onlcr ; [ /I^poUittu. 

therefore, by Uio first case, .4 is to C as Z' is to /A 
But C^'is to /> as iP is to JF ; (//jfpotAmt. 

therefore also, by the first case, A is to /) as JF is to //. 
And so on, whatever bo the uumbor of magnitudes 
Wheroforo, \f thm bt anjf mmmber &c. q.ejiw 
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PROPOSITION 24. THKOREM, 

If iht Jint hnr^ to the the eame tut! it* %rhieh the 

third tutt to the fourth^ amt the^tlh hare to the $rr(a»d 
the $ttme ratio which th** sixth has to the Jourth.^ then the 
Jirst amt h/th together shait hare to the second the $a$ne 
ratio which the third and sixth U^eiher hare to the fourth, 

L<?t .Hi tlio fir^t have to (' tho Hin oiul the Hame ratio 
which hE the thin! hiw t<» F the fourth ; aiul let Hti the 
fifth have to <' the m<h*oii<1 the Hjuiie ratio which FJt tln’ 
aixth han to /'the fourth : Ati, the firnt iUul fifth to^^ether, 
Khali have to C the w’ooiitl the aaiiie ratio which /^//, the 
Uiinl and nixth t4»j2:ether, han to /’the fourth. 

Fnr, I Hjcuu.se JiCi is hi f'lui FIl 
i.H to /', 

therefore, hv inversion, C is to /Ui 
a.s /’ i.s to aVA {V. R 

Ami liccausc AH is to C as I>K is 
to /', \f!)jfm,fhfsis. 

and f ' is to DO a« /’is to AVA; 
therefore, ex os|uali, AD is to DO 
Jis />A’is to A7A [V’. 22. 

Anti, because these ma^itudes are 
projKirtionuU, they are also jmijKir- 
tionnls when tiikeii jointly ; {V. 18. 

therefore AO i.s hi JtO ;ui />// is to A’i 
But DO is to V as Eli is to F ; 
therefore, cx letiuidi, AO is to 6’ as DJI is to /’. [V. 22. 

Wherefore, if t/ie jirst &c. q.e.p. 

CoaoLiJtRY 1. If the wmic hTisithcsis lio made as in 
the proposition, the excess of the first and fifth shall Ijo to 
the Hecon<i as tlie excess of Uio third and sixth is hi the 
fourth. Tlio denjoiwtration of this is the sanio as iliat of 
the proposition, if division l>c used iiisUtari of cr>fii{ss»Uion. 

CoROLtAET *L The proposition liohls Imo ^>f two ranks 
of magnitudes, whatever Iw their numlier, of which caidi of 
Uie first rank lias to the second niagidtude Uie same nitlo 
Uiat the correspoodinj^ one of the second rank kaa to the 
fourth magnitude; as It manRosL 


r 


IT 


V c B r 

{ll^ptithtsa. 
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1»R0P0SITI0N 2r;. TIFEORKyf, 

1/ four uf th* gtunf kind V proportion alitf 

the yrenteat and leant (>/ them tinjether nhall be greater 
t/uiu the other tiro tngrther. 

Let tlie four niu^rutudeji Alh (-IK To T ^>o propor- 
iiimiiU; luunely, let AH \h^ to ('/> a» L in to F\ and let 
All l>o the greiite?*t (»f them, and consequently /* the 
least : [V. V. 14. 

A 11 and /* together slndl he greater than CJJ and E 
togt‘thf‘r. 

'I’like All <'qual to E, and 
fV/ equal to /’ 

Then, heeause All is to CI> as 
E is to /’ f ////;- 

and that AG is equal to E, and 
(dl equal to /•’; [r'MK.ono 
theref*>re All is to (7> as AG 
is to fVA |V. 7, V. 11. 

An»l U'cause the whole A li is to 
the whole t'li \\a AG is to VU ; 
thert‘fore the remainder Gli is to the reiUJiinder II D tun 
the whole All is to the whole ClJ, [V, IS». 

Hut All is greater than 

thcrefort^ IIG is greater than Ell, [V, d. 

And iHJCaUvSe AG is i*4|U;d to E and Cll equal to F, {< W^r. 
Uien'fi^re AG and F together are ei[ual to Cll and E 
t4>goUier. 

Ami if to the unequal ma^itmles liG, Dll, <»f which 
liG is Uie grtrater. there l>o addcnl c^(iul magniimlet^ 
namely, AG and F to JUi^ ami Cll and E to Dll, Uicq 
AH and F together an^ grisiter than CD ami E together* 
Wherefore, \fjhur magaitudea &e, Q.E.D. 


n 


I i I ! 

A r K r 



BOOK VI. 

I»EK1X1TI0NS. 


1. SiwH.AR 
figurt'n arc thoj*e 

have tlu’ir scvenil ^ - 

each to e:wh. ari<l '' ' 

tlic JilMiJit the e<jaaJ ^ 

angles pn»(K)rti()nal{(. 

2. Kccipna-al figiiren, iiainelr, triangh-s aii«l (KiraJh:lo> 
gmnia, are stich iia have their wile» uinrut two of their 
uiigUii i»n>|M}rtiotuih in ttfu ii a rnaniu r, that a iii«le <if the 
first figvrt? is to a Mi<Ie of the other, as the reriiaitiitig si«Io 
of thU oUier m Ui the rentaitiiiig side of the firiit. 

3. A straight line is naid to Iks cut in extrt'tne and 
mean ratio, when the whole ia to the greater aegniettt aa 
Uie greater •cguient it U> Uie leaa. 


4. The altiiode of any figure U 
the atraight line drawn from iU rer- 
tex fteqieodicttlar to the UaiCL 


— 
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PHOPOSITION 1. THEOREM. 

TrU\ng\e$ and parath'htffrauiit (tf the iame altitiule are 
to one annthrr their 

liCt tlio triaiij'lc'H A ACD, nml the piiralleloj^injs 
EC\ VF Jmvo tlio winio hIUIikUn iiiunrly, the |K3riwmiiculur 
(Iniwti fnim tlie jMiiiit A to ///>: nn the hjwc BC in to the 
Imiw* (*J), w) Hhall the triangle A lit' he to the trhuiglo ^ CX>, 
nixi the (kiiriillelograin KC Ui the parallelograni (JF, 

Produce HI) Ijoth 
ways ; 

hike unv inunher of 
Htniight fines ltd, H //, 
each eiiuul to lli \ and 
any nutid>or of stniight 
lines i)K, KL^ each 
equal to ^7>; (I. :J. 

and join Ad ^ AIL A A', 

AL. 

Then, lH.‘cause C/L B(L all equal, Ww^rwr/kwi. 

the triangles AHi\ AdlL Alld are all equal. [I. 88. 

Therefc»re wlmtever multiple tlie Kase UV is of the lioso 
liV, the mime multiple is the triangle AHC of the tri* 
angle A HO, 

For the name reason, whateror inuUiplo the haso CL is of 
tlie Inise f7>, the same multiple is the triangle -If.X of 
Uie triingle AVI). 

Ami if the Uise liC lie cHjual to the base TA, the trianirlo 
A Hi' is etpial to Uie triangle /ff7. ; and if the liase tfC 
Ihs greater Ihtui the liase CL, the triangle AHC ia greater 
Uuui the triangle ACL ; and if less, less. (f. 38. 

Therefore', since Uicre are four nu^^llitadoa. namely, the 
two Wes IH\ Ci\ and the two triangles AllC, ACH; 
and of the Wo BC, and Uk* triangle AIif\ the 6 ml and 
Uio thinl, any etitiittmlti|iles whateTcr ItuTo been taken, 
nanielv, Uie Imso )i( * and the triangle A IfC ; and of Uio 
laise VB and the trtaiiglo ACIL the second and the ftairUi, 
any eiiuimuliiplcs whatever have l>eefi takeii« iiainety, the 
baao VL and tno tiiaitgle ACL ; 
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and «nco it has been shoTm that if tho baao IfC bo frroator 
than tho ba»o CLy tlio triangle vl//r ih grojiU'r Uuui tho 
trianglo AVL ; and if ecttiah e<iual ; aiitl if IcaH, lost) ; 

therefore as tJio Itoso IJC h to tho base CD, t)o is tl)0 
trianglo ABC to tho trianglo A(^D. [V. Drinitum fi. 

And, l)ocau80 tlio parallel) >gT»in CB h d)>\iblo of tho 
trianglo -4 /if ', and the panUlolograiu CK is double of tlio 
trianglo A CD; [1.41. 

and tlh'it magnitudes have tho aimo nitio which their cvpil- 
inultiples have ; ( \’. I.n. 

therefore the parallelogram BC is to the pur.illelngnini CB 
ns tlio trianglo A BC in to the triangle AC/K 

Hut it has l»ocn shewn that the triangh> A/i(^ is U» tho 
trianglo AVD as the Inise JiC is to the bitHo <*/> ; 
tliereforo the parallelogram B(^ is to the parullclognim CP 
as the base BC is to the b:wo CD. [V. 11. 

Wherefore, triatujli't Ac. Q i;.n. 

CoiioLiAUV. From this it Is idain that trhuiglcm and 
l»arallologranis which have e<iual altituiles, aru ta one an- 
other as their buses. 

For, let tho figures be phired so an to liavo their liases 
in Uio same stniiglit line, ami l<» In? on tho juune side of it ; 
and having drawn |M:?rjK*ii)iiculurs from tho vi^rtiiH's <»f tho 
triangles to Uio Ixiscs, tho straight lino which joins Uio ver* 
Uces IS [Mrallol to that in which their bases ore; (1. 33. 

liccauso Uic f>or|icndicubr8 arc lioUi opial and parallel to 
one anotlicr. [I. 'iH. 

Then, if the same comtructi)m U) ma<lo as in tho |>n>- 
poiiUon, the domonstratiou will bo Uie same. 

FUOPOSmON 2. TI/£OREM. 

If a sfraiVA/ line drawn pandU l fmt tf thui sip/rs 
ff a trianfflry it ifuUl cut (hr *4hrr fvLri, f*r (Hamt tides 
produce^iy prop*frtunudly : and if (hr iidety irr (hr tides 
pr^idueedy he rut pri^triumedly, (hr ttrai^hi line which 
joins the pfdnis qf trriirmy thaU be paraUel h ths rs- 
maimini; side qf iks 
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Let T)E 1)0 <lrawn parallel to JiC, ono of the sidoft of 
the triangle ABC ; Bi) bIiuII be to UA us CE is to EA, 



.loin ///;, ( D. 

ThcJi tlie triangle BDK is equal to the triangle CDE^ 
luTuuse they are on the Hame base Dll uiul between tho 
wuiie parallels DE, B(\ ( I. :J7. 

A ml ADE is another trhuigle; 

nml i*qual iiuignitudes have the same ratio to the jeimo 
nuignitude ; [ V. 7. 

therefore the triangle JiDE is to the triangle ADE as tho 
triangle CDE is t«» the triangle ADE. 

Hut the triangle BDK in to the triangle ADE as BD 
is to />* I ; 

Wause the IriangloM have the satue altitude, namely, tlio 
jK*r|>emlicular dmwn from /; to j/t, and tlierefore they are 


to one juiolher as their bases. [Vj. i. 

For the same rt'anim the triangle (’/fE is U) the irtaiiglo 
DE ns < 'E is AM. 

Therefore BD is to DA i\» CE is to AM. [V. ii. 

Xoxl> let BD 1h> to DA os CE b to EA, and join DE: 
DE ihidl Ih' iHkmliel to B( 1 

For, the Siiine construeti«»n Innng made, 
becauw BD is to DA as CE b to AM, 

and as BD is to DA, m u Uio triangle BDE to the 
triangle ADEt (V'f. i. 

ainl as CE is to EA so is the tmngle CDE to Uto imitgle 
ADE, [YLU 
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thcrcfaro ib© triaDglo BDE ih to the irianglo Al>E m the 
triangle CDE is to the triaiiglo A 1>K ; I V. 1 1. 

that i«, tlic triangles BJ)K and CDK have the same ratio 
to tlie triangle Al>E. 

Tliercforo the triangle BDR w equal to the triangle 
vm:. IV. i». 

And these triangles arc on the same Iwuje BE oinl on the 
Kiinic side of it ; 

hut equal triangles on the sanie base, and on Uio same side 
of it, are l>ctweeii the sjime parallelM; (I. 31*. 

therefore I>E is parallel to 

Wherefore, if a tt might iin^ Ac. q.k.d. 


rUUPuSiTlON 3. TllEOUKM. 


ff the rertical atigfe if a triangle Ih» bitec/eJ bi/<r »frah/ht 
line whirh aU i cut* the fniMe, the et-gmenfi of the bate thall 
ham the tame ratin irhieh th*' •*Mer ti^let >»f tin triangle 
hare ta one atv^ther ; anti if the tognu nl* t f the hate ham 
the mme rati'* ^rhieh the other titles *>/ the triangle hare to 
one another, the straight line dratrn jr an the rerU'JC to the 
point of seeth/fi shall t>ise<’t tin' rertieal angle. 


Let AtU* Ik* a triangle, and let the angle HAl^ l»o 
hisccUMl hv the Htniight Iiik* Ah. A%hi4li meets tlie base at 
D, IU> shall Ih? to hf isA BA U to AV. 


Thrruigli f ' draw t 'E 
parallel to /M, 11. 31. 

and let BA produced 
meet VEvkX. E. 

Then, iHJcaos© Uie 
straight line At* nie< U 
the jarallcls -f//, Et\ 
the angle ACE U oqii.il 
to Uie altcmalo angle 
CAD. 

but Uio anglo CAD is, bj 
BAD\ 



lijrfKrUieais, ojita! to tb© ani^lo 


UiereCm the anglo BAD b equjil to the otiglo ACE, (dx. L 


12 
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AgYiin, liecfiusc the 8traight line BAE meets the |:^rallels 
AD, EC the exterior angle BAD is equal to tlio interior 


and <}p[)OHito angle AEV\ 
but the angle BA D hiis 
been hbewn equal to the 
luigle A (*E ; 
thcrehire the angle ACE 
is equal to the angle 
A EC; 1. 

and therefore Af is 
equal to yl/i. n« 

And, lK.Tan.He A /> is 
pantllel to E(\ 
one of the hidcH of the 
triangle Bf'E^ 

therefore B/f is to DCua BA 
but 4*1 E is et^ual to A f ' ; 
Ujorefore JUf is to DC ixa BA 


(I. 2y, 


K 



istoJA; [VI. 2. 

isU>J(/. [V. 7. 


Next, let B/> bo to /X'a.n BA is to A(\ and join A />; 
the angle /yJC’ shall It biseeUnl bv the straight line -!/>• 
For, let the same construction Ihj made. 


BJf is to />(' Its BA is t<i A('; [f/yfHXhfsU. 

and B/> is to D(Aih BA to .lA', [VI. 2. 

Inrause AD is (landlel to AV; [r^mjifrM<*o'<v«. 

thereforo /A< Is to Jf’as BA is to AE ; [V. ll. 

therefon* AC is csjual to AE; [V. 0. 


and Uicrcfore the angle .1 EC Is C4]ual to the angle A CE, [1.5. 
But Uie angle A AV * is is jiud to the ex torior angle BA />;[!. 
and Uie angle A i '£ is cH|ual to the alteniatc angle ( VI />;[!* 29. 
therefore the angle BA D is c<jiul to the angle CA D ; [Ax, I . 
that is^ the angle BAC Is bisected bv Uic straight line AD, 
Wherefore, 0 f he rerticai an^^ie 6 lc. q e . d . 
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PttOPOSlTlON A. TIIEOnnM. 

If thf ejrterhr awjle (f a triangt4% madi^ }*y priximdng 
our of Hit hr hhertrd hp a ft might linr trhirh alito 

rut* thr bfm* produrcd, ihr grgutrnt* h’ttrrru thr di riding 
gtraight Unr and thr rxtrnuitirg tf thr htjtr nhad hare t/w 
samr ratio trhirh thr ofhrr gidr* of thr trianglr Jutrr to 
our another,' and if the gegment* <g' thr tnur pr^niuerd 
hare the git me ratio irhirh thr other iidrg tg' thr triangle 
hare to one another, thr giraight line tlratrn fnan the 
rerlrx to the point geetion ghall higert the exterior angle 
of the triangle. 

Let .l/yr l»o a triaiij^lc, nml let one of iU M<leii IL t l>o 
itroiluml to A’; and let the exteric»r nn^^de t’All Ih> 
lUAi'eted l>y Uie Htniiglit lino A l> wlm li nu*eU the Immo 
I«nKlucod at I) ; HD ^lail Ikj to DC n» HA is to A(\ 
Throuj,'!! dniw ('F 

Itarallcl to AD, [I. 31. |. 

mectinjj AH at F. V 

llieii, iKTaiwc tho 
Htraiji^lit lino At I mceU 
the immllelH /V, tUo , 

angle vl^ in coual l4» tho ^ ./ 

nlteniateangleC 1^ 

hut the angle CAD in, by b^'jwtheiiiH, e<jiial t<i tho anglo 
DAF, 

therefore Uic angle DAE m fy{U 2 tl to the angle .If 7’. f J a J. 

Again, bocaime tho ntraight line FAF iinwU the? {KintlleU 
AD, F(\ Uic cxU?rior angle DAF in e<jnal to the interior 
and opposite angle AF<* ; 1 1 ■ 

Irtit the angle DA E has liecn shewn CM|ual to tho angle A CF\ 
therefore the angle ACF is e<|uaJ to Uio angle AFC^ \Ag. 1. 
and therefore AC is c<jttaJ to AF. f L 

And, l>ocauso ADvk |rAralle<l to FC* [C^rtutrwmm. 
one of the sides of the triangle BCF ; 
therefore BD is to DC as BA i$ to AF ; (VI. 2. 

bat A F is equal to A C ; 

thmfore BD is to DC as BA is to AC. {T. 7. 

12--2 
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Next, let BT> bo to DC 
as BA is to AC \ and join 
AD: the exterior angle 
CAE shall be bisected by 
the straight lino AD. 

For, let the same con- 
struction be made. 

Then BD is to DC ns BA 
is to A <J ; [IhjpothaU. 

and BD is to DC as BA is to JF ; [VI. 2. 

therefore BA h to AC as BA is to AF; [V. 11. 

therefore AC is equal Ui A F, [V. 9. 

and therefore the angle A CF is equal to the angle A FC. [1. 5. 
But the angle A FC is equal to the exterior angle DA 29. 

and the lu^glc A is equal to the alternate angle CA />;[!. 29. 

therefore tlie angle CAD is equal to the angle DAE; [Ax.l. 
that is, the angle CA E is bisected by the straight lino AD. 

Wherefore, if th^ exterior angle &c. q.e,i>. 


morosiTiox 4. theorem. 

The sides altoui the equal angles qf triangles frhich are 
equiangular to one another are pr(qy*rtionals ; and those 
frhieh are optumte to the equal angles are fomKd**g<ais sides, 
that is, are tw antecedents ot'the consequents of the ratios. 

Let the triangle A BCXm equiangular to the triangle DCE, 
having the angle A BC eqwal to Uie angle DCE, and the angle 
ACB equal to the angle DEC, and consequently tlic angle 
BA C cHiual to tlio angle CDE : tue sides about the (^ual angles 
of Uie tnangles A Bi \ DCE, 
shall bo promrtionals ; and 
those sliall l>o tlie homolo- 
gous sides, which are oppo- 
site to the equal angles. 

Let the triangle DCS 
be placed so that its side €E 
mar bo contiguous to BC, 
and in the same straight 
line with it [L 22. 
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Tlion tho angle BCA is eciuid to the angle CED \ Vlyp, 
add to each the angle ABC\ 

therefore the two angles ABC^ BCA are equal to the two 
angles ABC^ CED ; 2. 

but tho angles ABC^ BCA are together less tlian two 
right angles; [1.17. 

tlioroforo tho angles ABC, CED are together less than 
two right angles ; 

therefore BA and ED^ if produced, will meet. [AxUm 12. 
Let them be produced and meet at the |)oint F, 

Then, because tho angle ABC is equal to tlio angle 

DCEf [ /Jf/jiOiheitU. 

BE is jMirallel to CD ; [I. 28. 

and bemuse tho angle A CB is equal to tho angle DEC^ [//yp. 
AC Is parallel to EE. [1. 28. 

Therefore FACD is a parallelogram; 
and Uicrefore^li'’i8eqixal to6’/>,audyi f/ists^ual to FD, [1. 34. 
And, because AC is parallel to FE^ one of tho sides of 


tho triangle FBEy 

therefore BA is to AF va BCis to CE\ (V^l. 2. 

but AF is equal to CD ; 

therefore BA is to CD as BC is to CE ; [V. 7. 

and, alternately, AB is to BC as DC is to CE, [V. lO. 
Again, becau.He CD is {larallel to BF^ 
therefore BC is to CE sw FD is to DE ; [VI, 2. 

but FD is equal to ylC; 

Uicreforo BC is to CE as ^(7 is to DE ; [V. 7. 

and, alternately, BC is to CA as CE is to ED. [V. lO. 


Then, l>ecause it has l>ccn shewn that A B into BC as DC 
is to CEy and that BC is to CA as CE is to ED ; 
therefore, ex requali, BA is to AC as CD is to DE. [V. 22. 

Wherefore, i)ie $ide9 dtc. q.e.o. 

PROPOSITION 5. TBEOREM. 

If ike eidee of two triangfee, abffUt eaeh tjf their angU$^ 
he proportionalt, the trmnglee ehall be equumgular to one 
another^ and ehaU tuiee thoeeangUe equal vchichareoppoeiu 
to the honvologom eidee. 
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Lot the triangles ABC, DEF have their sides propor- 
tional, so that AH is to HC as DE is to EF\ and EC to 
CA as EF is to FD \ and, couseaueutly, ex aecpiali, BA 
to AO im ED is to />/’: the triaiiglo ABC sliall be equian- 
gular to the triangle DEF, and they shall have those angles 
equal which are opi»osite to the homologous sides, naincly, 
the angle A Hi- etpial to the angle DEF, and the angle 
EC A eonal to the angle EFD, and tlio angle BAO eciual to 
the angle EDF. 

At the point E^ in the 
straight line EF, make the 
angle FEO equal to the angle 
AIiO\ and at the ]K>int F, in 
the straight lino EF, make the 
angle EFQ equal to the luiglo 
HOA\ [1.23. 

therefore the remaining angle 
RdF is c<|uul to the remain- 
ing angle HAC. 

Therefore the triiuigle ABC is equiangular to the triangle 
and therefore they have their sides opposite to the etinal 


angles proiwrtiunals ; [V'l. 4. 

therefore AB is to BCm CUE is to EF, 

JJut AB is to BO as DE is to EF: [njfpothesia. 

therefore DE is to EF as GE is to EF ; [V. ll. 

therefore DE is equal to GE, [A^. 9. 


For the same reason, DF\& e<|ual to OF. 

Then, because in the two triangles DEF, GEF, 
DE is cHpuil to GE, and EF is common ; 

the two sides DE, EF are equal to the two sides GE, EF, 
each to each ; 

and tiio base DF is equal to the base GF ; 
iborefore the angle DEF is equal to tlie angle GEF, [I. 8. 
and the other angles to tlie otlier angles^ each to each, to 
whidi the equal sides are opposite. [1. 4. 

therefore Hie an^le DFE is equal to the angle OFE, and 
Uie angle EDF is equal to the angle EOF, 
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And, because the angflo T>EF is equal to the angle OEF^ 
and the angle OFF is equal to the angle A/it\ 

therefore the angle J//(* is equal to the angle/) AY'. [Ar, 1. 

For the same reason, the angle ACB is equal to tho angle 
DFE^ and the luiglc at A is equal to the angle at /). 

Therefore the triangle A UC is equiangular to tho triangle 
IJFF. 

Wherefore, i/UteituEsiic. q.k.d. 


PROPOSITION 0*. TBf:0RKAr. 

If two (rianijit s har^ one angle nf' the one equal to one 
angle of the other, and the »ides ahnut the equal angled 
proportionah, the triangles shall l>e equiangular to ona 
another, and shall hare those angles equal ichieh are op-> 
posite to the hoin<>l<ig ats sides. 

Lot the triangles AIK*, 1>FF have tho angle BAC in 
the one, equal to the angle EKF in thtj other, and the 
sides alM)ut those angle.s j»ro|MU*tioiials, nann lv, liA to A(! 
as El) is to I)F\ the triuiigle AIK* shwW he equiangular to 
the triangle I>EF, and shall have the angle A IK * eqiml to 
the angle l)EF, and the angle A ( *H cqurd to the angle DFE, 

At the |H>int />, in tho 
straight line 1)F, make the 
angle FIXi e^iiuil to cither / \ 
of the angles BA <*, EOF \ / \ 

and at tho ]H>int F, in the / 
straight line DF, make 

the angle UFH equal to i 

the angle ACS; (1. ;i3. B 

Uicrefore tiie rcmaiuiitg an{;lc at G in oiuul tu tbe remain- 
ing angle at IJ, 

Therefore the triangle A DC i-H Ofiuiangular to Uic trianglo 


DOF, 

therefore BA is to -40 as OD is to I)F, [VI. L 

But BA is to -4 C as ED is to DF ; {KgpothnU, 

therefore ED is to DF as 6 '/) is to DF ; [ V. 1 1 . 

therefore ED is equal to GD, [V. k 
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And DF ifl common to tho two triangles EDF^ OEF\ 
tlioroforo the two sides ED^ DF arc c<iuaJ to the two sides 
QDy DFf each to each ; 
and tho anglo EDF is equal 
to the angle GDF\ [C’biw'r. 
therefore tho base EF is 
equal to tho base GF^ and 
the triangle EDF to tlio 
triangle GDF^ and the re- 
maining angles to the re- 
maining angles, each to each, 
to whidi the equal sides are 
opiKwito ; 

therefore tho anglo DFG is equal to tho anglo DFE^ and 
tho anglo at G is tviual to the angle at E, 

But tlie angle DFG is c<|ual to tho angle ACB\ [Cmatr. 
therefore tho angled 67/ is c<|ual to the angle DFE^ 1, 
And tho angle ILiV is e(|ual tothcmigle /iV//’; 

Uiorcforo the remaining angle at i/ is ctjual to tho remain- 
ing anglo at E. 

Thoreh>re tho triiuiglo ABC is equiangular to tlio triangle 
DEF, 

Wherefore, ff tte*) triangles &c. q.e.p. 
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PnOPOSITION 7. TJJBORE}/. 


Jf two trianfih^^ han^ one an{rfe of the one equal to one 
angte of the other, amt the eiites aboiU two other angle* 
ptvportiniiah ; iheti, (/* each tf the remaining anglet be 
eit/ier /«#, or not lee$, than a right angle, or %f one of 
them he a right angle, the triangle* ehall fv ev/uiangular 
to one amither, and shall hare those angle* equal about 
which the tide* are pro/Hirtiomils. 


Lot Uie triangles ABC, DEF hare one angle of tlio 
one equ^ to ono angle of the other, namclv, the anglo 
BA C equal to tho angle EDF, and tho sides abi>at two 
oUicr angles ABC, DJSF, proportionals, so that AB is to 
BC as DE is to EF ; anci, first, let each of tho renmiihig 
angles at C and F be loss than a right anglo: the triangle 
ABC shall bo equiangular to the triangle DEF, and shall 
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have the angle ABC cqnnl to ilio angle DBF, and the 
angle at C equal to the angle at F. 

For, if the angles A BC^ 

DEF be not o<|ual, one of 
them must bo greater than 
the other. 

Lot ABC bo the grcator, 
and at the |x>int //, in the 
straight line AB^ tiiako the 
angle ABC tviual to the angle DEF. [I. 2:5. 

Then, because the angle at A is e<|ual to the angle at />, f //»/;>. 
and the angle ABG is equal to the angle DEF^ 

therefore the rcmiaining angle AOB is equal to the ro< 
maiuing angle DFE\ 

therefore the triangle ABG is equiangular to the triangle 


DEF. 

Therefore ABkio BG as DE is to EF. [VI. 1 

But AB is to BC as ])K is to EF\ 
therefore A B is to JiC as AB \aU) BG ; [V. 11. 

therefore BC is equal to Ji(r ; [V. p. 


and therefore the juigle BCG is cH|ual to the angle BGC. [I. r». 

But the angle BCG is less than a right angle ; [/////<. 

tliereforc the angle BGC is less than a right angle ; 
and therefore tlic adjacent angle AGB must be greater 
than a right angle. [1. ri. 

But the angle AGB was sliewn to l>e eqtuU to the angle 
at F\ 

therefore the angle at F is greater than a right angle. 

But the angle at F is less tlian a right angle ; [Ui/j^>ihuU, 
which is absurd. 

Therefore the angles ABC and DEF ore not unequal j 
that is, they arc e<|ual. 

And the angle at A Is equal to the angle at />; [//ffpothfsu, 
therefore the remaining angle at 6' is ec|ual to the remain^ 
ing angle at F ; 

therefore the trianglo ABC is equiangular to the triangle 
DEF. 
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Next, let each of the angles at C and F be not less 
than a right angle : the triangle ABC shall bo equiangular 
to the triangle DEF. 

For, the same con^ 
striiction being made, 
it may be shewn in the 
same manner, that BC 
is equal to BC ; 
therefore the angle 
BCa is c«iual to the 
angle BiH'. [I, 

But the angle BCC is not less than a right angle ; [IhjjK 
therefore the angle BfJ('is not less than a right angle; 
that is, two angles of the triangle BCG are together not 
less than two right angles; which is iiniK)S8ible. [f. 17. 
Therefore the triangle ABC may bo shewn to bo equi- 
angular to the triangle l>Eb\ as in the first case. 

Lastly, lot one of the angles at C and F bo a right 
angle, namely, the angle at T: the triangle ABC shall bo 
equiangular to the triangle DEF. 

For, if the triangle A B{ ' 
be not equiangular to the 
triangle DEF^ at the [Kiiiit 
//, in the straight lino AB, 






D 







make tlie angle ABG equal 
to the angh DEF. [I. 

Then it may bo shewn, as 
in the first Ciise, that BC 
is equal to BG ; 
therefore the angle BCG is 
e<iual totheanglo BOC. [1. 5. 

But tlio angle BCG is a 
right angle: [f/t/pothatis, 

therefore the angle BGC 
is a right angle ; 
that is, two angles of the triangle BCG are together equal 
to two right angles ; which is iuqiossiblc. [1. 1 7. 

Therefore the triangle ABC is equiangular to the triangle 
DEF. 

^Yhorcfore. if two trianttltM &c. q.e.d. 
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PROPOSITION 8. TnE0nE3f. 

In a right-angled triangle^ if a perpendicular he draftn 
from the right angle to the haae^ the triangles on each side 
of it are similar to the echoic triangle^and tonne another. 

Let ABC be a right-angled triangle, having the right 
angle BAG; and from the |)oint A, let AD bo drawn i>er- 
{>endicular to the base BC: the triangles DBA^ I) AC 
bhall be similar to the whole triangle ABC\ and to one 
another. 

For, the angle BAG is equal 
to the angle BDA^ each of the!ii 
being a right angle, [Axiom J 1. 
and the angle at B is common to 
the two triangles ABG^ DBA ; 
therefore the remaining angle 
AGB is etiual to the remaining 
angle DAB. 

Therefore the triangle A BC is equiangular to tlie triangle 
DBAf and the sides about their equal angles are propor- 
tionals; [VI. 4. 

therefore the triangles arc similar. [V'l. Ikfinituni 1. 

In the same manner it may be shmvn that the triangle 
DAG is similar to the triangle ABC. 

And the triangles DBA^ DAG l>cing l)oth similar to the 
triangle ABG^ are similar to each other. 

Wherefore, in a right-angled triangle &c. Q.K.n. 

Corollary. From this it is manifest, that the iKJiqicn- 
dicnlar drawn from the right angle of a right angled 
triangle to the l>asc, is a mean proportional between the 
segments of the base, and also tnat each of the sides is a 
ineiin i>roix>rtional iKjtwecn the base and the segment of 
the base adjacent to that side. 

For, in the triangles DBAy DAC, 

BD is to DA as DA is to DC\ [VI. 4. 

and in the triangles ADGy DBAy 
BC is to BA as BA is to BD ; [VI. 4. 

and in tlie triangles ABC, DAC^ 

BC is to CA as is to CD. 



[VI. 4. 
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PROPOSITION 9. PROBLEM, 

From a gitm straight line to cut off any part required. 

Let A D bo Uio given straight line : 
it is rociuired to cut off any part from it. 

From the point A draw a straight 
lino ACy making any angle with Ali\ 
in AC take any point 7>, and Uikc A C the 
same multiple of Al)y that All is of the 
part which is to bo cut off from it ; join 
BCy and draw I)E jiarullol to it. AE 
sliall bo the part rcnpiircd to be cut off. 

For, because ED is parallel to 7i(7, [Comtruction, 

one of the sides of the triangle ABCy 
Uiorcfore CD is to DA tis BE is to EA ; [VI. 2. 

and, by comi)osition, CA is to AD as Bxi is to AE, [V. 18. 
But CA is a multiple of AD ; 

therefore BA is the same multiple of AE\ [V. 1>. 

that is, whatever part AD is of AC, A E is the same pai-t 
otAB. 

Wherefore, /rom the gieen straight line AB, the part 
required has been cut off, q.e.f. 

PROPOSITION 10. PROBLEM. 

To dieidc a gieen straight line similarly to a given 
divided straight linCy that iSy into parts trhich shall hare 
the same ratios to one another, that the quarts of ihs given 
dirideii straight line have. 

Let be the straight lino given to be divided, and 
AC tho given divided stmigbt lino: it is rci|uircd to divide 
AB simOarly to AC. 

liOt AC hn divided at Uio points 
D, E\ and lot AB, AC bo placed 
so as to contain any angle, and join 
BC\ througli tho iK>int D, draw DF 
p^lel to BC, ana through tho point 
JS draw EG {Kirallel to BC. [I. 81. 

AB sliall be divided at the points 
F^ G, aimilaily to AC. 
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Through B draw DIIK parallel Ut AB, [I. 31. 

Then each of the figures /7/, IIB is a piirallelogmni ; 
therefore Bills equal to FG, and UK is equal to GB. [1. 84. 
Then, because HE is parallel to K(\ [Corntructum, 

one of the sides of the triangle DKC^ 
therefore KH is to HB as CE is to EB, [VI. 2. 

But A7/is equal to BG^ and HI) is equal to GF\ 
therefore BG is to GFx\» CE is U) EB, [V. 7. 

Again, because FI) is iwrallel to GE^ [Comtmetion. 
one of tlic sides of the triangle AGE^ 
therefore GFls to FA as EJ> is to DA, [VI. 2. 


And it has l>con shewn that BG is to GF as CE is to ED. 
Therefore BG is to GF m CE is to ED^ and GF is to FA 
as ED is to DA. 

Wherefore th^ girm straight line AB i» ditided fimi- 
larly to the giren dirided straight tine AC, Q.E.F. 

rJlOPOSITION 11. VROBLKM. 

To find a third pr(»portional to two giren straight lines. 

Let AB, AC b(! the two given straight lines: it is re- 
quired to find a third pnqHirtional to A Ji, AC. 

Let AB, AC bo placed so 
as to contain any angle ; produce 
AB, AC, to the points />, E\ and 
make BD equal to AC \ [I. 3. 

join BC, and through D draw/>A’ 

Iiarallel to JJ6’. [1.31. 

CE shall Ihj a third projwrtional 
to AB, AC. 

For, because BC is parallel to BE, 
one of the sides of the triangle ABE, 
therefore AB is to BD as AC is to CE ; 
but BB is equal to AC\ 
therefore AB is to AC as AC Im to CE. 

Wherefore to ths two gir^ straight lines AB, AC, a 
third proportional CE is found. 



[Cofutruetum, 


rVL2. 

[Construetian, 

[V.7. 
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PliOPOSITION 12. THEOREM. 

To find a fourth proportional to three given straight 
lines. 

Lot /?, C be tlio throe given straight linos: it is 
required to find a fourtli projiortional to A, C. 

Take two straight lines, 

DE, J}Fj ciuitiiniiig any an- 
gle EJJF ; and in these inako 
7>0' equal to Ay (IE equal to 
By and Dll c<iual to C\ [I. 3. 
join Oil, and through E draw 
EF parallel io Gil. [1.31. 

HF shall bo a fourth proiior- 
tional to Ay By C. 

For, because GH is parallel to EFy [Construction. 

one of the sides of the triangle DEFy 
therefore DG is to GE as DU is to JIF. [VI. 2. 

But DG is o(iual to Ay OE is equal to By and Dll is 
equal to C ; [Coywfntrfion. 

therefore A is to // as C is to HF. [V. 7. 

Wherefore to the three giren straight lines Ay By Cy a 
fourth proportional II F is found, q . k . f . 



PROPOSITION 13. PROniEM. 

To find a mean proportional heitreen tiro gieen straight 
lines. 

Ixst A By BC be tlie two given straight lines: it is 
required to find a mean pro|K)rUoiud between tlieui. 

Place -'1 By BO in a straight 
lino, and on AC describe the 
semicircle ADC; from tlio 
poiut B draw BD at right 
angles to AC. [1. 11. 

BD shall bo a moan propor- 
tional between AB ana BC. 
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Join -42), DC. 

Then, the angle ADG^ being in a semicircle, is a right 
angle; [TIT. 81. 

and because in the right-angled triangle ADC^ J)B is 
drauTi from the right angle |)cr{)endicuhir to the base, 
therefore DB is a moan proi)ortional between A By BCy 
the segments of the base. [VI. S, VoroUary. 

Wherefore, between th4 ttro given ft might Unct A By 
BC\ a mean pngyortional DB is/vutuL q.k.f. 


PROPOSITION 1 1. rUEOllEM. 

Equal parallelograms whieh hare one angle *if the one 
equal to one angle of the o/Ae;*, hare their sides at^ail the 
eqiuil angles reei/tr<M'alh/ prop' a'tii and ; and parallebt- 
grams whieh hare one angle of the one equal to (ate angle 
(f the other, and their sides alfouf the equal angles reei- 
procally proportional, are equal to (ate another. 

JjCiAB, BC ho e<jiial p;irallelogrsiTnH, whicli have the 
angle FBD CKpial to the angle EBO : the siiles of the 
fKirallelograms about the c<|ual angles shall Imj reeiprc>cjilly 
] proportional, that is, DB shall be to BEJ Jis (HB is to BE\ 

Lot the iionillclogranis l>o 
placed, BO tfiat the sides DB, 

BE may bo in tho same 
straight lino ; 

therefore also FB, BG arc in 
one straight lino. [ f . 14. 

Complete the parallelogram 
FE. 

Then, becauBC tho parallelogram AB is equal t/> tho 
panUlelogram BC, [Hypothesis, 

and that FE is another parallelogram, 
therefore AB is to FE as BC is to F^E. [V. 7. 

But AB is to FE as the base DB is to the Ixiso BE, [V 1. 1. 
and BC is to FEm the base GB is to the base BF; [VL L 
therefore DB is to BE as GB is to BF, [V. 11, 
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Next, let the angle FED bo eaual to the angle EDOy 
and let the Bides about the equal angles be reciprocally 
proportional, namely, DE 
to EE as GE is to EF: 
the parallelograni AE shall 
bo equal to the parallelo- 
gram EC, 

For, let the same con- 
struction l>o made. 

I'hon, l>ecaii 80 DE is to EE 

as (7^ is to EFy [Hiipothe^is, 

and that DE is to EE as the i)anillclogram A E is to the 
parallelogram FE, [VI. 1. 

and that GE is to EF as the parallelogram EC is to the 
parallelogram /Vit' ; [VI. i. 

therefore the panillelograra AE is to tlio parallelogram FE 
as the iwirallelogram Et* is to the parallelogram FE \ [V. 11. 
therefore the parallelogram AE is equal to the parallclo- 
gnun EC. [V. 0, 

Wherefore, paraUelogram9 &c. q.e.d. 


PROPOSITION 15. THEOREM. 

Equal tnau(flc9 frlttrh hare one angle of the one equal 
to one angle qf the other y hare their eaiee (UnnU tfkC equal 
angles recipmeally prrqxprtional ; and triangles which 
hare one angle of the one erpnil to ofte angle of tluf other y 
and their sides almut the eqmil angles reciprocally pro* 
portionaly are equal to one another, 

I.»ot AECy ADE bo e<pial 
triangles, inrhich have the angle 
BAC oqiud to tlie angle DAE: 
the sides of tlie triangles about 
the eqtud angles shall bo reci- 
procally pro|iortional ; Uiat is, CA 
shall be to as EA isioAB, 

Lot the triai^los be placed so 
that the sides CAy AD may be 
in the same straight line^ 
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therefore also EA, AB are in one stniight line; [1. 14. 
join JSD, 

Then, because the triangle A /SC is c<)ual to the trian- 
gle [//rjMt/icsuf. 

and that ADD is another triangle, 
therefore the triangle A ISC is to the triangle AIST> as the 
triangle ADE is to the triangle AISI>, [W 7. 

But the triangle AJS^.' is to the triangle A IS I) as the base 
CA is to the base A/f, " [N'l. 1. 

and Uio triangle A I>E is to the triangle AISl) as tln^ baso 
EA is to the base AIi\ tV'I. 1. 

therefore CA is to A I) as EA is to A IS. [V. 11. 

Next, let the angle ILiC l»c Ofinal to the angle DAE^ 
and let the sides Jilxmt the equal angh'S be reeiprocally 
proiKirtional, naiuelv, <\{ to AI> as EA is to AE: tho 
triangle A ISC shall l>o o<|ual to the triangle ADE, 

For, let the same construction bo made. 

Then, becau.^c ('A is to AD as EA is to A IS, 
and that (\\ is to AD as tho triangl.) AtW is t4> tho 
triangle A ISD, [ V' 1 . 1 . 

and that EA is to A IS us the tri.ingle ADE is to tho 
triangle [VI, 1. 
therefore the triangle AH*' is to the triangle AISD as tho 
triangle ADE i.s t4> the triangle ADD; [V. ii. 

therefore the triangle A /^^'iserpial to the triangle .<1 /> A*. [ V , y, 
'Wherefore, cfjtutl Irianglcn &c. 


PUOrOSITION 16. TUKOHKM, 

If four Mtraight linrtt be prop^/rtionnh, the 
eofitaineil by the e.rtremejf in eynnl to the rerianyle am- 
tained by themean»; and if the reetnngte rontnined by 
the* extreme* Ite eywd to the rerfnnyfe cnnUiined by tho 
meanSy the four itraighi line* are prigxjrtionali. 
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Let the four straiglit lines A CZ>, E^ F, bo projwr- 
tionals, namely, let A H bo to CD as E is to F : the rect- 
angle contained by AB and F shall bo equal to tho rect- 
angle contained by CD and E. 

From tho points A, 

C, draw A G, Oil at riglit 
angles to A B, CD ; [ 1 . 1 1 . 
make A(r equal to F, and 
67/ equal to ; (!.;{. 

and c<implete the paral- 
lelograms BG, Dll. 1 1 .‘J 1 . 

'J'hcn, because A B is 
to CD as E is to [/////>. 
and tliat E is equal to 
67/, and F is e<iual to 
\C<mi(tru('(ion. 

therefore AB is to CD as 67/ is to A(* ; [V. 7. 

that is, the sides of the ]mrallclogranjs //</, DIf about tho 
equal angles are rcci])n>cally proiM>rtional ; 
therefore tho parallelogram BG is equal to the parallelo- 
gram DIf. [V'J. H. 

But tho parallelogram BG is contained by the stniight 
lines AB and F^ because AG is equal to [* 'nuttntf'tim. 
and tho parallelogram Dll is contiuued by the straiglit 
lines CD and /i, because i 7/ is equal to E ; 
therefore tho rectangle contained by A B and F is equal 
to the rectangle contaiiiod by CD and E. 

Next, let tho rectangle eontiined by AB and F bo 
equal tt> the icctanglo eontainctl by CD and E: these four 
stmight lines shall be proiK>rtional, namely, AB shall bo 
to CD as 1,' is to F. 

For, let tho same constniction l>e made. 

Then, because tho rectangle eontainctl by A Band F is equal 
to tho rectangle contained by CD and E, [y/v/x>r4«w. 
and that tlio rectangle BG is contained by A B and F, 
because AO is equal to F, [CWtmr/ion. 

and that Uio rectangle DM is contained by CD and E, 
because CM is equal to £, [Ca/utruHion. 
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therefore the parallelogram BG is equal to the paral- 
klogram DH. [Attiom 1. 

And these parallelograms arc equiangular to one another; 
therefore the sides about the equal angles are recii>rocalIy 
1 »roportional ; [ V J . 1 4. 

therefore AU is to CD as 67/ is to AG. 

Ihit 677 is CHiual to E, and AG is equal to F\ [Cmstr. 
therefore A B is to CJ) as E is to F. [ V'. 7, 

Wliereforc, if four straifjht lines &c. q.k.d. 


Pllur( ISITK )X 1 7. THKOllEM. 

If three straight lines In' pnipcrfiotnils, thr reetnnijle 
eontnined by the, e.rtretnes is etinnl to the st/uare on the 
fnenn ; and if the n etanyle eontitined by the e.rf rentes be 
eqtnd to the synare on the nnan^ the three straight lines 
arc jm yiortionals. 

Lot the throe straight lines A, 77, C Ik' prop^ndionuls. 
naiuciy, let A be to // as // is t<» f tin? rectangle contained 
by A and /’shall bo equal to the S(|uare on /A 

Take I) equal to 77. 

Then, because A is to 
77 as 77 is to r, [//»/;>. 
and that B is equal to 7^, 
therefore A U to 77 as I) 
hUiC. (V. 7. 

But if four straight lines 
Ih? profK>rtionaI», the rect - 
angle conLained by the 
extremes is equal the 
rectangle contain e<i by 
the means; [V^I. 16. 
therefore the re<;tanglc rontainerl by A and C is equal to 
the rectangle contained by 77 and J>. 

But the rectangle contained by B and D is the square on 77, 
liecausc B is equal to D \ [CqmMtrmtifm. 

therefore the rectangle cootained by A and C is equal to 
the square on B, 
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Next, let the rectangle contained by A and C bo equal 
to tlio square on E : A shall be to as 2? is to C7. 

For, let the same construction bo made. 

Then, because the rectan- 
gle contained by A and O 
w o<iual to the 8(iuare on 
Ef [JIt/pothesun. 

and that the square on E 
is equal to tlie rectangle 
contained by E and 
because E is etinal to 
/>, {Cojistr action, 

therefore the rectangle 
contained by A and C is 
equal to the rectiinglc contained by E and D, 

But if the rectangle coiitiiined by the extremes be equal 
to the rectangle contained by the incans, the four stnught 
lines are pnqiortionals ; [VI. 16. 

therefore A is to E as D is to C* 

But // is equal to J) ; [CoMtruction. 

Therefore A is to E as E is to C, [V\ 7. 

'Wherefore, stra'ujht lines &c. q.e.d. 



ruorosiTION is. PllOItLK,M. 

On a giren straight line to flesrrilte a rectilinml Jigure 
similar and similarly situated to a gtren rectdinetd figure. 

Lot AE 1)0 the given straight line, and CDEF tho 
given rei’tiliiical figure of four sides : it is re<|uirod to de- 
scribe on tlie given straight line AE, a roctuinoal figure, 
similar and similarly situated to CDEI\ 

Join DF\ at tho 

E oint-4,in tlie straight 
no A B, make tlie 
angle EAO equal to 
the angle DCF\ and at 
tlio point E, in tho 
strai^it line ^ 77, make 
tlie angle A EG equid 
iutheanglcC/>/'i[I.2S. 
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therefore the remaining angle AGB is equal to the remain- 
ing angle CFD^ 

and the triangle AGB is equiangular to the triangle CFD, 

Again, at the point 7?, in the straight lino BG^ make the 
angle GBIl equal to the angle FDE ; ami at the jKiint G^ 
in the straight lino BG, make the angle BGII equal to 
the angle DFE ; 1 1 . ‘23. 

therefore the remaining angle BUG is equal to the re- 
inaiiiing angle DEF^ 

and the triangle BUG is C(|uiangular to the triangle I>EF, 

Then, because the angle A Git is equal to the angle ( *FI>^ 
ami the angle yy^V// e<jual to the angle 1>FE\ [(un-<{niriinn. 
therefore the whole angle AGU Is equal U) the uholo 
angle CFE. [.tWow ‘J. 

For the same reason the angle ABU is equal to the 
angle VDE. 

And the angle BAG is equal to the angle and the 

angle BUG is equal to the angle I>FF. 

Therefore tlic rcetiline.al ABUG is equiangular to 

the rectilineal figure CJtEF. 

Also these figures have their sides alioiit the equal 
angles pro{M)rtionals. 

For, becjuise the triangle BAG is e<|uiangiilar to the triangle 
VGFy therefore BA is to AG as JHJ is to [VI. i. 

And, for the sanio reason, AG h to GB us GF is to 
and BG is to Gil as J>F is to FE ; 
tljcrcforo, ex aspiali, AG is to GU as C/’in to FE. fV, 22. 
In the same manner it may l>e shewn tlrnt AB is to BII 
as CD is to DE, 

And GH is to IIB as FE is to ED. [VI. 4. 

Therefore, the rectilineal figures A BUG and (JDEF 
are equiangular to one another, and have their sides al»out 
the equal angles pruiK>rtionais ; 

therefore Uicy are similar to one anotlier. [VI. IkJinUum 1. 

Next, let it he required to descrilK? on the giren straigfit 
line AB^ik rectilineal figure, Kiinibr, and similarly situated, 
to the rectilineal figure GDKEFot five sides. 
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J<tin DE, and on the given straiglit lino Ali dewribo, 
as in the former ease, the rectilineal figure similar, 

and similarly situated to the rectilineal figure CDEF of 
four sides. At the ])oint 
in the straight lino 
/i//, make the angle 
1!BL e(|ual t(» the an- / ^ 
gle El)K \ and at the / 
p)int //, in the straight / 
line BH, make the an- / 
glc BHL equal to the A 
angle DEk ; [I. ‘2:1. 



therefore the remaining angle at L is equid to the remain- 
ing angle at A'. 


Then, bt'causo the figures ABIKI^ CDEF ViVc similar, 
the angle ABU is c<iual to the angle CI>E\ [V'l. Def. i. 
and the angle IIBL is ctiual to the angle EDE ; [( Viwir. 

therefore the whole angle ABL is e<iual to the w’holo 
angle CDE. 2. 

For the same reason the whole angle GUL is e<|ual to the 
whole angle FEE. 

Therefore the five-sided figures ABLUG and CDKEF 
cquiangidur to one another. 

And, beoaitse the figures A BUG and CDEF are similar, 
therefore AB is to BU as CD is to DE\ [Vl. DeJinUion 1 . 
but BU is to BL as DE is to DE ; [VI. 4. 

thcrefi>re, ex aMjuali, J B is to BL as CD is to DE. [V. 22. 
For the same reiwon, GII is to UL as F£ is to EE. 

And BL is to LIl tus DE is to EE. [VI. 4. 

Therefore, the five-sided figures ABLllG and CDEEF 
are ci)uiiuigular to one another, and have their sides about 
the equal angles pro|>ortionals ; 

tliercforo they are similar to one another. [VI. Definition 1. 

In the same manner a rectilineal figure of six sides 
may i>o dcscribeii on a given straight line, similar and 
siniilarly situateil to a given rectilineal figure of six sides ; 
and so on. Q.£.r. 
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PROPOSITION li>. TIUCOnEM, 

fSimilar tnan(fh*s are to one another in the duplicate 
ratio (tf their homoinffous sitles. 

Let ABC and 1>EF l)o similar triangles, liavinf;^ tlio 
angle H equal tu the angle A', and let AB l>o to BC as UK 
is to EF^ so that the 
side BC is hoinnlo- 
gt)U8 to the side EF: 
the triangle ABC 
shall be to the tri- . / 

angle J)EF in the / 

duplieatoratioof /IC' B U 

to EF. 

Take BC a third )»roiK)riional to BC ami EF, so that 
B< ’ may be to EF im EF i.s to BC ; [ V 1 . 1 1 . 

and join AC. 

Then, because AB is to BC ha BE is to EF, f 
therefore, alternately, ./// is to BE ;is B(j \e to EF\ [V". 10. 
but BC lA to A’/' as EF 'ie t<» BC\ [i\in.tiructum. 

therefore - / B is to BE as EF is t<» BC ; f V. 11. 

that is, the sides <»f the triangh\s ABC and 7>/i7'’, alxnit 
their e<|ual angles, are reeiproeally projMjrtional ; 
but triangles which have their siile.s about two equal angles 
reciprocally pnqwrtional are equal to one another, fVl. l.'i. 
therefore the triangh; A BC is equal to the triangle BEF. 

And, because BC \a to EF we EF \e to BC, 
therefore Bt' has to BC the diqdicate ratio f>f that which 
JiC has U} EF. . I ft h nit inn m. 

Rut tlio triangle ABC is to the triangle ABC as //C is 
U)BC- (VI. 1. 

therefore the triangle ABC has to the trir4ngle ABC the 
duplicate* nitio of that which BC has to EF. 

Rut the triangle A BC was sliewn equal U> the triangle BEF\ 
therefore the triariglc A BC has to the triangle DEF tho 
duplicate ratio of that which B(' has to EF. [V. 7. 

Wherefore, $imilar triamjlt* Ac. Q K.i>. 

CoaoLLAftV. From this it is manifest, Utat if three 
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Btniipfht lines Ikj proportionals, as the first is to the third, 
so is any triangle described on the first to a similar and 
similarly described triangle on the second. 


PROPOSITION 20. TI/LOniCM 

Similar ptlytjous may he dirided into the same number 
tif similar triauyles, hariuy th-e same ratio to one another 
that the polyyotis hare; and the judyyons are to one 
another in the duplicate ratio of their homohujous sides. 

Let ABCDE. FCUKL be siniilar polygons, arul let 
AT) be tli(? side b<»niolog«»ns to the Ki<le Fti : the iK»lygons 
AJH'DFy FdJIKL iniiv bo <lividod into the sank! nmnbor 
of siniilur triangles, of wbiob eiu*b sbull have t<> each the 
same ratio which the |M»lygons have ; and the iwdvgon 
AHCDK shall be to the {ndygon FdllKL in the duplicate 
ratio of A B to F(i. 

Join BE, EC, OL, JJL 

Then, bocauHO the polygon AB('I)E is similar to the poly- 
gon FGllKL, {llyi>othe»is. 

the angle BAK is ctpial to the angle OFL, and BA is 
to AE 08 ii F xs to FIj. [VI. Dffinition 1. 

And, l)ecauso the triangle.H A BE and FGL have one angle 
of the oiie e<|ual to one angle of the other, and the sides 



about Uiesc equal angles proj>ortiona]s, 
therefore tlie triangle ABE is etiuuingular to the triangle 
FGL, [VI. 6. 

and therefore these triangles are similar ; [VI. 4. 

therefore Uie angle ABE is equal to the angle FGL. 
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But, because the poly^ms are similar, {Ifypoihrtis, 

therefore tlio whole aiij^Ie AliC is e<iual to the whole anjjlo 
KGII \ jVr. Jhfinitiim 1. 

therefore tlic reinaiuiiig angle eq\ial U» the rcinuin- 

ilig angle L(SII, [Axiom 3. 

Ami, l>oeauso the triangles A HE ami FGL are similar, 
tlierefore EH is to HA as LG is to GF\ 
and also, because the ]M)Iygons are similar, [Ifyiwthrm. 
therefore AH in to HC Vi& FG is to GlI ; fVI. I^rjinitwn 1. 
therefore, ex a‘<|uali, EH is to Jl( as ]Ji is to fUI \ | V. i>‘j. 
that is, the sides about the eijual angles EH(' and LG if 
are proiHirtionals ; 

therefore the triangle EHC Is C(iuiangular to the triangle 
LGIl\ ivi. tf. 

and therefore these triangles are similar. [VI. j. 

For tlie same reason the triangle FA'D is similar to the 
triangle LHK. 

Therefore the similar polygons AHf'HEy FGHKL may l>e 
divided into tlie siime number of similar triangles. 

Als<i these triangles shall have, ciich U> cncli, the same 
ratio whieh the milygons have, the antece<lents being A HE, 
EHt\ E('f)y and the coiiHecjueiits FGL, LGll, LUK \ and 
the |>olygon AlH'DE shall Ik* t‘> the {xdygon FGHKL in 
the duplicate ratio oi AH to FG, 

For, iKcause the triangle A HE is similar to the tri- 
angle FGL, 

therefore AHE is to FGL in the du[»licate ratio of EH 
ioLG, [VI. lu. 

For the same reason the triangle EJH' is to the triangle 
LG If ill the duplicate ratio of EH to LG, 

Tlicrefore the triangle AHE is to the triiuigle FGL as tho 
triangle EHC in to the triangle LGH. [V. ll. 

Again, l*eeause tlio triangle EHC is similar to the tri- 
angle LGH, 

therefore EHC is to LOU in the duplicate ratio of EC 
to LH, [VI. Itt, 
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For the same reason the trianglo ECD is to the triunglo 
LIIK in the duplicate ratio of EC to LIL 
Therefore the triangle EBC is t^) the triangle LGH as the 
trianglo ECD is to the triangle LI IK. [V, ii. 

But it has been shewn that the triangle EBC is to the tri- 
anglo LQll as the trianglo ABE is to the trianglo FQL. 
Therefore as the trianglo ABE is to the triangle FGL., so 
is the triangle EBC U) the trianglo LG II and the triangle 
ECD to the trianglo LIIK ; [V. il. 

and therefore as one of the antecedents is to its consequent 
HO are all the antecedents to all the consequents ; [V. 12. 

that is, as the trianglo ABE is to the trianglo FGL so is 
tlie fndygon ABCDE to the jKilygon FGIIKL. 

Hut the trianglo ABE is to the trianglo FG^L in the 
du]>licato ratio of the side AB to the homologous side 
FG, [vr. 10. 

therefore the polygon ABCDE is to the polygon FGIIKL 
in the duplicate ratio of the side A B to the homologous 
side FG. 

W hcrcforc, « im i lav pulyg' & c. q. k. d. 

CoROiii.ARY 1. In like manner it may Ikj shewn that 
similar four-sided figures, or figures of anv number of sides, 
are t<} one another in the duplicate ratio of their homo- 
logous sides ; and it has alrea»ly been shewn for triangles ; 
therefore universjilly, similar rectilineal figures are to one 
another in the duplicate ratio of their homologous sides. 

CoROM..\RY 2. If to vf Zf and FG, two of the homologous 
sidos, a third pro|)ortioual M be taken, [Vl. u. 



then AB has to JlfUie duplicate ratio of that which AB 
has to FO, [V. Df/niiion 10. 
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But any rectilineal fij^ire de.scril>etl on A B i« to tlio similar 
and similarly descrilwd rectilineal fii^ure on F(i in the 
duplicate ratio of AB to /Yr, [r ‘oro/^cirv 1. 

Therefore as AB is to J/, so is the fipire on AB to the 
fig^ire on FO ; [V. 1 1. 

and this was shewn before for triangles. [VI. H*, ComlUry, 
Wherefore, universmlly, if three straii^ht lines bo prf»jH»r- 
tionals, as the first is to the ihinl, so is any rcclilincal 
figure dcHcribed on the first to a siinilur and Himilariy 
describcil rectilineal figure on the secoml. 


PROPOSITION 21. 77//;OA*/;.V. 

Beet if hiHil figures which are ftimilar t<t the gmne recti- 
lineal Jigure, arc aleo similar to fitch other. 

Let each of the rectilineal figures A and B bo similar 
to the rectilineal figure O', the figure A shall be similar 
to tlie figure li. 

For, because A is 
similar to f’, I //'//>. 

A is eipiiun^ilur to 
C, and A iind < ’ have 
their sides abiiut the 
eipial anglers jiropor- 
thmals. [VI. Inf. 1. 

Again, because B is 
similar to C\ [ /////>. 

B is cquiaiigtilar U) f > and B and C have their sides alxnit 
the equal angles |>ro|s>rtionals. [V'l. /Mlmtion 1. 

Therefore tlic figures A and B are each of them eouian- 
gular to and have the sides about the equal angles of 
each of them and of </ proiKirtionals. 

Therefore A is equiangular bi /i, \Arimn 1. 

and A and B have their sides alniut the c<iual angles pro- 
js^rtionals; [V. n. 

Uicrefore the figure A is similar to the figure B, [VI. Ijtf. i. 

Wherefore, rectilineal fgures &c. 






/ 


/ 



204 


EUCLmS ELEMENTS. 


PROPOSITION 22. THEOREM. 

If four sirntght Ihtrs he proporthmah, the similar rec- 
tilineal figures sitnilarlg deset ifted on them shall also he 
proportionals ; and if the similar rectilineal figures simi- 
lariy descrilHul on four straight lines he 2yroportionals^ 
those straight lines shall he jtroportionals. 

Let the four straight lines AH, CD, EF, GH bo pro- 
|M)rtionalH, namely, Ait to CD as KF is to GIl \ ainl on AH, 
i*D let the similar rectilineal figures KAH, l.CD l>e simi- 
larly described ; and on EF. Gil let the similar rectilineal 
figures MF, Nil bo similarly described : the figure KA !• 
shall Iw to the figure LCD as tlie figure MF is to the 
figure NH. 


K 



K “ F O H i» K 


To Ali and CD take a third proiKirtional A”, and to Ef 
and Oil a third pro|>ortumal O. [VI. 11, 

Then, lu'causo AD is to CD as EF is to GH, [llgpfttkrns. 
and AH is to CD as CD is to X; [Construction. 

and EF\b to Oil as GH is to O ; 

therefore CD is to X as GH is to O. [V. 11. 

And AH ia to CD as EF is to GH ; 
therefore, ex nH|uali, A /i is to X as EF is to O. [V. 22. 
But os .4 is to A', so is tlie rectilineal figure KAH tci 
Uie rectilineal figure LCD ; (VI. 20, Corollary 2. 

and as EF is to O. so is the rectilineal figure MF to the 
rectilineal figure NH ; [Vi. 20, Corollary 2 
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therefore the figure A'A/J is to tlie figure LCD a« the 
%uro MF is to tlie figure NIL [V. 1 1. 

Next, let the fi^ire KAIi l>e to tlie similar figure LCD 
as the figure MF is to the similar figure FD : -I B sliall 
be to CD as £F is to GJi, 

Make as AB is to CD so EF to PR : [VI. 1*2. 

and on J*R doseribe the rectilineal figure N/f, similar and 
similarly situate*! to either of the figures AfL\ A7/. [VJ. ivS. 
Then, because A H is to CD as KF is b> PR, 
and that on AR, CD are deKcrilK**! the similar and simi- 
larly situated rectilineal figures KAIi, iJUi, 
and on EF, PR the similar and similarly situated recti- 
lineal figures MF, SR ; 

therefore, by the former pjirt of this proposition, KAR is 
to LCJ> as M F is to SR. 

But, by hyiH»thesis. KAR is to LCD as MFis U) Nil ; 
therefore MF is to SR ns M F is to Nil ; [V. 1 1. 

therefore SR is (Mpial to NIL (V'. ii. 

But the figures SR and Nil arc similar and similarly 
situatOit, [Vorntruciiivu 

therefore PR is equal to GIL 
And Ixx'ause AR is to CD as EFh t*» PR, 
an<l that PR is c<iual to GJI ; 

tliercforc AR is to CD as EFIh to GIL [V. 7. 

Wherefore, ifjuur straight li/ws &c. q.k.ik 


PROPOSITION 23. TIIBOUEM. 

Par€dhlograms xthich are equiangular Ut one another 
have to me another the ratio which is compounded i/ 
the ratios of their sides. 
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Let the panillelogram AC be cquiaiigiilar to the paral- 
lelogram Ch\ liaving the angle li<*D equal to the angle 
AVY/; the parallelogram shall have to the punillelo- 
gram CF the ratio wliich is c<im|K)imdcd of the ratios of 
their sides. 

Let liC and CG be placed in 
a straight line ; 

therefore 7>f'nnd CE arc also in 
a straight line ; [1.14. 

complete the parallelogram I)G ; 
take any straight line A', and 
make K to L as IK' i.s to CY/, and 
L to M as to CE\ [VI. 12. 

then the ratios of K to A and 
of L to M are the same with the 
ratios of tlie sides, namely, of BC 
to CG and of DC CE, 

But the ratio of K to M is that whicli is said to be com- 
lamnded of the ratios of K to L and of L to M ; /></. A. 

therefore K has to M the ratio which is conqK)imded of 
the rjitios of the sides. 

IS oyv the paralleh>gram AC is to the panillelognim CIl 
as //(Ms to ( Yr' ; [VI. 1. 

but BO is to ( Y/ a.H A' is to A ; 

therefore the pamllelognun AC is to the panillelogram 
CIJ as A' is to A. [V. 11. 

Again, the iiarjillclogram C/I is to the parallelogram ('F 
as DCh to CE ; [VI. 1. 

but DC is to CE A is to M ; 

Uiereforo the parallelogram CJl is to the parallelogram 
CFsl» L is to JA [V. 11. 

Then, situ'c it has Wn shewn that the panillelogram AC 
is to tlio luirallelogniin CH as K is to A, 
and that the iwallclognun Cll is to tlie parallelogram CF 
as A is to A/, 

therefore, ex lequali, the imrallelrigram AC is to the paral- 
lelogram CFas E is to A/. [V. 2*2. 

But A" has to M the ratio which is compounded of the 
ratios of tlie sides ; 


B 


K L M 
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therefore also the parallelogram AC has to the jiarallelo- 
gram CF the ratio which is com|M)ui]ileti of the nilioa of 
the sides. 

Wherefore, 4:c. g.K.D. 


PPj)i'OSlTK)N 24. TUEORKM. 

Paralhityjramif nhutt the tiintnt'ter of any parattrii*- 
{tram are si/nitar to the ichole parallel o<j ram and to one 
another. 

Lot A BCD Ik' a parallelopram, of which A(^ is a 
diameter ; and let FJi and IIK be panillelograiiiH alwmt 
the <liameter: the ]>arulleloj:r:imH FJl and UK shall he 
similar both to the whole jniraliel<»gr;un and to one another. 

For, because 7>(’aiid 
OF \kXii piirullels, 
the angle ADC is e([ual 
to the angle AOF. (1. 2i>. 

And because //C’aiid £F 
are parallels, 
the angle AIK' is e«jual 
to the angle A KF. [ I. 21*. 

And each of the angles 
BCD and EFO is e<jual Ut the opj^osite angle /LI />, [1. 3t. 
and therefore they are e«piul to one another. 

Therefore tlie parallek^rains A BCD and A EFO are e^pzi- 
angular to one another. 

And bci^ause the angle ABC is equal to the angle 
AEF, and the angle BAtJ is common to the two triangles 
BACmdEAF, 

therefore tliese triangles arc equiangular to one another; 
and therefore A B is to BC us AE is to EF. (VI. 4. 

And the opposite sides of imrallelogranis are equal Ui one 
another; [1.34. 

therefore AB is io AD ves .4.^ is to AG^ 
and DC is to CB as OF is to FE^ 
and CD is to DA as FO is to GA. 



[V. 7. 
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Therefore tlio sides of the panillelograins A BCD and 
AEFQ alxmt their equal luiglesare j)roj)ortional, 
and the parallelograiiui are tliercfore siuiiliir to one an- 
other. 

For the Bamc reason the 
parallclognun A BCD is 
similar to the parallelogram 
EHCK. 

Therefore each of the pa- 
rallolograina EG and //A" 
is Bimifar to BD\ 
therefore theiiarallelograrn 
EG is similar to the panillclogram UK. [VI. 21 . 

herefore, paralMogramn &c. q. k. d. 



D K 


riioposTTK IN' ‘2r.. vnonir.M. 

Ti> (Uftn'lln' (t rtrfifinea/ which shafi he fimi/ttr 

to one ffiren rectilineal jigure and egmd to auftther giren 
rectili mnil jign re. 

Let ABC ho the given rectilineal figure to which the 
figure to be ilescrihod i.s t(» K* Himilar, and D that to whicli 
it is to be e<iual : it is require<l Ut de.Hcribe a rectilineal 
figure similar to A BC and equal to />. 


A 



On the straiglit line BC describe the parallelogram BE 
equal to Uie figure A BC. 

On tlie straight line CE describe the pamllelograin CM 
e<)ual to Dt and having the angle FCE equal to tlie 
angle CBL ; U. 45, Owotiarg. 
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therefore BC and (^F will l>e in one stnii^ht line, and LB 
and EM w ill be in one stniiglit line. 

Between BC and T/^find a mean i>roi>ortional (7fL {VI. 13. 
and on GJ/ deserilw the rectilineal fi^nire KUH, wmilar and 
similarly sitnaUnl to the rectilineal fiiTurc ABC, [VI. IS*. 
KG II shall be the nadilineal fijiifure re«|uired. 

For, l>ecause BC is to (^1/ (^JI is to CI\ [romfrtt/'fton. 
and that if three straij^ht lines be i>ro|K»rtioiials. as the first 
is to the third so is any fipire on the* first t*) a similar and 
similarly deseribcjl fijrnre on the second, f\'I. 20, ('or. 2. 
therefo^^ as B(' is to CF so is the fifirure ABC to the 
figure KG II. 

But as BC is to CF so is the |>arallcl«»gram BK to the 
luindlelograrn i 'M ; I V 1 . 1. 

therefore the figure ABG is to the fiirure KG II as the |»a> 
rallel<»gTiim BK is to the j»urallclogram i'M. [V. 11. 

And the figure AB^' is e»jual to the parallelognim BB\ 
therefore the rectilineal figure KG II is e«iual to the paral- 
lelogram CM, jV. 14. 

But the parallelogram ( 'M is e<pial to the figure /> ; 
therefore the figure KG II is equal to the figure />, [.4riV>m 1, 
and it is similar to the figure AIB\ [( '(tmtruction. 

Wherefore //o» rertiiinrul KG II /our bten fAv- 

scribeJ timibir lu f/o’ Jitjur*' AB(.\ nml V'/iotf to D, Q.B.f. 


PROPOSITION 20. THKOUKM. 

If t^r ft iimihtr pftratlA<>[fritmf httr^ a c>iminon anfjlfi^ 
a n d ft m i/a rhj fit un ted, thoj ar*^ a ho 'U the fame d i am^^r. 

Let the parallelograms ABCf)^ 

AEFG be similar and similarly si- 
tuated, and have the common angle 
BAD: ABC!) and shall 

be alK>ut Uie same diameter. 

For, if not, let, if possible, tlio 
parallel(»grarn BD have its diame- 
ter AHC in a different straight 
line from AF, the diameter of the 
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parallelogram EG ; let G F 
meet A HV at //, and thnaigli 
Jl draw HK i)aniUcl to A I) or 
EC\ [I. :n. 

Then the parallelo/^muns 
A BCD and AkllG are alxmt 
the Hamo diameter, and are 
therefore similar to one an- 
other; [VI. ‘Jl. 

therefore DA in io AU jlh GA is to AK. 



But hecauHo A BCD and AEFG are similar parallel^ 
grams, 

thoroforo DA is to A U as G A i.s to A K, [VI. Ihfntitinu 1. 
Therefore GA is to A K as (i A is to A L\ [V. 11. 

that is, GA has the same ratio to CJich of the straight lines 
AN ami AE^ 

and tlicreforo AE is e<inal to AE^ [V. 0, 

the less to the greater ; whieh is iiupossihlc. 

Therefore the parallelognuns AU*'D atul AEFG must 
have their diameters in the same straiglit liii(‘, that is, they 
are about the saine diameter. 


Wherefore, if tiro similar pnrntlAo(fi'am$ he. Q.K.D. 


PKi )r0SITH >N 3e. PRnpLrM. 

To rut a ijivrn slruiifht Uur in ru'/rmir ami nnutn ratio. 

Let A H be the given straight line: it is rtsjuired to cut 
it in extreme and mean ratio. 

l>ivido A B at the point C, so 

that the roetungle contained by - „ 

AB^ BC may bo o^ual to the stpiaro ^ " 

onvIC"'. [11. 11. 

Then, l>ocauso the rectangle AB^ BC is (Kpial to the 

square on AC^ [Cvnstmrfion, 

thcreforo AB h to AC as A C is to CB. [VI. 1 7. 

IFherrforr AB is cut in extreme and mean ratio at 
the jmni C. Q.i:.F. [VI. Dt^niUon 3. 
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niorosiTiox 31. TiiKonfwr, 

In any vtyht-anyled triauyh\ any rcrtUineaf fiynrf 
fcrihul an th^; sitie »Hhti‘ndiny Uu* riyht atnjh' in t t>> 
the similar and similarly ilescrihvd Jiyutrs tai tin* sidt^s 
containiny the right angle ^ 

Let A HC ho a ri»rht-aii^Ie«l trianjrlo. Imvin;;: the rijjht 
angle yyjfv': tlic rec^tilineiil figure ileserihed on //r hIihII 
be equal to the similar and similarly dcscrilKid figures ou 
BA and VA, 

I>raw the perpendicular 
AI>. [I. 12 . 

Then, liecauso in the right- 
angled triangle ABl\ AI> 
is tlrawn from the right 
angle at A, f»crjK.uidicular 
to the base n(\ the triangles 
AHD^ ('AD are similar to 
the whole triangle (JBA ,and 
to one another. [ \' I , H. 

And lieaiuso the triangle CBA is similar to the triaiiglo 

ABJK 

therefore CB is to BA as BA is to BD. fV'I. /v/*. 1. 
And when three stniiglit lines are ]>ro[K)riionalrt, as the 
first is to the third so is the figure described cm the first 
to the similar and similarly des(;ril>ed fipire on the 
second; (V- f. uo, <\,rftltnr^f i!. 

therefore as CB is to BD so is the figure dcseribcsl on (''B 
to the similar and similarly deserilKHl figtire on BA ; 
an<l inversely, as BD is to Bf' m is the figure descrilHjd 
on BA to that deserilwd on (’B. 

In tlio stune manner, as f-D is to CB so is the figure 
described on CA to the similar figure dcscril>cd on CB, 
Therefore as BD and CD together are to CB m arc Uio 
figures descrilxKl on BA and CA U>gethcr to the figure 
described on CB, tV. 24, 

But BD and CD together arc equal to CB ; 
therefore the figure descrilied on B(' is to the similar 
and similarly described figures m BA and CA, [V. A, 
Wherefore, in any right-angled triangle itc. Q,t,P, 

14-2 
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rilOi’OSITION 32. THEOREM. 

I/two irhirh har<^ tiro sictrs of the one pro- 

portionai to tiro sofett of the other ^ he joined at one angle 
so as to hare their homologous sides parallel to one another, 
the remaining sides shall he in a straight line. 

liCt AJW a!nl IH^E bo two trianj^les, wliich have tlio 
two Hides HA, AC )>roiK)rtioiial to the two sides CD, J)E, 
luinicly, 11 A to AC as t7> is to JJE\ and let AB be 
nandlel to D(' and AC parallel to DE : BC and CE shall 
i>e in one straight line. 

For, because All is parallel 
to 1)C, [11 ig>olhaU. 

and -I (’meets them, 
the ttltoniato angles BA(\ 

ACT) arc ctjual ; [I. -J:*. 

for the s;une reason the angles 
A ( D, ( 7> A’ are eipud ; 
therefore the angle BAC is e(jnal to the angle CDE. [Ax. 1. 
And because the triangles AHl\ DCE have the angle at 
A equal to the angle at />. aiul the sides about these angles 
pn)jH>rtionids, namely, BA to -l(‘as Cl) is to 1>E, {llgp. 
therefore the triangle ABC is equiangular to the triangle 
J)CE\ [\l.C. 

therefore the ajigle AlKAs equal to the angle DCE. 

And the angle BAC was shewn equal to the angle ACD\ 
therefore the whole angle ACE is etpial to the two angles 
.rf^y/t’and BAC. [vlxiom 2. 

Add the angle ACB to each of these CHjuals; 
then the angles A ( 'K and A CB are together equal to the 
angles ABC, BAC, ACB. 

But the angles ABC, BA(\ ACB arc together equal to 
tw'o right angles ; [1. 32. 

therefore the angles ACE and ACB are together e<jual to 
two right angles. 

And since at the point C, in the straight line AC, the 
two straight lines BC, C£ which are on the opposite sides 


n 


\ , \ 


\ 
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of it, make the adjacent angles ACB, ACB together o«iual 
to two right angles, 

therefore BC and CB arc in one .stniight line. [I. 1 1. 

Wlicreforc, if tiro triinujlt s 6 lc. q.i:.jk 


l*UOPi )SI T1 ON 3.3. TlIKOlilAf. 

In pqwil circlet, mujlcf^ irhcther nt fhc centres or at the 
circumferences, hare the same ratio which the arcs <ai 
which they stand hare to one another; so also hare the 
sectors. 

T.rt vl/?rand DEF he equal cirelrH, atid let lUit' and 
EUF ho angles at their eeiitns, and HA*' and EhF 
angles at their eireumfereiiees : u.s the are lit' in t<» the are 
EF so shall the angle lUlt' he to the angle EH F, and the 
angle HACia the angle EllF \ and so also shall the seeU»r 
BuC bo to the sector EJJF. 

A/ 


Take any number of ares TA'. A'A, cjm-Ii cqmil U) BF^ 
and also any riumhor of an s FM, MM oiu-h equal to A’/’, 
and join GK, GL, JIM, IJM. 

Then, iMScausc the arcs BG, FK, El,, are all equal, 
the angles BGC, CGE, EGL arc also all equal ; (III. 27, 
and therefore whatever niultinlc the arc BI, is of tlic arc 
BF, the saiuo multiple is tlie angle BGI., of the angle 
BGC. 

For the same reason, whatever iiiultiple the arc EN is of 
tlie arc EF, the same multiple is the angle EllS of tbu 
amrio EJTF 


ir 


c 


,k 
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And if the arc BL bo equal to the arc ENy the angle BCL 
is equal to the angle E/IN; [III. 27. 

and if the arc BL be greater tlian the arc ENy the angle 
BGL is greater than the angle E/IN ; and if less, less. 

Therefore since there are four inagTiitudes, the two 
arcs Bt\ EFy and the two angles BGVy EllF; 



and that of the are BC and of the angle BG C Imve l)ccn 
taken any eqtiinmlliples whatever, namely, the arc BL and 
the angle BG/j ; 

and of the arc EF and of the angle Ell F have been taken 
any equimultiples >vhatever, inunely, the arc EN and Uie 
luigle El IN ; 

juid since it has been shown that if the arc BL l>e greater 
than the arc EN, the angle BGL is greater than the angle 
E//N ; and if eqmU, equal ; and if less, less ; 
therefore as the are Bi' is to the arc EF, so is the angle 
BGCUi the angle EllF, [V. htiimtion 5. 

liut as the angle BGC is to the angle EIIFj so is the 
angle BAG to the angle EDF, [V. 15. 

for each is double of each ; [III. 20. 

therefore, as Uie arc BC is to the arc EF so is the angle 
BGC to the angle EHFy and the angle BAC to the angle 
EDF, 

Also as the arc BC is to Uie arc EFy so shall the sector 
BGC be to the sector EHF. 

Join BC, CK, and in the arcs BCy CK take any points 
Xy Oy and join XC, CO, OX, 
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Then, because in tlie triaiij^les BCiC^ COK, the two 
sides />Cr, GO are equal to the two sides W, GKj eui'h to 
each ; 

and that they contiin C(]ual an«?les ; [ 1 1 1 . ‘ 27 . 

therefore the base liC is equal to the base t’A', and the 
ti‘iany;le BGC i.s etjual to tlie triangle CUK. [I. 4. 



And because the arc BG U eqtiul to the arc TA”, 
the remaining jnirt when Jt(* i.s takt'U from the circum- 
ference is equal to the remaining |»art when (K is taken 
from the circumference ; 

therefore the angle BX (■ is equal to the angle f 'OK, [III. 27. 
Therefore the hcgiiient JiXC is similar to the Hcgment 
COK ; [ill. Jh ft nit ion 11, 

ami they are on ecjual straight lines <'K. 

IJut similar segments of circles on equid straight lines are 
equal to one another ; (111.21. 

therefore the segimuit BX<' \a equal U> the wgment f'OA', 
And the trimigle JidC was shewn to be equal to the 
triangle VGK ; 

therefore the whole, the sector //(Vf is e<iual to the whole, 
the secU>r VGK. [.Iroon 2. 

For the same reastm tlie sector A'GA is equal to each of 
the sectors BGC^ CGK* 

In the same manner the sectors A7//’ FIIM^ MllN may 
l)e slicwn to be equal one .anoth<*r. 

Therefore whatever niulti|^!e the arc //A is of the arc 
B(\ the same multiple is the seeWr BGL of the sector 
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and for the same reason whatever inultiplc the arc EN is 
of the arc EF^ the same multiple is the sector EJIN of the 
sector El IF. 

And if the arc BL be equal to the arc EN^ the sector 
BGL is equal to the sector EIIN ; 

and if the arc BL be j^n’oater than the arc EN^ the sector 
BGL is {greater than tlic sector EIIN \ and if less, less. 

Therefore, since there are four magnitudes, tlie two 
arcs Bi \ EF^ and the two sectors BG(\ EIIF\ 



and that of the arc BG and of the sector BGC have been 
tjiken any ecjuiinultiples whatever, namely, the arc BL and 
the sector BG I j ; 

and of the arc EF and of the sector A’A/A' have been taken 
any equimultiples whatever, nainely, the arc ES and the 
sector EIIN \ 

and since it has been shewn that if the arc BL l>e greater 
than the arc AW, the sector BGI. is neater than the 
st^ctor EIIN ; and if espial, equal ; and if less, less ; 
therefore as the arc BC is to the arc EF^ so is the sector 
BGC to the sector EH F. [ V. Urjinviun 5. 

Wherefore, in circUs &c, 
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PROPOSITION B. THEOREM. 


If thfi vertical angle of a triangle In* biseetcil by a »traight 
live which likewue cute the basi\ the rectangle confainctl 
by the suiee of the triangle is equal to the rectangle con- 
talned by the segment c of the base, Utgctlicr with the square 
on the straight line which bisects the angle. 


Let AB(- l>o a triuni^lo, ami let tho aiipio BAC bo 
bisected by tho stniigbt line AD: tlio rectanf^lo JiAy A<^ 
shall 1 h) equal to the rectangle I]J\ ',b»^'eLlier with the 
Sijuare on AD. 

Describe tho circle AtUi \ 

about the triangle, (IV. r». " . T v 

and produce AD to meet tho ' I \ 

eirciunfcrcnec at /v, IC 

ami jfiiii 

Then, becatiso tho angle I 
BA D is equal in tho angle 

£Al\ [ lli/yothfxis. 

and tho angle A BD is o<|naI to 
the angle A/C(\ for they are in 
tho same segment of the circle, [ [ IJ. 2I. 

therefore tho triangle BAD is equiangular to tho trianglo 
BA C. 


l>‘ 




/ 


/ 


Thcreforo BA is to AD as BA is to fVW. 4, 

therefore the rectangle BA, At’ is equal to tho rcf tanglo 
BA, AD, ( VI. i«. 

that is, U) the rccUngle BD, DA, together with the S4iuaro 
on AD. (11.3. 

But the rectangle BD, DA is equal to tho recbinglo 
BD, DC; fill 3/5 

therefore the rectangle BA, AC in equal to the rectinglo 
BD. DC, together with the wjuare on A D. 

Wherefore, if the vertical angle die. 
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PROPOSITION C. THEOREM. 


If from the rertiral atifjle of a triavgle a straight line 
he drawn perpendicular to the hase^ the rertanglerontained 
hg the sides <f the triangle is equal to the rectangle con- 
tained hy the perpendicular and the diameter if the circle 
described about the triangle. 


Let AHC be a triangle, and let AD be the perpen- 
dicular from the angle -('I to the biwe JJC : the rectangle 
JSAj AC hIiuII be e(inal to the rectangle contained by AD 
and the diameter of the circle described about the triangle. 


Describe the circle A CH 
about the triangle ; [I V. 5. 
<lraw the diameter A and 
join Ei\ 

Then, because the right 
angle HD A is e«iual to the 
angle ECA in a semi- 
circle ; [III. ai. 

and the angle ADD h c«iual 
to the angle AE(\ for they 
are in the sjune segment of 
the circle ; 



therefore the triangle A HD is equiangular to the triangle 
AEG. 


Therefore HA is to A I) as EA is to AC; 4. 

therefore the rectangle /LI, AC is equal to the rectangle 
EJ,AD. rvi. 10. 

Wherefore, if from tl^ rertical angle &c. q.e.d. 


PROPOSITION D. THEOREM. 

The rectangle contained hy the diag onals of a quadric 
lateral fgure inscrifted in a circle is equal to both the 
rectangles contained by its opposite sides. 
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Let A BCD bo any quadrilateral figure itiHcribed in 
a cirtlc, and join A(\ BD . the roctuugle contained by 
A(\ BD shall be equal to the two rectangles contained by 
A B. CD anil by A D, B( \ ^ 

Make the angle ABB cijual to the angle DBC\ [I. 23. 
add to each of these 
equals the angle EBD, 
then the angle ABD 
is c<jual to the angle 
EB(J. [drj<o/i 2. 

And the angle BDA is 
Ccjual to the angle B(. ’A’, for 
they are in the same seg- 
ment of the circle :( 1 1 1.21. 
thcrcfoi*c the triangle 
A BD\a e<|uiangularto the 
triangle EB( \ 

Thercf<>rc AD i.s to DB 
ns EC is to VB ; 
therefore the rectangle ADy CB is equal to the rcctanglo 
DBy EC. [VI. Uh 

Again, bccaiLsc the angle ABE is equal to the angle 
DBCy ( ^ 'onstrurtion, 

and the angle BAE i.s equal to the angle BDO\ for they 
arc in the same segment of the circle ; [1 1 1. 2). 

therefore the triangle ABE is equiangular to the triangle 
DBC. 

Therefore BA is to AE as BD is to J)C; iVf. 4. 

therefore the rectangle BAy DC is equal to the rectangle 
AEyBD, IVi. 

But the rectangle ADyCB has been sliewii equal to 
the rectangle DBy EC ; 

therefore the rectangles ADy CD and BAy DC arc together 

equal to the recUinglcs BDy AX' and BDy AE\ 

that is, to the rectiuigle BDy AC. [11. 1. 

'Wherefore, //te rectangle omlained &c. 
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1. A SOLID is that which has length, breadth, and 
thickneas. 

2. That wliich bounds a solid is a sui)orficic>>*, 

3. A straight line is poi'iK.nidicnljir, or at right angles, 
to a plane, when it makes right angles with every stnught 
line meeting it in that plane. 

4. A plane is peq>cndieular to a plane, when the 
stniight lines drawn in one of the planes perpendicular to 
the coininon 8e<‘tion of the two planes, are |K.T[K;ndieular 
to the other plane. 

5. The inclination of a stnxight line to a plane is the 
acuto angle conUiined by that straight line, and another 
drawn from the point at which the first line meets the 
plane to the point at which a |»iTpendie-ular to the plane 
drawn from any jMiiiit of the first lino above tho plane, 
meets the same plane. 

6. The inclination of a ]dano to a plane is the acute 
angle eontaincil by two straight lines drawn from any tho 
same |>oint of their common section at right angles to it, 
Olio in one plane, and tlie other in the other plane. 

7. Two planes are said to have the same or a like 
inclination tt> one another, which two other planes have, 
when tlie said angles of inclination are ecpial to ouo 
another. 

8. Parallel nhines are such as do not meet one another 
though producciU 
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9. A solid angle is that which is made by more than 
two plane angles, which are not in the same plane, meeting 
at one point. 

10. Equal and similar solid figures arc such as are 
containcHl by similar jilanes equal in number and magiii- 
tude. [»SVc the iV"o/c.y.] 

11. Similar solid figures arc such as liavc all their solid 
angles equal, each to ea< h, and are eimtaincd by the Haiiio 
number of similar planes. 

12. A pyramid is a solid figure eontaiiuvl by planes 
which are con.structed between one plane and one point 
above it at which they meet. 

13. A pri.Hin i.s a .solid figure contained by plane figures, 
of which two that arc op|M>.sitc are eipiul, similar, and par- 
allel to one another ; and the others are j>araIlelograni.H. 

14. A sphere i.s a solid figure described by the revolu- 
tion of a semicircle about its diameter, which remuiiis 
fixed* 


1.1. I'hc axis of a sjiherc is the fixeil straight lino 
about which the semicirele revolves. 

Ifi. The centre of a sphere i.s the same with that of the 
semieircle. 

17. The diameter <jf a sphere is any stniight Iinf» which 
passes through the (’efitr<*, and Is lertiiiuated Isith ways by 
the superficies of the sjiliere. 

IH. A cone is a solid fienre deserilicd by the revolution 
of a right-angle<i triangle aiNiut one of the sides containing 
the right angle, which side remain.s fixc<i. 

If the fixcnl side l>e equal to the other side containing 
the right angle, the ame is called a right angled c<ine ; 
if it Ikj less than the other side, an obtuse-angled cone ; 
and if greater, an acute-angled cone. 

19. The axis of a cone is the fixed straight line about 
which the triangle revolvce. 
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20. The base of a cone is the circle described by that 
aide containing tlie right angle which revolves. 

21. A cylinder is a solid figure described by the revo- 
lution of a right-angled iKirallclogram about one of its sides 
which remaiiis fixetl. 

22. The axis of a cylinder is the fixed straight lino 
alsmt which tlic parallelogram revolves. 

23. The bases of a cylinder are the circles described 
by the two revolving op|M>Hite sides of the piimllelograni. 

24. Similar cfmes and cylinders arc those which have 
their axes and the diameters of their ba.ses pn»portionals. 

2r>. A cube is a solid figure contained by six equal 
Hcpiarcs. 

2fi. A tetrahedron is a soliil figure containcil by four 
equal and e(iuiiaterul triangles. 

27. An octahedron is a solid figure contained by eight 
equal and equilutend triangles. 

2^. A d^Mlecahedron is a solid figure contained by 
twelve Cipial jientagons which are etpiilateral and eqid- 
angular. 

29. All icosahedron is a solid figure contained by 
twenty equal and equilateral triangle.s, 

A. A parallelepiped is a solid figure contained by six 
quadrilateral figures, of which every opjwsito two’ are 
latrallel. 


PROPOSITION 1. TIIEOUKM. 

Onf part of a straight line cannot be in a f>lane, and 
another iHirt icithaU it. 

If it i>e |K)fi8iblo, let AB, part of the straight line 
ABVt be in a plane, and the laurt BC without iU 
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Tlicn since tlu straight 
lino All is in the plane, it csui 
Ihj jiroduced in that plane; 
let it Ihj jn'otinml to /> ; ainl 
lot any plane pass through the 
straight lino. 1 /Aand In; turned 
alwmt until it |>iiss through the iM>int (\ 

Then, because tlio jniints B and C arc in this plane, the 
straight lino Bf'U in it. [I. Itrjiuitiou 7. 

Therefore there arc two straight lines A lU \ A HI) in the 
same plane, Uiat have a coiainon si'ginent AH\ 
but this is im|H>ssihIc. 1 1. n, ('on*Ihtnj, 

Wherefore, p<trl o/ti atraijltt fint- 6iv. g,K.n. 

IMP )POSrn( >N U. TIII-OIU-M, 

Two strn'njht /inrg irfiir/i tut mit art in out 

p/ant; and thrtt gtraitjht lints ichick mei't o/o; another 
art in out jdane. 

Let tlic two straight lines .*///, rut one nnotlier at 
IC : AH and t'/) shall Im* in one plane; and tlio thro<» 
straight lines L'(\ CHy HlC which iiieot one another, shall 
be in tme plane. 

Let any plane pa«H through the 
stniight line EHy and let the plane 
be tunasl alsMit AV/, pro<luced if 
nccrossary, until it luiss through the 
jxunt i\ 

Then, l>ec:iuso the points E 
and A' are in this plane, the straight 
lino EC is in it ; [L HfjinUum 7. 
for the same reason, the straight 
lino HC is in the same plane ; 
and, by hj'pothcsis, EH is in it. 

Therefore the throe straight lines E(.\ CHy HE are in one 
plane. 

But AH an<l CD arc in tlio plane in whieh EH and E^I 
arc; IXL L 

therefore A H and CD arc in one [»laiie. 

Wherefore, two Btraiyht lines kc. 
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PROPOSITION 3. TlIEOItEM. 

If twn pUmru rtit oiit^ nw^thcr their common section 
is a stntiifht line. 

Pet two j»]atie« AS, Ii(- cut one another, and \c%BD 
bo their comnetn section : III) Hhall be a straiglit line. 

If it be n«it, from H U» />, <iniw 
in the plane All the straight lino 
IU',1>, and in tlie plane JU* the 
utruight line IlFlK l. 

Then the two gtruight lines IlEh. 

IIFD have the saim* extreinities, 
and therefore inclinle a spiice bo- 
iwtnoi them ; 

l»ut this is iin(MMsible. [Ari on lo. 

Therefore ///>. the comm(»n section of the phuies AB jind 
/yrtannot but Ih‘ a Htruight line. 

Wheridore, {E tiri> planes g.K.n. 


y. : i 




r 


L.r4.i.j 


PUOl'OSITIoN P TJIEOUEM. 


ff a $trat\jht fine stanA ,U ritjht mujfes each of ttro 
straujhi Itui’s iU fits' plant of their intersection., it shall 
tus*i he <it yajht itnfes to ih,- plane trhich ptuses thronah 
(hem, that ti, t'l (he phine m trhich thcif are. 


A\ 


Jtnught line EF Rtarnl at right angles to each 
of the Mniight bne.s A //. < 7>. at E, 
tlio iMMiit of their iiUerstx'tion : EE 
ahall al!w> Ih> at ri^dit angles to the 
plane {Mvising through AB. CD. 

Take the straight lines A E. EB, 

€E, E I )y all i*<iusu Ui one another ; 
join AD, Cii ; thrv^ugh E draw in 
the piano in whieh are AB, CD, 
an? straight Hoe cutting A D at O, 
and CB at H ; and from anr point 

H 

Jr sit IB, 


X 


•'f 


A./ / ■ 

l-X i 
-Av 

D* 
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Then, because the two siiles Al\ KU uit' (Mpial to tl»o 
two sides HE, Ei\ each to each, |f - K.^nN . 

and that they contain ccjual anodes AElK HtU [ 1. i:*. 
tliereforc the base Al> is eijual to the base />(/, lujd the 
angle DAE is e<iiial to the angle EHi \ (1.4. 

And the angle A Ed is e<|Ual to the angle HEU ; (1. ITi, 

therefore the triangles A Ed, HEU have iw»> jingles of the 
one equal to two angles of the t»ther, each lt» each ; 
ai»d the sides E.\, EH a<ljaeeut to the c‘«|ual angles are 
e<|ual to one another; \( 'unM'rtntion. 

therefore Ed is equal to AV/. and Ad is equal t<» 

HJI. II 

And beeauHc EA is cHjual to EH, \r.„iftrnrfi„n. 

ainl EE is eoinnion and at right angles t<» tinun, [/A/y» 
th‘ refore the base A E is equal t<» the b.ise HE. [I, 4, 
For the same reason ( ‘E is equal to />/’ 

And since it ha.H been Khevvii thut tin' two sides />./, 
A E livo i qual t«» thi‘ two sides f'H, HE, cso h to each, 
and that the base DE is <*qtial t<» the base *'E', 
then‘f**re the ani^de l»AE eqiuil t<» vhe angle (*HE. fl. 

Again, since it has been shewn that tin* two sides EA, 
Ad are equal to the two sides EH, HU, each to each, 
and tliat the angle EAd is iqual to the angle EHU ; 
therefore the bjise Ed' is equal to the base EU. [I. 4. 

Lastly, sinee it has been shewn that d E is e<jnnl tf> UE^ 
and EE \i< e<Jinnion to the two triangles EEd, EEU ; 
and the b:iso Ed has been shew'ii equal to the base Ell \ 
theref<»rc the angle EEd is equal to the angle FEU. [I. S. 
Therefore each <tf these angles is a right angle, fl. Htjh. 10, 
In like inaiiner it may Ikj shewn tliat EE makes right 
angles with every straight line which niecU it in the piano 
{nssing thnuigli AH, dD, 

Therefore EF is at right angles to the plane in which are 

A B, f 7>. I X I. IhjiHiUtfu £L 

Wherefore, i/ a itraight line Uc, 
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pi^)PosrTrox 5 . tiieoukm. 

If thrt'fi iti'aiijht linrjt nil af one point, and a 

$tvaitfht line ttnnd at ri(jht amjlef in each of them at that 
jnnnt, tho three tlraiyht lineg t/utll he in one and the tame 
fdane. 

LtH tin* Htr.iij'ht line A ft iitunil at rij^ht angles to each 
of the Mtrui^'ht lines lit\ lt/>, llE.iii li the whore 

they meet: //f, Hit, HE hhall he in one uinl the same 
plant', 

pnr, if not, h't, if jx^wnihle, 

///>atnl HE he in one plane, 
ami y/# 'without it ; let a plane 
jKow throti; 4 h AH aiel //<'; 
the common m*tion of this 
plane with the pi me in which 
an' HI) umi HE is u t*traight 
lino ; {XI. 

let Uiis straight line Ih.» HE. 

Thou the thrift' straight linen 
AH, Ht\ HE are ail in one piano, namely, the pliuic which 
|KWMioA thrmigh AH lunl IH'. 

A ml l»ocause A H staiuU at right angles to eacli of the 
ftmight linos /y/>. [//y/K»MwM. 
tliercforc i; in at right angle's to the plane |uLHsing through 
thorn ; IX I. i. 

thort'fon? it makes right angles with every straight lino 
tiiiH^ting it in that phine. [XI. H. 

Hut HExnwiM it, ami i« in that plane ; 
thori'fore the angle . ( H F is u right angle. 

Hut Uio atiglo AHC hy hy|K>Uicsis, a right angle; 

Uierofi re Um atiglc A HC is e«jual to the angle A HE ; [Ax, 1 1 . 
aial Uiey are in one plane ; whkh ut impossible. [.tjciiem 9. 
Therefore the straight tine EC U not without the piano in 
which are EI> and HE, 

therefore Uio three straight lines EC, ED, EE arc In one 
and the same plane. 

Wherefore, three etraiffht Hnes 
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PROPOSITION 0. TJIKOnEM. 

If two ntrahjht Ihu's fte at ritjht angh-s tu thesani*' platu\ 
they fhall be paraHel to (ate another. 

Let the strai^^ht lines A /A r/> ho at right anglcH te the 
same plane: Ali Khali Ikj parallel to (’/ 

Let them meet the plane at the 
[MiintK /A 1 > ; jtun />7> ; an<l in the phuio 
tiniw IJIC at right angles to HI ) ; ( 1. 11. 
make I)K e<iual to AB\ [I. :i 

and join 7/7^ A A\ A /A 

Then, In'caiiKO -17i is j>er|H‘nduMilar 
to the plane, [/////«>?/» 

it makcK right angles with every Mtraight 
line meeting it in that plane. (X I. /»>/. 

Hut H/) and IJB meet J7A and are 
in that plane, 

therefore ciieh of the angles AH/), A/II\ is a right angle. 
For the Kamo reJiKfjii each of the angles ('l)H, ('I)JC in a 
right angle. 

And lK?<*auKe A H is e<|u;d t4» 7v/A \( '^ujitrv tim. 

and HI) is eomiimn to the two triangles AH/f HHH, 
the two nitloK -17A JiD aure C'juul to the two sides AVa I)H, 
each t<j cjich ; 

am! the angle A Hit is equal to the angle E/tH, <n»eh of 
them l^eing a right angle; [Axvon 1) 

thcrehire the hase A /> in e<pial t<» the hase EH. j I. 4, 
Again. Injeaus*.* AH is cHpnd t4» EJ)^ \t'nnMtrurti,m. 

and it has lx;en sliewu tliat HE is efpnd h* J)A ; 
therefore the two sitles AH^ HE are equal to the two sides 
ED, J)A, each to each ; 

aiAd the base AE is common to UiO two tnattgkw AHE^ 
EDA ; 

tlicrefore the angle ABE is erfoal to the angle EDA. [L B. 
Hut Uie angle A HE is a right angle, 
therefore the angle EDA is a right angki, 
that is, ED is at right angles to AD. 


\). 
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\ 
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El) iH also at right angles 
to each of the two JiD^ CD ; 
therefore EIJ i« at right angles to 
each of the three straiglit lines ED, 

ADy CDy at the i»oiut at which 
they meet ; 

tlieref<»re these three straight lines 
are all in the same plane. [XI. 5. 

But A H is in the plime in which 
arc EDy DA \ [XI. 2. 

therefore A II. liD. CD are in one plane. 

And each of the angles ADD. CDIi is a right angle ; 
Uierefore All is parallel to CD, [f 

Wliereforc, if tiro struitjht limB &Ch 
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BKUl»USITlON 7. TIJi:> tlll'M. 

l^f tum ttraiijht linei fh' jmrallvl. thr straight dnnrn 
from <!«// point in onr to an if i>*tint in the ol/wr, it in the 
mine plane trith the parallett. 

Let AD, CD Ihj |ianillcl stniight linos, and take any 
mint E in one and any isnnt F in the other : the straight 
iiie whicit ioins A" and F shall l>e in the same plane with 
the fiaralieL. 

For, if not, let it l>e, if |s»s- 

sihlo, without the plane, as A. 

EOF; and in the plane. I IJi 'D, 
in whkdi the paralleis are. 
draw tile straight lino EllF 
from E to F. 

Then, since ECF is also a ^ 
straight lino, yUjfpiiktsU. 
the twii straight lines EOF, EllF include a S{iacc between 
them ; which is impusaiblo. lo. 

Tlierofore Uie straigtit lino joining tho points E and F is 
not without Uie plane in which the parallels AB, VJ> are ; 
ihorefore it is in that plane. 

'Wherefore, if two §imigkt lintM Ac, Q.t^tt 
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PTioposiTiox 8. rntum^r. 

Jfhto 9tmiffht Vnic» W paraUe!, and tmr of them h* at 
rhjht aaifli'9 a ptane, tho vthcr ah > ghali In* at riifht 
angles ta the same plane. 

Let AB^ CD bo two parallel stniij'Iit lines: an»l let one 
of them AB bo at right angles to a plane: the other CD 
shall l>e at right angles to the 8:imo j^laiic. 

Let A By CD meet the plane 
at the iH>intH By D ; join BI> ; 
therefore A By CDy BD are in 
one pliuie. fXf. 7. 

In the plane to whieh AB is at 
right angles. «lraw JtJ' at right 
angles to //y> ; [I. IJ. 

make DK e<|ual to A B y [ I. :{. 
and join BE^ A E. A D. 

Then, b<*cause AB is at right 
angles to the i»lane, 
it makes right angles with ever}' straight lii»e Tuet ting it 
in that plane; ' [X I. :i. 

therefore e^veh of the angles AB/f ABE is a right angle. 
And Ixranse the stnight lino BJt meets the parallel 
stniight liiie.s A If f 7>, 

the angles ABDy CDB are together equal to two right 
angles, [I. 

Hut the angle ABI) is a right angle, 
therefore the suigle <^DB is a right angle ; 
tliat is, t'D is at right angles to ///A 

And lK>causc AB is tvpnil to EDy 
and BD is commrm to the two triangles ABDy EDB ; 
the two sides A By BD are equal t^i the two sidci EDy DBy 
each to each ; 

and the angle A BD is equal t^» the angle EDBj each of 
Uiern being a right angle ; [Axum. 11, 

Uierefore the base AD is equal tf» the liasc EB. [1. 4. 

Again, l>ccause AB e«jual to ED, [Cmsiructum. 

and BE has been ahewu e^jual to DAy 


« ^ 

\ / 
/ 
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tlio two sides AB^ BE arc equal to the two sides ED^ DA^ 
each to each ; 

and the base A E is common to the two 
triangles A BE^ EDA ; 
therefore the angle ABE is equal to 
the angle -.'I [1.8. 

But the angle A BE is a riglit angle ; 
therefore the angle A DE is a right angle ; 
that is, ED is at right angles to AD. 

But ED is at right angles to ///>, omt. 
therefore EJ) is at right angles to the 
plane which ptisses through ///>, DA^ 
and therefore makes right angles with every straight lino 
meeting it in that plane. [XI. hrfinitimi 3. 

But CD is in the plane |>as.sing through BD^ J>A^ l>ecauso 
all throe arc in the plane in which are tlie parallels AB^ (JD\ 
therefore ED is at right angles to (7>, 
and tlioreforo i 7> is at right angles to ED. 

But CD was shewn to Ik) at right angles to BD ; 
thoroforo CD is at right angles to the two straight lines 
BD^ ED^ at the i»oint of their intersection 
and is thcreft»ro at right angles to the plane pa.wing 
through BDy EDy [XI. i. 

that is, to Uie plane to which ABU at right angles. 

Wherefore, if' ttrii gfrauj/tt lim’» A:c. (i.ii.D. 


i\\ 


\\ 
\r7" 

V 

K 

[XI. 4. 


r non )sitii >n 9. tiieohem. 


Two ftraiijht linf$ which are each of tlwin paraBcl to 
the tame ftraitjht fiiiCt tame j^ane with it, 

are paraiiel to one a mother. 


l^t A B and CD be each of them parallel to EE, and 
not in the same plane with it ; 

AB shall l>c panulel to CD. 

In EE take any |x>mt G ; in 
the plane passing' through EE 
Mid A B, draw from G the straight 
line GJf at right angles to EE; 
and in the plane iiassing Uirough 

^ flrttor fvs.m #3 
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straight lino OK at right angles to EF, [I. 11. 

Then, because EF is at right angles to Olf and 
GK^ [ ( \tnMruction. 

EF is at right angles to the plane IlGK passing through 
them. [XI. 4. 

And EF\& parallel to JB ; [//t/pothesu. 

therefore AB is at right angles to the piano JIGK. [XI. 8. 
For the samo reason CD is at right angles to the piano 
JIGk\ 

Therefore AB and CD are lK)th at right angles to tho 
plane liGK. 

Therefore AB is parallel to CD. [XI. 6. 

Wherefore, if ftco ttraujht lines Ac. q.k.d. 


rnoposiTiox lo. tueohem . 

If ttro sfntii/ht fines meeting another fje jHirnllet to 
tiro others that meet one another, ami are n<tt in the tame 
plane frith the hr st tir^t, t/u’ jirst tw* and the otfu'r ttro 
shall e* attain egital angles. 

I..ct the tw<» stntight line.s AB, Bf\ which meet one an- 
other, lx? {Kirallel to the two straight lines DE, EF, whi<’h 
meet one another, and are not in the? same piano with 

AB, BC \ the angle A BC shall Iw e<jual to tlio angle DEF. 
Take BA, BC, ED, EFtaW c<iual to 

one another, and join A D, BE, CF, 

AC, DF. 

Then, because AB equfd and 
parallel to DE, 

therefore AD is equal and parallel to 
BE. [I. ns. 

For the same reason, CF is cqu.d 
and {parallel in BE. 

Therefore AD and CF arc each of 
them equal and fiarallol to BE. 

Therefore AD U parmllel to CF, 



[Xl. 8L 
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and Al) is also equal to 
CF. [.IjciW I. 

Therefore AC is equal and 
parallel to IjF. [1. 

And because yiE, 
are equal to EFy eaeh 
to oaeli, 

and the base equal to 

the l>asc JJFy 

Uioreforo the angle A EC is 
equal to the angle J)EF. [1.8. 

Wherefore, i/tiot straight lines &o. 



Q.K.D. 


ru<n»<)sTTi()N n. rnonLi:.H. 

To ttrair a straight line perinaulieular to a glrcu planCy 
from a giren point ir it hunt it. 

Let A l»o the given point without the piano EN : it is 
recpiiretl to draw from tlie |Kunt -I a stniight lino i>crpea- 
dicular to the plane E//. 

l>niw any wtraight lino 
EC in the piano ////, and 
fn>ni the p<iint A dniw -'l/> 
per|)ondicul:u to EC. (L li 
Then if A /> he also {KTiien- 
dicular to the piano E/f, 
tho thing re<juire<l is dfuio. 

Hut. if not, muu the {Kunt 
/) draw, in U»e plane ///f, 

Uie straight lino EE at 
right angles to EC^ fl. 11. 
and frtmi the|K)int A <lraw -4/’|>eq»endieular to DE, [1. 12. 
./l/'ftliall l>e f)er|>cndicular to the (datio EH, 

Through /’draw OH pamllel to EC, [f. 31 . 

Then, because EC is at right angles to ED and DAy [(W#r 
EC is at right angles to tho piano msslng through ED 
•nd DA. [XL i 

And Qli is iwrattcl to BC\ 
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tlicrcforo OH is at right angles to U»o piano passing 
through ED and DA ; [XI. H. 

thcrehire (t// makes right angles with every straight lino 
miH^ting it in that plane. [X I. Ihriuition i\. 

Hut A F meets it, and is in the jihino passing tliruiigli ED 
and DA ; 

therefore (ill is at right angitis to A F, 
and thereft>re A F is at right angles t4» Olf, 

Hut AFis also at right angles to DE\ [f^onutmefion. 
therefore AF is at right angk's to eju*li of the straight 
lines arnl DE at tlie jM»int of their inttTHiu tion ; 
therefore AFis ]H*r|»endienl:ir to the plane {tossitig thmugh 
(i/l and DE, that is, t*» the plane JlJi. [XI. 4. 

Wheref<»re,y/* 'Oi /Ae tfirm jtuint A, fht* pAiws 

/?//, t/h' It Hi' AF h*t» drttirn fH'r/fentiicu/ar 

tn the v.K.r. 


p HO r< )s IT r OX i j. r n l 

To nu>rt a gtrnhjht line at ri^/ht awjlet <o <i giren 
from a giren nnt in the fthtne. 

Let A he the given in the given plane : it is ri'* 
quire<l to erwt a straignt lino from the |s»int A, at right 
angles to the plane. 

Krruii any jsdnt /I without the 
plane, <lr.iw y>6' iHT|>cndirular to 
the plane ; [X I. 1 1. 

and from the fMiint A draw AD 
IKinUlel to ll(\ [I. 31. 

A D shall bo Uic stniight line re- 
quinsi. 

For, Ihjcsiuiic A 7> and liC aro 
two |»anillel straight lines, [Cfmttr. 
and that one of them E(f is at 
right aiiglca to the given plane, 

Uie other - 1 /> is also at right angles U* the given plane. fX 1. 

Wherefore a itraighi line has In^en ereeiedal rigfUnn* 
gUi to a gieen plane j/r<mi a gieen jM/int in it. q.tLr, 


I>! )H 
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rilOPOSITION 13. TIIEOnEM. 

Frmn the mme p^tint in a giren plane^ there rannot fte 
Urut Btraight linen at right angles to the plane^ on the same 
suie f{f it; and there ran he hat of te perpendicular to a 
plane frofn a jyoint irithout the plane. 

F<»r, if it iw» i^HMihle, let the two «traij;fht lines Ali^ AC 
l»c At ri)?lit an^^lc-M to u i^ven phuie, from the same |ioiiit A 
in the plune, ami on the Batiic side of it. 

C 

/ 

/ 

with the fjivcn plane is a , 

Atnughtlino; 1X1.3. ^ ^ 

lot thin Mtruif^ht line Ikj iKi K. 

Then the three stnught lines -i/^, At] DAE arc 
all in one plane. 

And l>i*<3iuse ('A is at riirlit angles to the plane. [HgpothtsU. 
it makes right angles with every straight line meeting it 
in the plane. [XI. lJ<;^nUion 3. 

Hut DAE meets CA, and is in that plane ; 
tliorefore tlie angle (\IE inn right angle. 

For Uic same reason the angle DAE is a right angle. 
Therefore the angle ( I E is eipial to the angle DA E ; [.4x.l 1. 
and they are in one jdaiie ; 

which is iin|H)ssihlc. [.txiam 9. 

Also, fnmi a |s>int without the plane, there can be but 
mm |)er}veniiiciilur to the plane. 

For if Uierv could be two, they would bo parallel to one 
aiM»thor, [XI. 6. 

which is absurd. 

Wherefore, /rom fhe same point &c. q.i:.d. 


Imt a piano |xiiis through 
DA, AC; 

the wmmnn aecti<^m of this 
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PROroSITIOX 14. TIIKOREM. 

Pldncf tthich the fame ttraighi line if perj*emiieu/ar 
are jHtrailel to tme another. 

Let the utraiglit line JB ho porpciulicular to each of 
the plancM CB iiud £K: these pluiies sluill be iMirullel to 
one (uiothcr. ^ . 

For. if not, they will meet one y*- ^ H 

another when proiluce<l; / ,, 

let them meet, then their min' ^ \ 

mon section will Ikj u strai^dit j / \ 

lino ; ! \ 

let f/// l>e Uii« straight lino ; in ^ ‘ li ' 

it take any |M>int A\ and j«*iii . i 

AA\BK. ■ ’ * 

Then , lieeanse A II is |»cr|HJH- ; | 

dicular to the plane Vhp- ' ^ 

it is por|KMidicnlar to the straight 

lino BK which is in that j) 

[>lane ; ( X I. 8. 

therefore the angle AltK is a right angle. 

For the same rejison the angle //.I A' is a right angle. 
Therefore the two angles AUK^ liAK of the trianglo 
A HK are e<|nal to two right angles ; 

which is iin|iOHsiblc. fl. 17. 

Therefore the planes CD and EF^ though pruduceil, do 
not meet one another ; 

that is, they are f parallel. f X I. Ikfihiipm 8. 

W hereforc, planes 5tc. q. e. n. 


PUOPO.SITION 15. THEOREM, 

I/ltro straight lines it hi eh meet one another parallel 
to iwo other straight lines tthith meet one another^ but 
are not in the same plane trith the first /mv>, the plane pass- 
ing through these is paralld to ths plane passing through 
the othere. 
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Let A 7?, B(\ two straight lines which meet one another, 
be parallel two other straight lines 7>A\ EF, which meet 
one another, hut are not in the Siimo plane with A B, BV : 
the plane passing through A B, BV^ shall ho parallel to the 
plane {lasstng through />A’, EF. 


From the point B ilraw' BG 
perpendicular to the plane pass- 
ing through DEy EJ\ [XL 11. 
and let it meet that plane at G ; 
through G draw GJf parallel to 
EBf and G A’panillel to EF. [ f .ni . 

Then, Ikjcuuso BG is f>cr- 
pendicular to the plane passing 
through BEf EFy l<’o««/nirr»<>7i. 



it makes right angles with every straight lino meeting it 
in that plane ; [X I. J>ejinitvm 3. 


hut the straight lines Gil and GK meet it, and are in that 
plane ; 

therefore each of the angles BG II and BGK is a right 
angle. 

Now l>ocause BA is pamllel to /;/>, {II^i»\fhfsU. 

and GH is piindlel to ED, 

therefore BA is parallel to GII ; [XI. 9. 

theroA>ro the angles ABG and BGN arc together equal 
to two right angle.**. [I. 2:*. 

And the angle BG/I has l>een shewn to Ikj a right angle ; 
Uiorofure the angle A BG is a right angle. 

For Uie same re-sison the angle CBG is a right angla 

Then, liccauso the straight lino GB stands at right 
angloa to Uie two straight lines BA^ BC\ at tlieir |>oint of 
intcrsociioti B, 

therefore OB h perpendicular to tlio plane [Kissing through 
BA.JIO. 1X1.4. 

pwpen^cnlar to the pUne poMiiig thronirh 
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Hut pianos to which the same straight line is |>cri)ciulicular 
are [larallel to one another ; [X 1 . 1 4. 

therefore the plane passing through AB, BC is parallel to 
Uie [»Ianc |»i8Sing through DK^ EF. 

Wherefort', ifttro itraii/ht /int*# &c. q k.i\ 


I'POPOSITIOX 16. TlIKOUK^r. 


1/ tiro parMl pl(uu'$ Ih> cut toj another p/ane, ihetr 
CtauMon sect ion t irith it arc iHiratUl. 

Let the mrallel planes AB, CD l)C cut hy the plane 
EFHG, aiuf let tlieir common sections with it lx> EF, 
OJI: EF shall be |Uirullcl to GIL 


F<»r if not, EF and Oil, l>eing produced, will meet 
either towards F, //, or towards E, G. Let them be pro- 
iluccd and meet towards II at the point K, 


Then, since EFK is in the 
plane A B, every ts>int in EFK 
IS in that plane*; [XL 1. 

therehirc K is in the plane 
AB. 

For the same reason K is in 
the plane CD. 

Therefore the planes A //, CD, 
l»euig produced, meet one ati< 
other. 


i 

A 


K 



P 


But Uiey do not meet, since Uiey arc ]iaru]kl by hypoUictii. 

Therefore EF and 67/, being iirodueed, do not meet to- 
wards /; //. 

In Uie same manner it may be shewn tliat they do not 
meet towards E, G. 

But straight lines which are in the same plane, and which 
bet^^toduced ever so far hi*th ways do not meet are 

therefore EF is parallel to GIL 

Wherefore, (f two paralM plant* kc, ujlk 
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PROPOSITION 17. THEOREXf. 

If two $traight lineM be rtd by parallel planei^ they 
ihall be cat in the tame ratio. 

Lot iho Rtmi^ht line* A U and CD I>o cut bv the pa- 
rallel plaiien at. K MN^ at the pointn jS', B. aud 
C, I\ D : A K shall be to EB as CF is to FD. 


tP 


R 


M 


'V- 


E, 


X* 




Til 




V7 




IV 




A' 


Join AC. ni). Al> , let 
A D iiKH^t the plane KL 
at the fHiint A' ; and jutti 
EX, XF. 

Then, l)ecau«c the two 
fXirallol plants XI, AfX are 
cut by the jilaiie EBDX, 
the conuiioti stvtioiiA EX, 

BD are |>arallel ; [ X I. 10. 

and lH'e4mse the tw(» pa- 
nillcl planes (ill, XL are 
cut by the plane JAW', 
the cointnoii si^ctitms A(\ 

X F are |ianillel. ( X 1 . 10. 

Aiul, IxHsiuso EX U piirallel to BD, a uido of the 
triangle .1 ED, 

ilioreforo AE is to EB as J A' U to XD. [VI, 2. 

Amin, beca iso X F is |)araUel to A t\ a side of the triangle 
ADC, 

Ihcroforo AX Is to XD as CF\e to FD. [VI. 2. 

And it was Bliewii tliat A X is U* XD as A ^ is to EB ; 
therefore A E is to EB as ('F is to FD. [V. 1 1. 

Wherefore, if tte\> etraiyht lines &c, q.i:.d. 


pnoposmox is. theorem. 

If a straight line be at right angles to a plane, mery 
irAicA ptmes through it shall be at right angles to 
that plane. 

Let the straight lino AB be at right angles to the 
plane CAT : erery plane which p s ssce through AB shall be 
at right ai^ks to the plane CA. 
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Lot aoy piano DE 
pfww through AB , and 
k t CE be tne common 
iMxrtion of tlic plaiuM 
DEyVK\ [XI. 3. 

take any point F in 
VE^ from which <lraw 
FG^ in the plane 
at riglit angles to 
VE, II. 11. 


C 


0 -A il 


1 

\ 


1 

\ 

1 J 

! \ 

L J 


Then, because AU is at right angles to the plane 

CKy [ tfxipothrtiiA. 

therefore it makes right angles with every straight line 
meeting it in that plane ; {XI. Dejinition 3. 

hut CB meets it^ and is in that plane ; 
therefore the angle A HF is a right angle. 

But the angle GFB is also a riglit angle ; [rtmMtruction. 
tliereforo EG is purallel to AB. [f. ‘JK. 

And AB is at right angles to the plane (K; [BttftothftU, 
therefore FG is also at right angles to the same plane. [X 1. H. 

But one plane is at right aiigh^s to another plane, when 
the straight lines drawn in one f>f the planes at right 
aiigk» to their common section, are also at right angles to 
the otlicr plane ; [XI. ftffinUum 4. 

and it has Ikxmi sIicwti that any straight lino FG drawn in 
the plane BE^ at ri|^ht angles to CE, the common section 
of the planes, is at nght angles to the other plane CK ; 
therefore the plane BE is at right angles to Uio plane f 'A'. 

In the same manner it may Ik) sltcwn that any othi'r 
plane whi<;h iiasseo tiirough Alf U ut right angles to the 
plane CA: 

Wherefore, i/" a uiraight line dtc. Q I5.ii. 


PROPOSITION 19. THEOREM, 

If two pUnm which cui cm another be each tf them 
perpmdiruiar to a third plane, their eommm Bcetim MuUl 
be perpendicular to the eame plame. 
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I-ct the two plane* BA, BC bo each of them perpen- 
clicular to a third plane, and let B/> be the common section 
of the planes BA, BC . BD shall be iicriiendicuhir to Uio 
thinl plane. 

For, if not, frtnn the |K4int />, 
draw ill tlio plane IlA^iha straight 
lino hE at right angles to yf />, 
the coiiinion ncotion of the i»lano 
IIA with the thinl plane; [1. 11. 
and fnnn the j>oint A <lniw' in the 
plane Jt( \ the stnught line I>F vX 
right uiigh'H to ^ the eointnon 
Htrtion of the plane i/6' with the 
third plane. [1. 11. 

Then, IwciiUHc the nlanf* IIA is 
fR^r|)en<lieuhir to the third plane, 

uiitl DE is drawn in the plane BA at right angles to AD 
their eointnon seetion ; [( \mMntction. 

tberi'fore I>E is |ier|»endiciilar to the third plane. ( XT. fv/. 4. 

In the juiine manner it may bo shewn that I>E is i»er- 
|icndieular to the third plane. 

Therefi»rt^ fn»m the jKnnt D two straight lines are at 
ri^it angles to the third phitie, on the saiue side of it; 
whicii is tiuiMkssihle. f X 1. 1 3. 

Therefore from the |»oint />, Uiere cannot In? any stniight 
line at rt^ht angles to the tliirtl plane, exci'pt IllJUiC com- 
ttion fk>ction of the planes BA, BC ; 
tlicrefope BD is iH^rjH'iidicular to the third plane. 

Wherefore, {/7iro phnes 6ic. q.l.d. 


PUOFOSITION 20. TIIKoRKM. 

If a bf three plane anfflee^ any 

imo qf them are ioyethrr ffreater than the third. 

].»et tho solid angle at .d be contaiiied b? Ute three 
fdane anglea BAi\ CAD^ DAB: any two of ihetn aludl be 
together greater than the third. 

If the aiiglo 0 BAC^ CAD^ DAB be all equal, it k 
erkkni that any two of them are greater than the thud. 
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If they arc not all ctjual, let 
BAC bo that an^lo ahieh ia not 
Ic«« Utan either of the other two, and 
is j^cater than one of theui« BA D. 

At the iK>int A^ bi the sinii^ht luie 
BA, make, in the plane which pa.<)808 
throuj^h BA, AO, the angle BAE 
tHjnal to the angle BAD; [L * 23 . 
make A R e<pial to AD; { 1 . X 

through R 4 lraw BRC cutting AB, AC at tlic iM>inU /?, C ; 
and join DB, J><\ 

Then, iK'causo AD is e<]ual to AE, [ronKirurtum. 

and A B is coniinon to the two triangles BA D, BA R, 
the two sides BA, A D are equal to the two sides BA^ AR, 
each Uj each ; 

and the angle BAD is equal to the angle BAR; 
tliereforc tlie base BD i.s cMpial to tlie bjise HR. (1.4. 

And because BI>^ DC are together greater than 
B(\ (1. 20. 

an<I Olio of them BD has Ik*cii shewn equal U> BR a isirt 
c.f//r, 

therefore the other D(* m greater than the reiiiaining 
port RC 

And bocau.se AD is equal t*i AR^ l^'orutrurti^n. 

and AC is ootnmon U) the two triangles DAC, RAC\ 
but the base DC is greater than the hasc RC ; 
therefore Uie angle DAC is greater than the angle 

RAC, (1. 2.V 

And, by construction, the angle BAD U equal to the 
angle BA R ; 

therefore the angles BAD, DAC ore together greater 
Una the angles JiAR, RAC\ that is, Uian Uie angle BAC. 
Bat the angle BAC is not less than cither of the angles 

therefore the aagto BAC iogeUior with either of the othm* 
angles is greater than the third. 

Wherefore, if a §oiid amgU 4c. q.k.i>. 



U 
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PKorOSITION 21. TIIEORSM, 

Et**rit iotid attfjlfi {» omtained by plane anglei^ ftltich 
are bujetlur than four right anghe. 

Firnt let the anKlc at A 1k) containcxl by three 
plane aneteH IlAt\ CAlK DAB\ these throe shall be 
together Tcjm! tliun four right angles. 

In the Htniiglit lines A If A(\ A T) 
take any isiints If i\ ami join BC^ 

C7>, />//. 

Then, lieeauHo tl>c sf»litl angle at 
n is conUiineil bv the three piano 
angles CBA, AB)>, i>Bt\ any two 
of tliem are together grciiter than the 
third, [Xr. 2<‘. 

Uierefore the angles CBA, ABU are 
t4»gether greater tlnui the angle 1>B(\ 

For the wine reiwum, the angles BVA^ ACD are together 
greater than tlie angle UVBf 

ainl Uie angles CUA, AUB arc t<»gethcr greater than tlio 
angle BUV, 

Therefore Uie six angles CBA^ ABU, BCA, ACD, CD A, 
AUB are t<»gether greater tlian the three angles DBt\ 
DiB,BUC\ 

but the three angles DBC UCB, BDC fxxa together ecjual 
to two right angles. 11. 32, 

Therefore tlie six angles CBA, ABD, BCA, ACD, CD A, 
ADB are Uigethcr greater Uian twt» right angles. 

And, liecause the thn*e angles of each of Uie triangles 
ABC, ACD, AUB are togeUier ct[ual to two r^ht 

[1. 32. 

therefore the nine angles of these triangles, namdr. the 
andes CBA, MAC, ACB, ACD, CDA, CAD, IDB, 
DBA, DAB are equal to six right angles ; 

and of Uiese, the six angles CBA, ACB, ACD, CDA, 
ADB, DBA are greater than two ri^t angles, 

Uierefore the remaining Uiree angles BAC, CAD, DAB, 
whkh contain the solid angle at are together Ism than 
KMir right angles. 
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Next, let tlie solid an^le at A l>e contaiiioil bv aiiy 
miuibcr of plane angflen JiAi\ CAD, DAD, DAF, PAii\ 
UiCHC shall be together less than four right angles. 

Let the planes in which the un- 
glci are, be cut by a plane, ainl let 
the Of>miiion motions of it with those 
planes bo Bi \ CD, DE, Ef \ FB, 

Then, because Uic solid angle at 
B is contaiiieil by the three piano 
angles VBA, ABF, FBC, any two 
of tliem arc togctlier greaU*r than 
the tliird, (XI. jo. 

therefore the angles CBA, ABF 
ar^bigetlicr greater than the angle 



For the same reason, at each of the iKiints C, D, E, the 
two plane angles which are at the baaeH of the triangles 
having the common vertex A, are together greater than 
Uio third angle at the same f»oint, wliich is one of tlie 
angles of the |K>lygoii BVDEF, 

I'herefore all the angles at the hnsc»s of Uio triangles are 
togetlier greater than all the angles of the (silygon. 

Now all the angles of the triangles anj t<»gethcr C4)ual 
to twice aw tiianv right angles as there are triajigles, that 
is, as there are sides in the |Kiiygoii B(’DEF\ II. '.vt 
and all the angles of the |»olygon, together with fmir right 
angles, are also eniial to twice as many right angles as 
there are sides in ttio rK>lygon; [1. 32, 1. 

therefore all the angles of the triangles are equal to alt the 
angles of Uie fiolygon, together with four right angles. \ AiA. 

But It has been shown that all the angles at the liases 
of the triangles are together greater than all the angles of 
the polygon ; 

therefore the remainit^ angles of Uic triangles, namely, 
those at the vertex, which oottUin the solid angle at am 
Ulgcther less than rour right angles. 

Whereiem^ every eolid angU Uc. 


16-2 
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If ft'om tfn* grmUi' hr ^ untawil magnittuleM therf 
ftf taint than itt ha/j\ ana /nan Ihf rnttaindt*r 

than its half, ami »o liw, th*'re shall at length re^ 
maitt a tnagnitade lest than the smaller o/ the proftosed 
nmijnitudt's. 

lA’t A/i and r 1*0 two tincqtial ni;igiutuilc«, of which 
Alt ii» the • if ff***** ei/t ihore In* taken more Umti 

itii half, and fnini the reinaiiuier more than iU luilf, and so 
on, then' i>haU at length remain a tii.i^nitudc less tlian C. 

For C Ilia}* Ih> nmUiplied so as at length 
t<i become greater tliaii AJJ, 

l4ct it Ik> so multi|ilie<l, and let />A’ iU 
imtlUpIo be greater than Alh and let VK 
Ih? dividoti into Jtf \ FO, UE^ each equal 


D 


to (’ 

From AB take ////, greater than its 
ludf, and fnnii tlic rcuiaiiuler A // take //AT 
ffreater Unui its ludf, and so on, until there 
be as itiaiijr divisions in J/? as in DE \ ami 
let the divisiotis in A B be A A", A"' //, HB^ 
and the diriaiems in DE be DF, FO, GB. 


B 


t 


Then, beoause JMS is gmier Utan AB; 
and that BO taken from BB is not greates* than its half; 
but Bfi taken firom AB is greater than its half; 

thereto) the remainder JDG is greater than the remaindor 
AB. 
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Agnin, l)ocau^ DO is greater thaw A 11 ; 

and Uiat OF is not greater Uiaii tlio half of /)f?, but UK 

is greater than the half of A 11 ; 

thcrefi»ro the remainder DF is greater than the remainder 
AK. 

But DF is equal to C ; 
therefore V is greater than A K ; 
that is, AK is less than C. g.K.n. 

And if only the halves he tiiken away, the same thing may 
in the same way be demonstrated. 

ruorosiTioN i . tiihoukm . 

SimUar ittiurriht'd in rirries an* fount’ another 

fu the igimirs an their diametrrg. 

Let AliFDE, FOUKL be two Hrclos, and in them 
the similar iH»lygons AIU'DK, F<iUKL \ and let BM, 
ON\^ the aiarneters of the circles: the i>olygon ABODE 
shall Ikj to the jiolygon FOUKL as the square on JIM is 
to the sqiiarc on OM. 


A 



Join AM. BE, FX, OL. 

Then, because the polygons are similar, 
therefore the angle BAK is equal to the angle OFL, 
and BA is to AE as OF is to FL. t VI. IhAnitiem 1. 

Therefore the triangle BAE is equiangular to the triangle 
OFL\ (Vte. 

therefore the angle A EB is equal to the angle FLO, 

But the angle AEB is equal to ^e angle A MB, and the 
angle FIAl is ecfual to the angle FSO ; ( I U. 21. 

therefore the an^e AMB is equal to the angle FSO, 
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And the angle RAM ia equal to the angle GFN, for 
each of Uicm ia a right angle. [III. 31. 



Thoreforo tho rc’inainiiig an^rlca in the triangloa AMR, 
FNff are 0 (|ual, and the trianglca are e4j[iiiangiiliir to out* 
another ; 

thert'fore RA U to /f.Vaa GFw to [VI. 4 

an<l, altenmtely, RA ia to CF an RM la to GN\ [V. K». 
thort'foro the tliqilinito nitlo of RA to OF is the aame aa 
tho duplieaU' ratio of RM to UN, (V. Dffinitwn 10, V. 2*2. 

But the jwlygon A RFhK is to tho lH>!ygon FOllKL 
in tho duplicate ratio <»f RA to GF \ [VI. 20. 

nn<l the ft4iuare on RM is to the 8<piftrc on GN in the du- 
plicate ratio of RM to (SX ; [VI. 20, 

therefore the iM>lyjrnn ARCDE ia to the jiolygon FGHKL 
aa the mpiare on RM i« to tho iw|iijin' <»n (iX. [V. 11. 

Wherefore, $imilar q.k.p. 


PROPO.SITION 2. TlIKnKEM^ 

(Hrfifi <ir<« to one tuiMher at the tqttareM on /Mr 
tiiame/ert, 

liOt ARCD, EFGff l>e two drelea, and /?/), FIf their 
diunietora : tho circle A ROD thall be to the circle EFQll 
aa the aquare on RD ia to the aquare on FH. 

For, if not, the wiiare on RD mnat be to the aquare eu 
FU aa the drele A BCD ia to aome apace eitner leea 
Uian tho circle EFGIi^ or greater than it 

Firat if poasible, let it be aa the circle ADCD ia to a 
•pace S leaa than the cirde EFGIi. 
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In tho circle inRcribe the square EFG IF. [IV. 6. 

Tliis square sliall bo greater tlian lialf of tho circle EFQIL 




\ '■ 

ti 





For the Hqnarc EFG II in half of the nqiiaro which can 
l>c forinc<l hy «lrawiii^ ntraij^ht liiicH to toiicli the circle at 
the |Kiinta E\ G, II ; 

and the S4|tiare thu« fornic<l is preater than tho circle ; 

therefore Uio square EFG II is jp^oatcr than half of tho 
circle. 

Hisect tho arcs EFy FG^ GII^ HE at the jM)intH A' 
A, M, X \ 

and join AX, KF, FL. LG. GM. Mil. FIX, NE. Then 
i^jwli of the truinffle.H EKF, FI.G^ GMII. I/XE sladl 
Ik? jcnt'atcr Uiaii luilf of tho sogiiient of the circle in which 
it stands. 

For tho trianprle EK’F is half of the [»aralIclo|rram 
which can he formed by drawing? a straij^lil line Up touch tho 
circle at A”, and jMindlel straight lines Uirotigfi E and A* 
and the parallelogram tlms formetl is ^e;»tcr than the 
se^icnt FEK ; therefore the triangle A’A /’is greater than 
huf of the segment 
And similarly for Uic other triangles. 

Therefore Uie sum of all these triangles is together greater 
than half of the sum of the segments of Uie circle in wlikh 
they stand. 

Again, bisect EK, KF, Ac, and form triangles as before ; 

tbeii tlie sum of these triangles is greater tlian half of tho 
sum of the segnienis of the circle in which they stand 
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If this prcKJcss I )0 continued, and the triangles ^ sup- 
pQHcd to Ikj taken away, there will at length reiuain ueg- 
menu of circles which are U>gether lens than the excess of 
the circle EFUJl alxive the spuce >S by tlio iircceding 
Lemma. 

Ut then the segnuMiU EK, Kl\ FL, LG, GM, MIL 
JIN, Nil Ik^ those which remain, and which arc together 
less tluin the excess of tlic circle aliove S \ 

therefore tl«o rest of the circle, namely the {ndygon 
EKFJJtM JIN, is greati'r than tlic space S. 

In the circle A liCl> describe the m>\\^imAXBOCPDIi 
similar to the |Kilygon JCK FJArM liN. 

Then the fs>lyg(»n A X BGCPDlt is to the |K)lygon 
EK FLGMJIN as the sentaro on JiJ^ is to the siiunrc on 
/7/, [XII. 1. 

that is, as the circle AHFJ> is to the space S. V. 11. 

Hnt the jmlvgon AX U(Pi'I*J*li is less than the cirdo 
AliCI^ in which it is inscribiMl, 

therefore the |s>lygon EKFLGMII N is less than the 
s|iace*V; [V. 14. 

but it is ttIjMi greater, as hjis been shewn ; 
which is im(K>Msible. 

Therefore tho square on Ilf) is not tn the square on 
FIl as tho cticlo ABCI) is U» anv siKvce less than Uie 
circle EJVIf. 

In tlie mime way it may Ik* shewn timt the lujuaro on 
FII is not to the mpiare on ///> jw iJic circle Kl'GU is to 
any s{»aee less tlniu the circle AUCl>, 

Nor is tho miuare on HD t<» tho scpniro on FH as 
the cinde AliVJJ U to any sitace greater tlian the circle 

Knui, 

For, if possible, let it Ik* as the circle A BCD is to a spvOCe 
7* greater Uian the circle EFGH. 

Then, inrersebr, the minare on FH is to the miaare on BD 
as the s|>ace T\m to the circle A BCD. 

But as the s|i«co T is to Uie cirde A BCD so is the drdo 
EFGH to sumo spaco, which most bo less Uuui the cirde 
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ABCT)y because, by hypothesis, Uio space T is greater 
Uuui the circle EFGIL [V. 14 . 



Therefore the wpiarc on FIl is to tlic square on IlD os 
the cinie EFGJI is to iMiiiie s|»ace less than the circle 
A BCD ; 

which has been shewn to W ini(M>sHihlo. 

Thereforcj the square c»n BI> is not to the square on FU 
as the circle A BCD is to unv space gi cater than the circle 
EFGH, 

And it has been sliewn that the s^puire on BD is not 
to Uie wjuare on FJl as the circle A BCO is Ui any s{mce 
less tlian the circle EFG If. 

Therefore Uie s<|uare on BI) is to the iK|iiaro on FH m tlie 
circle ABGD is the circle EFfliL 
Whcrcft*rc, circles &c. 
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Tim »rUcl« Kucl«?Mc* in Dr Smitirii Dictionary of OrefJc and 
Koman fiioyraphy wm wntt<*n by Drofejiiior I)e Morgan ; it 
contains an account <»f the work* of Kucliil. and of the varioui 
(slition* of thorn which have lieon |mh)iflhed. To that article wo 
rrfor the Ntinlent wlio (l<itire* full inforniatioii on th»-*e subject*. 
r<ThafMi the only a'.»rk of im|>ortance rebtio!' tt> Kueli«l whi<‘h 
ha* l»oen |uil>iifih*?<l Kin. e the date of that article la a work on the 
)Vtri*m* of Kudid l)y t'hji*le*; l*ari!i, iHf»o. 

Kuclid a|»|M*arT» to have livwl in the time of the first Ptolemy, 
n.r. 313 1H3, and to have Iwcn the founder of the Alexandrian 

niathemaiieal *ch<»ol. The work on tHHunetry known a* The 
Ktementi of Kuclid conNint* of thirteen bxik* ; two other l^>ka 
have sometime* U*en addt^l, of which it isRuppoMd that lly|i*icle* 
wa* the author. IWaide* the Element*, Kueiid w a* the author of 
other work*, some of which have preserved and some h*it. 

We will now mention the lhr«‘e edithms which arc the inriat 
valuable for tho«c who wriiih to read the ElemenU of Euclid in the 
original (3 reek. 

0) The Oxford odilif n In folio, published in 1703 by David 
Gregory, under liic title Ei^Xddov rd <fu>\b^if¥a,. “ An an edition 

of the whole of Kuclid'* work*, this ttands alone, there In’ing no 
other in Gri.»ck.'* Ik Moryan, 

( 1 ) Emdiiiit EUmentorum Lihri $rx priorri ..edidit Joannet 
(iuHtlmoi Camercr, Tlii* cHlition w.'ui pubU«he<l at Iterlin in two 
volume* octavo, the fimt volume in 1H34 and the neoond in 18x5. 
It ooniatii* the fir*t nx book* of the Element* in Greek with a 
1.4itia Traiulation, and very g<KHi note* which form a mathema- 
tical commentary on the cubjoct 

(3) Eueiidi* Elementa ee opfirntf Uhrig in Mfimi tiranum 
Grwte edita ah Ermeeto Frrdimamio Anyu*L Tbii etliUon wa* 
published at Iterlin in two volumee octavo, the firet volume in 
t8t6 and the eecond in 18x9^ It eoniain* the thirteen book* of 
Um Ekmmda in Greek, with n ooUection of vaxion* readiaga. 
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A third volume, which was to have contained the remaining 
works of Euclid, never appeared. ** To the scholar who wante 
one edition of the Elements we sliouM diMzitledly recommend this, 
as bringing together all that has been dune fur the text of 
Euclid's greatest work." Ik Morfjan. 

An edition «>£ the whole of Euclid's works in the original has 
long bwjn promised by Teubnerthe well- known (ierinaii publisher, 
as one of his series of compact editions of (Irvek and I^atin 
authors ; but we Ixdicve there is no ho|>e of its early apftearance. 

Kobert Simson’s etlition of the Klemmt$ of Euclid, which 
we have in sulsitaiice adopted in the present work, diffem cx^n* 
siderably fnun the original. The English reader may ascertain 
the contents of the original by consulting the work cntitbHl The 
EifmrnU of Euclid vritk ditMcrtaiions. by JatncM Willianuntn. 
This work consists of two volumes quarto, tiic first volume was 
pubtishcHl at Oxford in 17H1, and the s<‘coiid at London in 178H, 
Williamson gives a close translation of the thirU^eii IxMiks <»f the 
EiemcnlM into English, and he indicates by the use of Italics the 
worils which are not in the original but which are required by 
our language. 

Among the numerous works which contain noUw oti the 
Elements of Euclid we w ill mention four by w hich we have been 
aidtid in drawing up the selection given in this volume. 

Ah Ex^tminatiitn of the iirtt six tto*tks of Euclid’s Elements by 
William Austin... Ox ford, 17H1. 

Euclid's Elements of plant iieometry with copious noiet.,.hy 
John Walker. London, 1817. 

The first six books of the Elements of Euclid with a Commen* 
tor*/... by IHonysius l^Ardrier, fourth t‘*lition. I<oodon, 1834. 

Short supplementary remarks on the frst six Hinds of EueiitT s 
Elements, by IVofciiaor l)e Morgan, in the C'em/xinion to the 
Almanac for 1849. 

W« may also notice the following works; 

Otouutrsfy Plane, Sdid, anti Spherical,... Jeondon 1830; Ihui 
funns part of the Library of Useful Knowledge. 

Thiorhnes et ProtfUmes de O^omitrie hlenUnUtirt par Bugine 
Catalam.. TrourUme edition. Paris, 1858. 

For tl*« History of Geometry the student is referred to 
Mooioclas Hitdoirt des MathimkaUyues, and U» Aper^u 

kiaUmspse mar Vorigim et U deailoppemant dee Mithodu m (Ho* 
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THE FIRST ROOK. 

T}»e firnt srvcn di-finitions have given riue to con- 
siderablo diHcutiNioii, on which however we do not propose to enter. 
8uch A dUcuHsion would consist mainly of two subjecU, both of 
which are unsuitable to an elementary work, namcdy, an exami* 
nation of the origin and nature of some of our elementary ideas, 
and a c<tmparison of the original text of Kuclid with the substitu- 
tions for it proposed by Sinison ami other editors. For the former 
subject the student may liereafter consult Whewcll’s History of 
Seirntifi' Idea* and Mill's and for the latter the notes in 

Cainerer's edition of the KUmeatM of Euclid. 

We will only observe that the itleas which correspond to the 
wortls fmnt, line, and surface, do not admit of such definitions as 
will really supply the ideas to a p€*nion who is destitute of them. 
Hie so called definitions may In? rcgarde<l as cautions or restric- 
tions. Thus a jxjfint is not to be sup{>«>scd to have any size, hut 
only position ; a line is not to l>« supjkmmhI to have any breadth or 
thickness, but only length ; a surface is not to Ik* 8Up|H»scd to have 
any thickness, but only Icnf/th ami breadth. 

Ilie eighth definition seems intentled to include the cases In 
which an angle is forme<l by the nu*<‘ting of two rur^rd lines, or 
of a straifjht line and a curved line ; this definition however is of 
no iin{»ortAnc«\ as the only angles ever considerctl are such as arc 
formed by slm'.;ht lines. The definition of a plane rectilineal 
angle is important ; Uie lieginner mumt carefully ol>scrve that no 
change is made in an angle by prtdongirig the lines which form 
it, away frtun the angular {»oint. 

Some wriU»rs ol>ject t4> such definitions as those of an equi- 
lateral triangle, or of a square, in which the exisUnce of the 
objtHTt defined is assumed when it ought to be demonstrated. *n»ey 
would {iresent them in stich a form as the following: if there l>e 
a triangle having three equal sidea, lei it be called an equilateral 
triangle. 

Moreover, some of (he defintUoiu are intrtKluced pmnaturelj. 
Thus, for example, take the definitions of a right-angled triangle 
and an obtuse-angled triangle ; it is not shewn until 1. 17, that 
a triangle cannot have both a right angle and an obtuee angk, 
and to cannot be at the tame time right-angled and obttiee- 
angled. And before Axiom 1 1 baa been given, it is conceivabk 
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that the same angle may be greater than one right angle, and 
lees than another right angle, Uiat is, obtuse and acute at the 
same time. 

The definition of a square assumes more thati is neoessar)'. 
For if a four*side<l figure have all its sides equal ami one angle a 
right anglev it may be shewn that aU its angles are right angles; 
or if a four-sided figure have ail its angles erjua/, it uuty be shewn 
that they are all rit/Ai angle$. 

The {Kwtulates state what processes we assume 
that we can effect, namely, that wo can draw a straight lino 
lM.‘twccn two given }H>ints, that wo can pnxluco a straight line to 
any length, and that we can descrilic a circle fruiii a given ocntrif 
with a given distance as ra<lius. It is sometimes staU^l that the 
{sNitulates amount to recpiiring the ucki of a rulrr and rem/wiMfit. 
It must however l>e observcHl that the ruler is not siipiHoscii to 
l>e a graduated ruler, so Unit we cannot use it to lll(.•asuro off 
assigfievl lengths. And we d<i not re<piiro the compasses for any 
other process than describing a circle from a given |>«»iitt with a 
given distance as ra^lius ; in other wijrds, the coijiptisses may he 
supfKMMHl to close <»f Uiemseives, as s4>oii as one of their points is 
removed from the paper. 

Axivmt. 'Ihe axioms are called in the original (,\*mmnn 
iV(gion«. It is supposed by some wrtU:ni that Kuclid intended 
his {Kwtulatcs to include all dcmanils which are peculiarly geo- 
metrical, and his common n<*ttons to include only such notions 
as are applicable W all kinds of magnitude as well as to spa«;e 
magnitudes, Acoonliiigly, theso writers remove the last three 
axioms from their place and put them among the (KstlulattMi ; 
and this trans}Kisition is supporte<l by some uianuscripU and 
some versions of the Elements. 

The finirth axiom is soroetimef referre^l to in editions of 
Euclid when in reality mure is required than thts axiom ex- 
preasea. Euclid says, that if A and If be unequal, and C and D 
aqual, the tom of A and C ts unegwU to the lom of If mkI V, 
What EocUd often rsquirfai is something more, namely, tliai if 
A be greater than //, and 6’ and /> be equal, the sum of .4 and 
C isgmifrr the sum of B and D, Huch an axiom as Uus it 
re q u i re d , for example, in I. 17. A airailar remark apphai lo (he 
fifth * 

Im tha eighth axiom the words *«that is, which sxMlfy fill 
ths space,* have been iotiudaced withotti the authority of 
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tho original Greek. They are objectionable, because line* and 
angle* are magnitudes to which the axiom may be applied, but 
they cannot be said to/// $pace. 

On the t»e(Aod of gujNrjMmtion wo may refer to papers by 
Professor Kolland in the Transaction* of Uic Uoyal ninety of 
Edinburgh, Vols. XX l. and XXlll* 

The eleventh axiom is nut requires! before I. 14, and the 
twelfth axiom is not reijuired la^fore I. 19 ; we shall not consider 
these axioms until we arrive at the propositions in which they are 
rosjiectively required for the iirst time. 

The first lMK>k is chiefly devoted to the properties of triangles 
and parallelograms. 

We may observe tliat Euclid himsc?lf does not distinguish 
between problems and iheureiits except by using at the end of 
the investigation phrases which corrits|M>nd to Q.K.r. and Q.X.D. 
res{)ectiv«ly. 

1 . 1. This problem admits of fight cases in its £gure. For 
it will be found tliat the given point may be joined with either 
end of tho given straight hne, tiien the equilateral triangle may 
lie descriljod on either side of Uio straight lino which is draw'n, 
and the side of thu iMpiilatorai triangle which is produced may bo 
prcMluced through either extremity. These various easels may be 
left for the exercise of the student, as they present no difficulty. 

lltere will not however always be eight different straight lines 
obtained which solve the problem. For example, if the point A 
falls on BV pnslucod, some id the solutions ohuioetl coincide ; 
this deftends on the fact which follows from I. 31, that the aiq^lcs 
of ail equilateral triangles are equal. 

I. 5. ** Join /V.” Custom seems to allow this singular ex* 

ptwHioa as an abbreviation for ** draw the straight line FCt** or 
lor join F to C by the straight line FC.** 

In comparing the triangles BfL\ CiiB, the words **aod the 
bane BV is common to the two triangles BFt\ COB** are aaoally 
inaeiied, with the authority of the origiiial. As however these 
words are of no use, and tend to perplex a beginner, we have 
lollowed the example of some editors and omitted them. 

A CMswIforir In a propositioo Is an inference which may be 
dednoA tminedialely from that prt>posiiion. Many M the coml- 
laiiee in the Biememia ate not ia the original kuct^ hot intro- 
diieed hj the edilora* 
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It li»4 Veen sui^geeted to demonfitrate I, 5 by tupfrptmium. 
Conceive the iaoecelee triangle A HC to bo taken up, ami then re- 
placed BO Uiat AB falls on the old poKiti<»n of AC, ami ^C^falla 
on the old potation of ^ B. Thus, in the manner of 1 . 4 , we can 
■hew that the angle A BO is <H|nal to the angle A ( 'B. 

L 6 ii tlie convcrtt of part of I. 5. One pro)N>«ition it taitl to 
lie the converse of another when the oonoltiHion of each is the 
hyfMiUieBiB of the oUier. Thus in 1 . 5 the hyj»olhei»w in tho 
effuality of the sides, and one conclusion is the (H|uaiity of the 
angles; in I. 6 the hypothesis is the iHpiality of the angles 
and the conclusion is tho equality of the Hub's. When then' is 
more than one hy|>othcKis or more than oiu? comdusion t<» a pnt- 
position, we can form more than one convenw! pro|>oNition. For 
example, as another converse of 1 . 5 wo have the following; If 
the aright formed by the base of a triangle and the sidiHi pro- 
duoetl Ims equal, the si<les of ilte triangle are equal ; this pro- 
]>osition is true and will serve as an exercise for the student. 

The converse of a true proposition is not msHrssarily true ; 
the student however will see, as he proci'csls, that Kuclid shews 
that the convemes of many geometrical pro|M»siUons are true. 

1. 6 is an example of the indirtet niotle of iletnonstration, in 
which a result is eBtahlisheil by shewing that some alwunlity 
follows from suppr^siiig the refpiired nniult to Im> untrue. Hence 
this mode of demonstration is called Uio rfdurtw ad aftiurdum. 
Indirect demoustrations are often less esteemed Uian dir<fct de- 
monstrations ; they arc said to shew that a theorem is true rather 
than to shew trAy it is true. Euclid uses the rrdurtiu tul altiur- 
dam chiefly when he is demonstrating tho converse of some 
former theorem; see 1. f4, 19, 9 jl, 40. 

Some remarks on imdirtti drm**Mtratitm by Professor Syl- 
vester, i’n>fess<ir I>e Morgan, and I>r Atlanuum will be found in 
the volumes of tbo PkiUmphieal Hagazitu for 1851 and 1853. 

1 . 6 is not required by Euclid Ijcfivre he rrachos II. 4 ; so thal 
1. 6 might be removed from tU prssent place and demonstrated 
hemfter in other ways if we please. For example, 1 . 6 might be 
placed after 1 . 18 and demonstrated thus. Let t^ angle A BC be 
equal to the angle A CB : then the side A U shall be equal to ihs 
mdeiC. For H not, oosof them mitel be greater than tie other; 
soppoee AB greater than AC. Then the angle ACB i» graster 
Hum the angle ABC, by 1 . iB. But this is f 
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tbe Migl 4 > A CB is ivqual to tl>« angW A /?C» by hypcibesit. Or 
I. 6 might Im 9 ftfter I. 36 aixl dbinonstratcd tliuv. lUseei th« 

Anglo HA C by a strAight lii»« meoting iho bAsc At iK Thou th« 
triAdgles A HD And A CD sro oqual in all rtso^tccU, by I. a 6 . 

I. 7 is only iw|uir«>ci in arder to l«A<i to I. 8 . 17i« two might 

Ik) suporAodvd by Another drrmoitiitrAttou of 1.8, which hAM b««ii 
rvcommcMulud by many wntcm. 

Let A ii<\ DHF 1k» twit irtangltHi, hAving iho tides d 71, AC 
oqual to the sidts* DE, DF, rach to each, aiuI the baso Hi* 
sx^iiaI to tho base EE : the Angle HAC shall l>c <i|U-vl to the AUglo 
EDE, 

. A n 


»; \ ,c 

i/ 

\ ' > 


K r 


For, b't the trianglo DEE Im? Ap|dic<l to the triangle A Hi\ 
so that tho bases may eoinetdo, the e'^ual tUlcs l«o ccnitenntnoiis. 
and tho vertices fall on opposite shies of the base. Let GHC 
represent the tiianglo DEE thus applied, to that O coTTrs|>onds 
to />. Join -If?, Since, by hyjaHhesis, HA is equal to HO, tho 
Anglo /fjf? Is ei|UAl to the angle HO A, by I. 5 . in tho samo 
luaniier the angle CAO is cniuaI to the angle i^iA. Therefore 
tho whole angle HAC is equal to the whole angle HOC, that is, 
to tho Anglo E DE. 

There are two other cases ; for Uie straight line A G may );>ast 
through H or C, or it may fall outside HC: thete cases may he 
treated in the saiuo manner as that which we have oonsideretl. 

I. 8 . It may b« observed that the two triangles in 1. 8 aro 
CN|ttal in olf rst/ieeif ; Euclid however does not assert more than 
the equality of the aagku opposite to the bases, and when he 
requites more than thisiesnlt he obtains it by using I. 4 . 

I. 9 . Here the equilateral triangle DEE is to be deeoribed 
on the side lemelir from A, b ecaus e if it were described on the 
s«ns side, its vertex, might ooiadde with A, and then the 
OMisInwtion would Ihil. 
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I. II. Tb« corolUnr wm Aikiod by Simton. li it lUbl« lo 
■«TtoQt objection. Ftnr we tlt» not know how the fwr|ieniltctiUur 
JiL it to be firtw'ti. If we are to uee I. 1 1 we inunt )»nMjuc« A S. 
end then we inuet aiwuRKi that there iii only comt w*ay of |»r0'* 
liiieing AJf, for oUierwine we ehall tioi know that there it 
only one perjiemlicuiar : and ihiin we awunie w hat we have to 
demottiiirate. 

Simeon '• corollary inij;ht c»mie after I. and W demon* 
atrateti ihue. If jtoedbie Irt the two KtndKhl linee A flC, AJfO 
have the J // oontinon to lH»th. From the |M>int H draw 

any #tr»ij'hl lino /»*/.'. Tlun thr an;*!*!* A //A'aiid /.V#// art? e«{UaJ 

twii riu:ht •ttj;l«e, by I. t.t, and tin- an^ltK A //A’ and LIU* aro 
aieo «HnuI to two richt angiee. by I. i.t. Thetvfore the an- 
If^ee A HU, and KHi* nm f'4pial to the an^'he A 111 % and KtiH. 
Hiertdore tlie aitj^le tlHV U <-«|tial t^i the an);lo wlitch it 

alwiird. 

iiutif the r^ueation whether twoatrnt;^ht lime can havcacoin* 
mon atywont it to lai* conti<h‘nr«i at all in the Kletncnte, it iiiij(ht 
cMvur at an earlier place than Sirnaon haa aaai);nod to it. For 
example, in the figure to I, 5, if two atraight liuea could have a 
common uegineut A //, ainl then acp,vrnt« at /A w© Nh<»uld obtain 
two diircrent aiiglt-t foniuNi on the other tide of HC by thcae 
produce*! pari», and each of them woidfl be e<|ua) to tho ai gle 
/»('(/. The opinion haa Iwen tiiainUined that even in I. I. it ia 
tacitly a«iiumc«l tliat the utraight line* AC and /i(.' caiitHil have a 
crmntion negliient at C where they meet; «ce Famcrer'a A’i/<*/h/, 
|«age« 30 and ^ 6 . 

Simaon never formally refer* to hi* corollary until XI, I, 
The c «n>lUry abould be omitietl, and Uio tenth axiom «houfd 
he extend***! »o a* b* amount t»> the foliitwing ; if two Niraight 
lines ctdnctde in two (kiioU they must coincide l>oth Wyotid ami 
bslwccti tbewe f*oiiiU. 

I. 1 3. Here tl*« ftraight line ia laid to lie of umlimiU’d Jioigibt 
la order that «« may eii«are tliat it ihaU meet tho circle. 

Euclid dietinguuboe botwreen the terme ot ri^ht ongUa atnl 
ftrpendkmktr. He neentiie term ol right onytta wh**n the etraiflit 
line M dravm from a point #a another, m in 1 . 1 1 ; and he uiMe 
tbe term perpendiemUr when the etnugbt line i# dmwrn fmm a 
fwoi witimi anollirr, ae in J. 11. Tlua daetiikelioa howetar 
h often dtesfarded by modem wrileta. 

t 14. Hem Siaclid ftml rsqatrae bie eWmlb axioms IW 

17 
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in the demonetratkm we have the englee A BC end A BE eqnel to 
two right angles, and also the angles ABC and ABD equal to 
two right angles ; and then the former two right angles are equal 
to the latter two right angles by the aid of the Seventh 
axiom. Many modern editions of Euclid however refer onfy to 
the first axiom, as if that alone were sufitcieut ; a similar remark 
applies to the demonstrations of 1. 15, and 1. 74. In these cases 
we have omitted the reference pur{K>sely, in order to avoid }a;r- 
pleiing a beginner ; but when his attention is thus drawn to the 
circumstance he will see that the first and eleventh axioms are 
both used. 

We may ohserv'e that errors, in the references with respect to 
the eleventh axiom, occur in other places in many modem edi- 
tions of Euclid. Thus for example in III. 1, at the step “there- 
fore the angle B/)B is equal t<» the angle GDB^^* a reference is 
given to the first axiom in^tad of to the eleventh. 

There seems no objection on Euclid's principles to the fol- 
lowing dfinonttraticM of his eleventh axiom. 

liCt A B be at right angles to BA V at the point A , and EP 
at right angles to BEG at the point E\ then shall the angles BA C 
and PEG be ofiual. 



Take any length .AC, and make A i://, iTC aU oqnal to J C. 
Now apply MSG to Z»AC, so that H may be on Z), and HC on 
XK7, and B and P on the mm# aide of i>C; then Q will odn e sde 
with C, and if with d. Also iT#^ shall ooinetde with dil; for if 
now Mippoao, if pcwrible, that it takes a dillhreot poeitaoa as d A. 
TW the angle BAK ie equal to the angle HEP, and the angle 
Cd A to the angle GEP ; hnt the angfae HEP and QMF am eqnaW 
by bypolheeli; Ikerefem the anglee i>dA' and CdA am oqnat 
Bnttkeaagleei^dAand CdA am aim eqnaW by kypethseii; 
and Iba angW CAB ie gvoMor than the angle CdA; them* 
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fore the eiigle DAB i« greeter then the angle CA/C. Much 
more then it the angle DAK greater than the angle CAK. lint 
the angle DAK waa fhewn to be equal to the angle CAK ; 
which is absurd. Thore|ore KF mxiat coincide with AB; and 
therefore the angle FEO coincides with the angle BA C\ and is 
ec{ual to it 

1. i 8 f I. T 9 . In order to asidat the student in reniemlwriiig 
which of these two propositions is deinonstraieil directly and which 
indirectly, it may be obserred that the order is similar to that 
in L 5 and I. 6 . 

I. 10 . ** Proclns, in his commentary, relates, that the Eph 

cureans derided Prop, so, as being manifest even to asses, and 
needing no demonstration ; and his answer is, that though the 
truth of it be manifest to our senses, yet it is science which 
muirt giro the reason why two sulee of a trianglo are greater 
than the third ; but the right answer t/> iliis objection against 
this and the STSt, and some other plain propositions, is, that the 
numl>er of axioms ought not to l>e increasetl without neoee- 
sity, as it must be if these pro}>ositiumi be not demonstrated/* 

I. SI. Here it must be carefully olmerved that the two 
straight lines are to be drawn from tfm endi of the titUt of the 
triangle. If this condition lie omitted the two straight linos will 
not necessarily be less thsn two mfles of the triangle. 

1. 11 . **.S<mie authors blame Euclid because be does not 
demonstrate that the two circles maiie use of in tl»e oonstmction 
of this problem must cot one another: but this is very plain from 
the determination be has given, namely, that any two of the 
straight lines DF^ FO, 6 V/, must l>« greater than the third. 
For who is so dull, though only beginning to learn the Elements, 
as not to perceive that the circle described from the centre F, at 
the distanos FD, must meet FE betwixt F and //, because PD 
is leas than FU\ and that for the like reason, the circle de« 
■oribed from tlie centra at the distance 67/.. .most mesi 
DO betwixt D sad Q\ and that thses ctrcles must meet one 
aaeUwr, because FD sad GH are togctlMr greater than FQT 
Simoom^ 

The ooiMlHioB that B and C too gntAmr than d, ensoras that 
tha chrelc dsac rib ed frosa the centra O shall not foil cnthnal^ 
within the ebde ilsacTibed Iraii the oeoirs F; the condition that 
A. and B am graatar than Cp cnenras that tha cMa dsenfbad 

17 —* 
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fWmt i)i« centre F fthall not fall eniir(«Ty within the circle de* 
eortl>ccl frotn the centre O ; the condition that A and C are 
gr(*at4«r than Ji, miMimw that one of three ctrulee ehall not fall 
entirely without the other. Hence th^ circlen must OMsot. It m 
traay to nt thia a« Hinmnn nayit, Imt there hi aomething arid* 
trary in Kucltd'a acleotinn of what ia to be demonstrated and what 
ia to lie area, and Simaorr* laugua;^{e BUggc^ata tliat he waa really 
conactcuia of this* 

1. I4. In the construction, the coTulition that PK ia to be 
the aide which ta not gnniter than the other, waa adde<l by 
Siinaoii ; unhaa thia condition lie added then* will lie thtre caaisf 
to cotiiulur, for F may fiUl on Ed, or uUnt Ed, or tnlote Ed. It 
may Ik; objectid that even if Sitnaon a condition be r.4lded, it 
ought t<i l»e ahewu that E will fall Ed. Siimhou acconlingly 
aaya “ .it U very eaay to |»erceive, that iMi Uvug 4><|uai to Dt\ 
the jioiiit (/ ia in the cireuinftrtiiee of a circle diacrit-ied from the 
centre /> at the diatance />/% and muat lx: in tliat |>art of it 
which ia nlMive tlm atraight line EF^ becauao Dti falla above VE^ 
the angle EIHJ Unng greater than theaiigh* EPF," Or we may 
•hew it ill Um following manner. Let // ilenotc the jaunt of 
iiitermH'tiun of />/’ and Ed. Then, Uie angle Plld ia greater 
than the angle PEd\ by 1 . 16; the angle PEd ta not loaa than 
the angle POE, by 1. 19; Uiereforv the angle PJld ia grv.ati'r 
iliiMi the angle iHiH. Therefore Dll ia Icaa than iHi, by I. so. 
Therefore Pil ia hua than IfF, 

If Siuiaon’e c<«nditiun lie oinitteil, we aliall have two other 
coaea to conaider heaidcai that tn Euclid. I f /'* falla on EO, it ia 
obvious iliai EF is leaa than Ed. If F falla edtort Ed, the sum 
of PF and EP ia leM than the auni of iKi and Ed, by 1. 31 ; and 
Uierofore EF ia less than Ed, 

I. 36, It will apjtoor after I. 33 that two liianglca which 
have two ongk* of the one w^ual to two angles ci the other, each 
to each, have also their Uiird angles equaL lienee we are aUe 
to include the two coses of 1 . 26 in one eotmeiotion thus ; \f two 
trm<^ katt oU ike tke ame respettirti^ i^uat to aU tkt 

•OfF/ca Uw otkiTf ootek to taek^ amd Aont aUo a mU of tk« ooc, 
Ojfiipmtt to mmp tqmil to tke mde oppotiUs to tko eipuU 

hi lAc otkor^ tko trimmpiu tkoU Ac oqomi m ail rupoet$. 

Hit tnt tmmkf'tiE profMMitkns ooMitUiCa • dirthiet Mtion 
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of the fir*t Book of t!i« Klfmentt. Tlie pHncipel rviulU art 
thoie coaUiniHl in Bropositionn 4, K, and 36 ; in each of ihete 
Bro{KMntioiv« it U thewn that two triani^rlm which in threo 

retpecit agree entirely. Tliore are two oilier caace which will 
naturally occur to a atudent to consider betides those in Kuclkl ; 
namely, {i) when taro iriani'les have the three angles of the one 
rvsjiectirely €>qual to the three attglta of the other, (i) when two 
triangles have two sides of the one e(|ual to two sides of the other, 
each to each, and an angle op|KNiito to one side of one iriangla 
ecjual to the angle o{«[KMute to the equal side of the other tiianglo. 
In tlie hmt of these two cases the student will easily stre, afWtr 
reading I. 19, that the two triangles are not ti<fct>s«.arily e<|ual. 
In tlie sec^otKl case also the trianghs are not nccirSHjirily «f|Ual, 
as may Iw shewn hy an example; in tlie figure (»f 1 . 11, BUp}ios« 
the straight line FJi drawn ; tli#*n in the two triangles /'//A*, 
FfU), the side F/i an<l the angle F/IC are common, and the sids 
F£ in equal to the side FP, but the triangles are not eqtial in 
all resjMseta In certain cases, however, the triangh.^ will }m 
erpial in all r«!S|MJCtH, as will lie seen fnun a jirupmition which 
we shall now demonstrate. 

1 / ttto triant^eg hart ttro gitirn 0/ l/if out r^iual tn ttto gltirn of 
ihf other, taek to taeh, and the anyUg npjHtgiie to a pair of rr/uaf 
gideg e^ual ; then if the antjieg oppogiu to the other y*air of e*fueU 
gideg be both acute, or obtuse, or if one of them be a rUjhl 
angle, the tteri triangles art equal in all regjKCig, 

lx>t A lie and J>£F bo 
two triangles ; let A ll Iw 
orptal to t)U, and HC equal 
to EF, and the angle A 
equal to the angle P. 

First, suppose the angles 
C and F acute angles. 

If the angle H be equal to the ftn(^ R, the triangles A UV, 
PEP are er]ttal in all respects, by I. 4. If the angle H be not 
equal to the angle E, one of them most lie greater than the 
other ; suppose the angle B greater than the angle E, and make 
the angle A BO equal to the angle E. Then the triangles A BO, 
PEP are equal in all respects, hy I, 16 ; therefore BO is equal 
to £P, and the angle BOA is eqtud to the angle EPP, But the 
angle EPP is acute, by hypothesis ; th er e f ore the angle BOA is 
acute. Therdbre the angle BOV is obtuse, by L 13. But it has 
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been thewn that BO i« equal to 
and £F is equal to BC\ 
by hypothesis ; therefore BG is 
equal to BC. Therefore the an- 
gle BGC Is equal to the angle 
BCGt by I. 5 ; and the angle 
BCG is acute, by hypothesis; 
therefor© the angle BGC is acute. 

But B(rC was shewn to l>e ob- 
tuse:, which is absurd. Therefore the angles ABC, DEF are 
not unequal ; that is, they are equal. Therefore the triangles 
A BC, VEF arc wpial in all respects, by I. 4. 

Next, suppose the angles at C atnl F obtuse angles. 

The demonstration is similar to the alwve. 

Lastly, suppose one of the angles a right angle, namely, the 
angle C. If the angle B be not equal to the angle E, make the 




angle A BG equal to the angle E, Then it may bo shewn, aa 
boAire, that BG is etpial to BC, and therefore the angle BGC is 
equal to the angle BCG, that is, <M|ual to a right angle. There- 
fore two angles of Uie triangle BGC are e(|ual to two right 
angles ; which is impossible, by I. 17. Therefore the angles A BC 
and DEF twH une<)ual; that is. they arc equal. Therefore 
the triangles ABC, DEF are equal in all respect*, by I. 4. 

If the angles A and /> are both right angles, or both obtuse, 
the angles and F must be Imth acute, by 1 . 1 7. If if ^ is less 
than BC, and I>E less than EF, the angles at C and F most bs 
both acnitc, by 1 . 18 and 1 . 17. 

The propositions from I. 17 to I. 54 IncluslTe may be mid 
to constitute the second eection of the first Book of the Eimenit. 
They relate to the theory of parallel straight lines, la 1 . tg Eudid 
uses for the first lime his terelfth axiom. The theory of parallel 
straight lines has alsrays been considered the great dtfiicttHy 
of elementary geometry, and many attempU have bsnn mads 
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oyeroome this difficulty tti % better w»y Uimi Euclid hut dcnet 
We shell not give an account of these attempts. The student who 
wishes to examine them may consult Camorer*s Euclid^ Ger- 
gonne’s Annalet dt B/afAimaiiques, Volumiw xv and xvi, the 
work by Colonel Perronet Thompson entitled Qtomdry tn'MoiU 
djn'omSy the article ParalleU in tk‘d Kngli$k Cydopixdiay a me* 
moir by Professor Baden Powell in the second volume of the 
Memoirs of the Ashmoletm Society ^ an article by M. Bouniakufsky 
in the Bulletin dc VAceuUmU Imfdrialr, V'olume v, 8t I*<?ters* 
l>ourgf 1863, articles in the volumes of the Philosophical 
Magasine for 1856 and 1857, and a dissertation entitled Sur 

oa poMt de Vhieioirt de la Giomitrie chez Its Grtes par 

A, J. H. Yinrent. Paris, 1857. 

Sfieaking generally it may be said that the methods which 
differ substantially from Euclid's involve, in the first place an 
axiom as difficult as his, and then an intricate series of proposi- 
tions ; while in Euclid's method after the axiom is once admitted 
tlie remaining process is simple and clear. 

One modification of Euclid’s axiom has l>een proposetl, which 
appears to liiminish the difficulty of the subject. This consists 
in assuming instead of Euclid's axiom the following; two inter* 
serGng straight lines cannot be both parallel to a third straight line. 
The propositions in the Elements are then demonstrated as in 
Euclid up to I. inclusive. Tlien, in 1 . 39, we proceed with 
Euclid up to the words, *' therefore the angles IIGU, OUDsra 
less than two right angles.'* We then infer Uiat HGU and GliD 
must meet: because if a straight line bo drawn tbrougb 6’ so as to 
make the interior angles together equal U* two right angles this 
straight line will l>e parallel to CP, by I. tH ; and, by our axiom^ 
there cannot be two fiaralleis to CP, both passing through G. 

This form of making the necessary assumption has Iwen 
recommended by varioiw eminent mathematicians, among whom 
may be mentioned Playfair and ]>e Morgan. By iMMtipontng 
the consideration of the axiom until it is wanterj, that is, until 
after L 38, and then presenting it in the form here given, the 
theory of parallel straight lines appears to be treated in the easiest 
manner t^ has hithe^ been proposed. 

I. $0. Here we may in the same way shew that if A E and 
EF are each of them parallel to CP, they are parallel In each 
other. It has been said that the ease considcfed in fhe text is 
•0 obrtooa as to oesd no dsmonsUmtios ; for tl d and CD ean 
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never meet EF^ which liee between them, they ennnot meet one 
another. 

1 . 32. The corollario* to I. 32 were added by Simaon. In 
the aecond corollary it might to be atated what is meant by an 
exterior angle of a rectiliocal figure. At each angular |Hunt l«*t 
one of the aules meeting at that |K>tnt l>e produceil; then the 
exterior angle at that point ta the angle contained between thi^ 
produofal part and the aide which is not produced. Either of 
the sidea umy he prtxlnetMl, for the two angles which can thus be 
obtained are e<pial, hy I. 15. 

Iho rectiltncal figures to which Eu- 
clid confines hims«;lf art; tliose in which 
the angles all fiure inwards ; we may 
hero how'ever notice another class of 
figures. In the accompanying diagram 
tlie angle A FC (ucm outw-ards, and it is 
an angle less than two right angles ; this 
angle however is not one of llie interior 
nngUw of the figure AFtfCF. We may conri lcr the cf>rro- 
sponding iui«‘rior angle to the four right anghsi 

aliovo the angle .4 /'< ' ; such an angle, grtraUT than two right 
angles, is n^lied a rr-rntruni angle. 

The .SV*/ t»f the o»rollari<» to 1. 33 is tnie for a figon> which 
has a iC'V.ntrant angle or re entrant angles ; hut the ttromi 
is n(»t 

1. 32. If iwo triangles have two angles of tlie one erptal to 
two angles of iltc other ea<'h to each Uiey shall also have their 
third angles etfual. This is a very imiHutant result, which is 
often rm)uirMl in the EUnurnit, Tire student should notice how 
tliii result is estahlisluai on Kiiclids principles. By Axioms 1 c 
and 3 lUie luur of right atigk's is et(ual to any other pair of right 
angles. Then, hy 1 . 33, the thnw angles of one triangle art 
U^ther equal to the three angles of any other triangle. Then, 
by Axiom 2, the turn of the tw» angles of one triangle is equal to 
tl«e sum of the two equal angles of the other ; and then, hy Axiom 
the third angles are e<|ual. 

After 1 . 31 we can draw a straight lins at right angles to 
a given straight line from tia extremity, without ]woducing the 
given straight line. 

Lit it if be the given straight line. It is im m ired to draw 
firom A a straight tins at right angles to AB, 
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Oxk AH describe the equiUiere) imti^^le 
A Bt\ PnKluco HC t<> D, so that CH may bo 
e<{ual to CB. Join A 1 ). Then A /> nhall be at 
right angles io A B. For, the angle VA /> is 
et{aal to the angle CDA » and the angle t B 
is equal to the angle 6VM, by 1 . 5. There- 
fore the angle BAD is equal to the two 
angles it ///>, BDA^ by Axiom 1. Therebire 
the angle BA is a right angle, by I. 32. 

Ttie propositions from 1 . 35 to 1 . 4R incluoivo may l>e said 
to constitute the thinl section of the first liook of llii* BlrmtntM. 
Xiwy relate to equality of area in figures which are not tiecos* 
sartiy identical in fonu. 

I. 35. Hero Sitnwm has altered the dcmousiration given by 
Kiiclitl, because, as he says, there would Im; three cases io con- 
sider in following Euclid's luethiMl. Siiiisun however uses the 
third Axiom in a (Hfculiar manner, when he first takes a triangle 
from a Irapeziiun, ami then another triangio from the mmt 
lra|s;xtuin, and infers that the remainders any etpial. If the 
demonstratioti is to Imj c<induct«d strietly after Kiiiliii's insmteri 
three casi^s must he made, by dividing the latter part of the 
demonstration into two. In the left-hand figure we may siip|tose 
the point of inU*rs«ction of BK and to U) denot4j«l by f/. 
Then, the triangle AI*E is e<jual to the triangle DVF\ take 
away the triingle D*iE from each; lh«ii the figuro AlHiD is 
ei(ual to the figure E(iCl*\ add the triangie (tiiV t*> each; then 
the parallelogram A BCD is equal the )>arai)i iogriun EBCF, 
111 the right hand figure we have the irtaiigle AEB e<|ual to the 
triangle DFt^, add the figuro BElH.' to each; then the pandUd* 
ograrn A BCD is tKpial to the parsUelogram EBCF, 

Tl»e e«iualiiy of the fiarallelograms in 1 , 35 is an e<|uality of 
area, ami not an identity of figure. l.«cgendre profios«si la u>wy 
tlie wor<i ft/uiraUni to express the equality of arrya, and to restrict 
ilte word e^mU the case in which magnitudes admit of super- 
position snd coincidence. This distificthm, however, has not 
been generally adopted, probably because there are few cases in 
vkhdi any ambiguity can arise; in such c as e s we may say es> 
psdally, cr/eoi im area, to prevent misconception. 

Cresswell, in his TretUm e/ (tmimeirf, has given a dsmon* 
•irittoB oi L iS which shews that the p ar m l Wh ymns may be 
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divided Into pein of piooee admiiimg of •uparposition and coin- 
oitience ; eee uiao hb Preface, page s. 

1. 3vS. An important case of J. 58 » that in which the tri* 
angba'are on er|ual bases and have a common vertex. 

I. 40. We may denionsirate 1 . 40 without adopting the in- 
direct loettiod. Join BD, Cl). The triangles DBC and DBF 
are e<)ual, by 1 . 38 ; the triangles A BV and VEF are equal, by 
hyfmthesis; therefore the triangles DBC and ABC tun equal, by 
the first Axiom. Therefore AD is parallel to BC, by I. 39. 
PkUmophifol Maffazinf^ October 1850. 

I. 44. In 1 . 44, E ucUd does not shew that A If and FC 
will meet. ‘*1 cannot help lieing of opinion that the construc- 
tion would have been more in Euclid's manner if he ha<l roadOi 
on equal to BA and then joining HA had provc<l tlmt JIA was 
parallel t 4 ) OB by the thiriV'third proposition.*' iriffiamson. 

I. 47. Triwlitioii ascribe^i the discovery of I. 47 to Pytha- 
goras. Many demonstrations have liecn given of this celo- 
bratcnl proposititm ; the following i« one of the most interesting* 
l.iet A //(’/>, ABFO Ihj any 
two wfuart'S, placed so tliat 
their bases may join and form 
one straight line. Take Olf 
and BK each equal io A B^ and 
join //C, CK, KF, FH. 

Then it may l»e slicwii that 
the triangle ilBC is riptal in 
all resfiects to the triangle /’A’A', 
and the triangle KDC to the 
triangle FUli. Therefore the 
two s()uares are together cHfui va- 
lent to the figure CKFU. It 
may then be shewn, with the aid of 1 . 3], that the figure CKFlf 
is a si)ttare. And the side Cli is the hypotenuse of a right-angled 
triangle of whioh the sides CB, BIl are etjuiJ to the sides of the 
two given squares. This demonstration requires no propoeitiaB 
of Kuclkl aAer I. 3s, and it shews how two given s«)uarm may 
be cut into pieoee which will fit together so as to form a third 
squate. J<mrmU e/ Matkematia^ VoL I. 

A large numlssr of demoiistrationa of this propositinn are enl- 
leeted in a dbeertatton by Job. Jos. Ign. Hoffbumn, entitled Dtr 
Ff^ka^ormke Afoias. tSit. 
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THE SECOND BOOK. 


Thi second book is devoted to the investiffstioo of relations 
between the rect^u^les contaiiiCHl by straight lituw diridod into 
segments in various ways. 

When a straight line is divided into two parts, ea<'h {kart is 
called a segment by Euclitl. It is found convenient to extend the 
meaning of the word ser/meii/, and to lay down the following defi- 
nition. When a iwint is taken in a straight line, or in th«j 
straight line pro<luccd, the distances of the |>oirit front the ends of 
the straight lino are called segments of the slraigftt litie. When 
it is necessary to <listingttish them, such segments are called iw- 
ttmal or nrttrnal^ according as the |>oint is in the straight lino, 
or in the straight line pnaluceii. 

The student cannot fail to notico that there is an analogy 
between the first ten propositions this liook and some eleinent- 
ary facts in Arithmetic and Algebra. 

I«et A BCD represent a rectangle which is 4 inches long and 

3 inches broad, llien, by draw- 
ing straight Un(*s parallel to 
the sides, the figure may Ite 
divided into i) squans, each 
square Y)eing descrilkod on a 
side which represents an inch 
in length. A square diwcrilked 
on a side measuring an inch is 
calle<l, for shortness, a t^jnart 
inrK. Thus if a m^tangle is 

4 inches long and 3 inches 
brt>ad it may divide*! into i 1 square inches ; ibis is exp rs sts d 

saying, that its area is ef|aal to t) sr|aare inches, or, more 
hiieily, that it contains 11 square inches. And a similar result 
» eai^y seen to hold in all similar cases. Snppose, for example, 
that a rectangle is 11 feet long and 7 feet broad ; then its 
area is equal to n times 7 square feet, that is to 84 square feet ; 
this may be expnaised briefly in common language thus; If a 
roetangle measures 1 e feet by 7 it csontains B4 s«]uare feet. It 
must be carefully observed Uiat the sides of the rectangle am 
supposed to be measured by the same unit of leogth. Thus if a 
reetaiigle is a yard in length, and a foot and a half in brsadth, we 
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muni cxpreM each of ihe«o dimenmons in tcrmfi of the eame unit; 
yta may nay that the rectanj^le meanures 36 inches by 18 inches, 
and contains 36 tim'^s t8s((uare inches, that is, 6^8 square inches. 

Thus universally, if one side of a rectangle contain a unit of 
length an exact number of times, and if an adjacent sule of the 
rectangle also contain the same unit of length an exact nimil>er uf 
times, tlie product of tlu^e ntinilters will be the iiuniber of equare 
units containeil in the rectangle. 

Next suppose we have a s^uarr, and lei its side be 5 inches in 
length. Then, by our rtilc, the area of the square is 5 times 
3 Mpiarti iiich(‘S, that is 35 square inches. Noa' Uie number 
95 is called in Aritlmietic the square of the numl>er 5. And 
universally, if a straight line contain a unit of length an exact 
numi>er of times, the area of the s<{uare des(;ril>e<l on the straight 
lino is dcnoUid by the wpiare of the number which denotes the 
length of the straight line. 

Thus we see that there is in general a connexion between the 
prtxluct of two niirnbers and the rocUngle contained by two 
straight lines, and in particular a conuexiimbetwwu the square 0/ 
a tuimlH^r and the s«{uare «>n a straight line; and in consequence 
of this connexion the firKt ten pnqiositions in Euclid 1 Second 
lh*ok <wrf*spond to propoiiitiotis in Arilhiiietic and Algols 

The student will |K‘rceivo that wo s|>eak of tlie square de« 
scrilied on a straight Hot*, when we n'fcr to the geometrical figure, 
and of the square of a numl>er when we refer to Arithmetic. The 
dlitors of Euclid generally use the wonls square described 
wfxm” in i. 47 anti 1. 48, and aflerwartis siMrak of tlm sejuaro «{/ 
a straight line. Kuclitl himself rt'taiiis Uiroughout the same form 
of exprensiort, and we have imiUteti him. 

Some iHtitom of Kuclitl have added Arithmetical or Alge* 
brsica) demonstrations of the prt»|>osi lions in the •4xx>n<l book, 
fountied on the connexion we have explained. We have thought 
it unneoeMsaiyr to do this, Unitause the student who is acquainted 
with the eletnenU of Arithmetic ami Algebra will find no diffi- 
culty in supplying such detnonirtnvtious himself, so far a« they 
are usually given. W« say ai far as tJkejf are aenalijf yitva, 
btoeauae these demoostrati<»ns usually imply that the sides of 
rectangles can always hs expressed tjraefi^ in terms of some untt 
of Ungih; wheteai the student will find hereafter that this is not 
the oasi^ osring to the exislMice of what art teehnioilly called 
♦ac u Bi s wi m nwhfs nu^putiidni We do not enter on this subjed^ 
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M it would lead ue too far from Euclid e ElemenU Gtomeir^^ 
with which a’e are here occupied. 

Tlio finit ten projHtditioni in the sc'^cotid ImkiIc of Euclid may 
lie amiiigcHl and enunciated in variouM wnye ; we will briefly 
indicate this, but wo do not c«msi«lor it of any im|K)rtaiioe to din* 
tract the att«'ntion of a lxii;iiiner with these divcraitieii. 

II, 1 and 11-3 are |articuliir caaeM of 1 1, i. 

If. 4 is very im{W>rtant; the follow partieular case of it 
•houUt be noticwl ; thr tufunrt iitMi'riftrti on a utraiff/it tine mmit «/> 
of tvrvr>/it<rt strnii/ht linen u e^junl to four timet the tjuare deteribed 
on one of the tiro et/ual ttmii/ht Hurt, 

II. 5 and II. 6 may Im) inclndiMl in one enuncialitm thtis ; the 
Trrtnntjle under the sum and diferrure of (tnt straiyhl fines is et^mtl 
to the dijfrrenre of the s^fuitres desf'riJntl on those, strait/ht lines; 
or thus, the. rertnnijt*- riotfu'ned htj tno sfroiifht hues ti‘*jrlher with 
the se/uftre desrrihed on huff their dijft renre^ is Ojual to the s*jnare 
eUsr-rihrd on huff thtir turn. 

If. 7 may Iw emiriciiUe*! Uiun; the sf^nare descriUU on a 
strahjht line trhirh is the dtffrrcnre of two other struo/ht lines is less 
than the sum of the s'fuoets desrrilwd on those stmi>jhl lines Ay 
twice the rectuufjlf omtnined In; those stmit/ht fines. Then from this 
and II. 4 , and the second Axiom, are infer ihni t he s^fu are deMcrib*$l 
on the sum of tiro strnif/ht lints, and the si^uare desrrifsd on 
their diftvrencf, are to'/ethrr double tf the sum of the stfuarts 
described on the straiifhl lines; and this enunciation includes Inilh 
11. 9 and 11. to, that the demonstrations ifiven of these prte 
positions by Euclid might Ixt suf>crs4»ied. 

H. M coinciiles with the second form of enunciation whicli wo 
have given to II. 5 and If.fi, l>eartng in mind the fiarttcular cassiT 
of II. 4 which we have notice}. 

If. If. Wlun the student is acr|aaiiited with the olcmcnts of 
Algebra he should notice that II. 11 giv*** a georneinca} oust' 
stniction for the solution of a ftarUcular rpiadratx 4!<|uwtf«>fi. 

II. It, II. 13. These are intcr«.wtiug in connexion with 1 . 47; 
an^l, as the siudimt may see berrafterf they are r>f ip-eat if»|s4ri> 
anee to Trigonometry ; they are however not re^fttinel in any of 
the porta of Euclid a Elements which are usually read. The 
onoversa of I. 47 is proved in I- 48 ; and we can eaaaiy shaw that 
oonvetaea of II. is and 11 . 13 are time. 

Take the fotlowing, which is the converse of If- if ; f/cls 
Igswrr d m ehbed on one side of a trian^e bs greater than ike tmm 
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•/ Ott igttaret dettriled on the other tvo iidetf the angk oppoitk 
to (he firtt §ide ii oUu$e. 

For it^ atiffle cannot he a right angle, since the square de< 
scribed first side would then lie equal to the sym of Uie 

squsiil JiifliTllu fl on tlie other two sides, by I. 47 ; and the angle 
cannoiiM^#a>tef>sii)ce the wfuare descriM on the first side 
would then he less than the sum of the squares described on the 
other two sides, by II. 13; therefore the angle must Ihj obtuse. 

Himilarly we may deinoristrate the following, which is the con* 
verso of 11. 13; 1/ the ffuart detmUd on one fide of a triangle 
be Ufi than the turn of the $quare* desrribed on the other two sides, 
the angle op]*o»fte to the frU $tdt is acute. 

11 . 13. Euclid enunciates If. 13 thus; in acute-angled frt* 
angles^ kc. ; and he gives only the first case in the demonstration. 
But, as Kimson observes, the pro{»osition holds for any triangle ; 
and accordingly Simson supplies the second and third cases. It 
has, however, l>eeii often noticed that the same demonstration is 
applicable to the first and second cases ; and it would be a great 
improvement as to brevity an<l clearness t4> take these two oases 
together. Tlicn the whole demonstration will lie as follows. 

Let A HC be any triangle, and the angle at B one of its 
acute angles ; and, if d be not |>erpendicular to ifC, let fall on 
Hi\ produced if necessary, Bie perpendicular AD from the 
opposite angle* the square on AV op|»osite to the angle B, shall 
lie less than ths squares on VB, BA^ by twice the rectangle 
CB, BD. 


^ A A 



TIm iqttnrci on CB, BD are equal to twice tibc 
MPt IcgctlMr with the aqaart cm CD, [11. 7. 

Ta mdk cl thcac cqwlc add ^ aqtiars on DA, 
thmdhtn the aqnaiaa em^M, BD, DA nn aqaat io twice the 
CB, BD, IcfvUMr with the aqnaiwi ow CD, DJL 
WB the aqaam on dH ia equal to the aquana an BD, DA^ 
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And the iqujire on A C is equel to the squares un CD, DA, 
becauiM the angle JiDA is a right angle. [T. 47. 

Therefore the squares on CJt, DA are equal to the square on AC, 
together with twice the ret^tangle CD, UD ; 
that is, square 011 AC alone is less than the it|ttjlh|s on 
CB, BA, by twice the rectangle VB, BlK ^ i 4il 
Neat, suppose AC peiqwndtcuUr to BC, A 

Then BC is tkie straight line intercepted l>o> 
tween the per]>endiculM and the acute angle 
at B, 

And the square on A /I is equal to Uie s<{uartMi 
on AC, CB. [ 1 . 47. 

Therefore the square on AC is less than the 
s<|uares on A B, BC, by twice the iK{uare on BC, 

11 . 14. This U not re«{uir(Ml in any of the fjtarts of £uclid*a 
BUnunts which arc usually read; it is included in VI. 11. 


THE THIRD BOOK. 

The third book of the Elements is devoted to properties of 
circles. 

Different opinions have lieen held as to what U, or sliould bs, 
included in the Uiird definition of the third hook. One cqiinKm 
is that tlie definition only means that the circles do not cut la 
the neUjfkbourkood of <Ae poini of fontuet, and that it must bs 
shewn that they do not cut elsewhere. Another opinion is that 
the definition means that the circles do not out at ail : and this 
se ems the correct opiniom The definitioo may therehfrs be pre- 
sented mors distinctly tbns. Two circles are said to touch inter- 
nally when their oireumferenoes have one or more coenmem 
potirts, and when every point in one circle is within the ether 
cMs^ SEOspi the oommoo point or points. Two circles ate said 
to loQcb eaUmslly when tlMdr ctrcumferences have one or mors 
common points, s^ when every point in each circle Is wUhont 
the other drcl^ except the oommoe point or points. It Is then 
shewn in the ikird Book that tbo ctronmferaKice ol two «Msn 
which loncli can have only one oommoo point 

A mraifbt fine which tonshsn a U often entted n tarn 
$mi to the cM% or bririy, n tamgrnt^ 

Itlieeiy EpTisniint Inimve n word to dwsoCn • petllMi «l 
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the boundary of a circle, and accordingly we nee tbe word wt, 
Euclid bimeelf uiiea circitm/ertnce both for the whole boundary 
aitfl for a portion of it. 

III. I. In the ciiiiatruciion, DC i« «aid to be produced ta 
E ; ihit aatumea that D ia within the circle, which Euclid demon* 
l.ratea in 11 1, a* 

in. 3. 'fliU conainte of two parta, each of which ia the con* 
verwj of tins other ; and the w'hole propoaition ia the converae of 
the corollary in 111. i. 

in. 5 and in. 6 Hhonhl have Incn taken together. They 
amount to thi«, if thr nmtm/ttrnccM »f tten rirties tner/ at a jmint 
they cannot hare the »amt cnitre . ao that circles which have the 
aatne c.entre and one |M»iiit in their circumbfreiiceii cNUiitnon, must 
coiiiciiie alt<»getlior. It would seem as if Euclid had made three 
caaeM. one in which the circlea cut, one in which they touch 
intt rnally, and one in which they touch exWrnaily, and had then 
ottiittetl thtt last ciiac as evident. 

111. 7, 111. K, It is «»h«erved hy Profeasor Pe Morgan that 
in III. 7 it ta aMnmtti that tbe angle FE ft is j^rcatcr than the 
angle FE(\ the hyfHithesis being only that tin* angle DFH ia 
gixtater than the angle DFC; and that in HI. M it ia aseumed 
Uiat K falls within tlie triangle liLM, and E without the triangle 
DM P. He intimates that these axsiiinpttons may lie eatabltshed 
by ineana of the following two |irt>}H}fittions which may be given 
in order aft* r 1 . a 1 . 

The i>er}i€nd*cular i* the $hirrte»t straight tine tehich can be 
draim /ram a yiven jxtint ta a yiren ttraiyhi line ; and of othcre 
that tekich it nectriT to the firritendicular i* te»s than (he more 
and the cimfTrae : ami not wore fAita fro eqnat elraiykt 
Una am he daiwn from thf *rirm fUfint to the ffhen etraiffht /iae» 
one on each mdt of the per^iendicoiar. 

Mttry Urahfhi line dratm from the tetirx of a trian^e ta the 
base is hm than the yrrolcr 0/ the fro aiilra, or them either of them 
if they be ofnai. 

TIitt following propnntaon b analogona to III. 7 and III. 8. 

if any point be taken on the ciremmfrrmet of a circle^ of att 
III# etraiyht Umee which earn be drawn /rom it to the eirvtmfereneie, 
the yrmieet ie that in whieA the eemire t» ; mad of any othere^ that 
which ie n eate r ta the etc^jahi Ume which paeeee throoffh the centre 
ie edaaye yrtaler than amt more remote; and from Ae tame paint 
there earn be dream ta the eanma^fimmm tma e lr ed yhi Uaw^ meed 
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on/y two, wkidk art equal to one another, one on each tide qf the 
qreatett tine. 

The first two parts of this proposition are contained in 
in. 15; all three parts might be demonstraic<l in the manner of 
III. Jt and they should l)e demonRtrated, for the third part is 
really required, as we shall see in the note on 111. lo. 

111 . 9. The point £ might lie supfKised to fall within the 
angle AJJC. It cannot then be shewn that J)C is grtr.'itcr 
than J)It, and DS greater than DA, but only that cither DC 
or DA is less than JDIt; this however is Hufficient for ustabiish* 
ing the pro|MMiitioii. 

Euclid has given two demonstrations of HI. 9, of which 
Simson has chosen tlie second. Euclid‘s other doinonstraiion is 
as follows. Join D with the middle p<»int of the straight line 
A H ; then it may lie shewn that this straight Hue is at right 
angles U> AB ; and therefore the centre of Uie circle must lie in 
this straight lim^ by HI. i, (’orollary. In the same manner it 
may be shewn that the centre of the circle must lie in the 
straight line which joins D with the middle point of the straight 
line BC. The centre of the circle must therefore 1 m> at D, 
because two straight lines cannot have more than one common 
point. 

HI. la Euclid has given two demonstrations of IH. 10, of 
which Simson has chosen the second. Euclid's first demoDStra' 
iion reseriibles his first demoostration of HI. 9. Ho shews that 
the centre of each circle is on the straight line which joins K 
with the middle point of the stndgbt line BC, and also on the 
straight line which jmns K with the middle p<iint of the sUaight 
line BH ; therefore A* must be the centre of each dreJe. 

The demonstration which Himsoa has chosen requires some 
additions to make it complete. For the |>oint K might be sup- 
posed to fidi withamt the circle D£B, or on its ciicumferenoe, or 
wkkim It ; and of these three snppodtloiis Euclid only conskisn 
the last. If the point A* be s uppo se d to fall mthout ths einde 
MF woMain a sontfadkllon of 111. 8; wtdeh is absurd. If 
ths point £ bo snppoosd to fall on ths citoumfsrenes of ths oirelo 
P£F wo obtain a oon t araihc t ion of ths penpcsitkMi whieh wo 
have sanneiatsd at ths snd of ths noto on UX. 7 and HI. 8 ; 
wid th is alwnrdL 

WlmtiidMMMlnMI hill, lobthtth dnBnlWnMM.1 
tTTi ihniii rn— *• — *' — ‘ — — Mtohi tWn i» 
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AoUiitig in tlie demonttraiion which that the circles cut one 

another, but the enunciation refers to this case only because 
it is shewn in HI. 13 that if two circles touch one anotlier, 
thsir orcuuiferences cannot have more than one common 
point. 

HI. ti, III. 11. The enuncUtinns as given by Stmson and 
others speak of the |»oiiit of contact ; it is bowever not shewn 
until III. 13 that there is only one point of contact. It should 
be observed that the demonstration in III. 1 1 will hold even if 
J> and 7 / be sup|)Osefl to coincide, and that the demonstration 
in III. 11 will hold even if C an4l D bo supposed to coincide. 
We may combino III. it and HI. 1 2 in one enunciation thus. 

If two etrclti touch one another that circumfertneee cannot 
hare a eommon point out of the dirtciion of the itraiyht line which 
Join* the centre*. 

III. It may l>e <loduc4Hl from III. 7. For fr// is the least 
line that can be drawn front ti to the circumference of the circle 
whfjse centre is 1 % hy III. 7. llterefore (HI is less than 
that is, less than <« 7 >; which is absunl. Similarly III. ii may 
be deduct'd from 111. H. 

III. 13. Simson olsH^rves, ** As it is much easier to imagine 
iltai two circles may touch one another within in more points 
than one, U|H)n the same side, Utan ujHtn opfKMite tides, the 
figure of that case ought not to have l^n omitted; but the 
oimstruction in the (treek text would not have suited with this 
figure so well, Issoause the centres of the circles must have been 
placed ttosr to the circuroferences ; on which account another 
construction and demonstration is gi%'en, which is the same with 
tile seesmd part of that which C'amptanus has translated from the 
Arabic, where, without any reason, the demunsiraikm is divided 
into two parts.'* 

It would not he obvious from this note which figure SUnson 
himself supplied, tireause it is uncertain what be means by the 
**sauMside*' and *N>p})osite sidfo." It is the lea hand figure 
ill the first part of the dvmoostmtioft. £ttclid« bowever, serupa 
to be quite oorreot m omitting this figure, beoatiee he has shewn 
In ni. 1 1 that if two eircles touch mtenially tbers cannot be a 
point of oootaet out of the direettun of Ibo alraigbt line which 
joios the oentrse. Thus, in order to shew thnl.lhefe is only one 
point ol oontaci, it is mfihsient to pot the eensnd Soppeeud point 
of oontaot on iho dtreelion of the atmighl lino itiM JoiMi tiya 
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centrM, Acconiin(|^ljr in hit own clemontinitton Euclid con- 
lineo bimnelf to the right- band figure; and be shrwN that thia 
case cannot exist, because the straight line /!/> would be a 
diameter of both circles, and wtmld tlierefore be biaected at two 
different fminta ; which is absurd. 

Euclid might have use<l a similar method ft>r the second pari 
of the pro)K>8ition ; for as there cannot Imj a {Kiiiit of contact out 
of the straight line joining the eenlrts, it is uhviounljf imiMfsslUt 
that there can bo a a<*cond p<iint of contact when the circht 
touch extenially. It is easy t<i see this; but Kudid preferred a 
method in wliich there is uio>o fin mal reasoning. 

We may observe that Euclid's modu of dealing with tfie 
contact of cirdcM has often IxN’n eensurvil by <x>tn7iiftitabu's, but 
apparently not always with goo*) reason. For example, Walker 
gives another demonstration of III. 13; and a-iys that Euclid's 
is worth nothing, and that S tnson fails ; for it is not prov<»l that 
two circles which touch caniwtt have any arc comiiion U» lK»lh 
circumferences. Hut it is shewn in 111. 10 that this is iinpos* 
fihle; Walker apfKiars to have supfMMe^l that III. to is limited to 
the caa^j of circles wdiich rut. Set? the note on III. 10. 

111 . 17. It is obviwus from the constnictiou in III. 17 that 
two straight lines '^an be drawn from a given external |>r)iiti to 
touch a given circle; and Uiese two straight lines are tqual in 
length and equally indin(*<l to the straight lino which joins iliu 
given external |siint with the ctmlre of the given circle. 

After revding III. 31 the student will see tliat the prtddm 
in III. 17 may bs solvt?«l in another way, as follows: descrilw a 
circle on d A' as diameter ; then the |M>ints o 1 inters'^irm fif this 
circle with the given circle will U? tl»e )K»ints of contact of the 
two straight tioss which can be drawn from A U» t.mch the giveti 
o*«rcl«. 

111 . 18. It does not appear that HI. 18 adds anyUdng 
to what we have alreafly obtained in III. 16. For in 111 . 16 it 
is shewn, that there is only one straight line which touches a 
given ciicle at a given punt, and that the angle beisrvwn this 
straight line and the radius drawn to the point of eontaot k a 
right angle. 

III. VO. There are two Msamf 4 ioits In the demofastrathm of 
in. VO. SnpfKiae that A k double of if and C double of J>; 
Ihm in the fitat part it is assumed that the sum of A and C Is 
douUsof the sum of if and /#, and in the woood part kkmh 
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•utned that the diiTerenoe of A and C ia double of the diflTeeenoa 
of D and />. The former aminption b a particular eaae of V. 
and the Utter in a particular eaae of V. 5. 

An infiortant exteneion may be given to 111. ao by intro- 
ducing angles greater than two right angles. For, in the first 
figure, suppose we draw the straight lines BF and CF, Then, 
the angle BE A is double of the angle BFA , and the angle CEA 
is double of the angle CFA ; therefore the sum of the angles 
BE A and CEA ia drtuhle of the angle BFC. The sum of the 
angles BEA and CEA is greater than two right angles ; we will 
call the sum, the re entrant angle BEC. T^us the re-entrant 
angle BEC is double of the angle BFC. (See note on I. 31!. 
If this extension he used some of the demonstrations in the third 
IhhiIc may l>e abbreviated. Tlios III. may be demonstrated 
without making two case* ; III. ai will follow immediately from 
the fact that the sum of the angles at the centre is equal to four 
right angles; and HI. 31 will follow imiiiediately from III. ao. 

111. ai. In in. at Euclid himself has given only the first 
ease; the second case has l>een added by Stmson and others. 
In either of the figimw of III. at if a point be taken on the same 
aide of BB as A , the angle contained by the straight linos which 
join this iHiint to the eatremities of BIJ> is grtaUr or leu than the 
angle BA P, according as the point is vntkin or wtfAotd the angle 
BAV\ this follows from 1. at. 

We shall have occasion to refer to IV. 5 in some of the 
remaining notes to the third Book ; and the student is accord- 
ingly recommended to read that proposition at the present 
stage. 

The following proposition is very important. // any mfst&cr 
e/ triemglu he eemstrueted on (Ae eame haee and on the §ame tide 
0 / it, ititk egual rertical angie^ the werticet ttiU aU lie tm tkt cvr> 
auq/ermrv ef a tegueni af a evrefe. 

For lake any one of these triangles, and describe a circle 
round it, by IV. 5 ; then the vertex of any ether of the trianglee 
must be on the eircomfersnoe of the segment eonlatning the 
aasmned vertex, sinoe, by the former part ^ this note, the vertex 
cannot be without the ch^ or within the cirde. 

HI. ta. The converse ei HI. ex is true and very im- 
portant ; namely, if lise yp ssi tr awplss ef m gmmdriUUarai he 
tagtiker eqaeU it (ise rigid emglet^ a cMc may hs drmmscrttfrf 
uleiil thf gptadrilmtretL For, kd ABCH denote the quadriUp 
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t«rml. Beeeribe a circle round the triangle ABC^ by IV*. 5, 
Take any puint iP, on the circumference o( the negmfNti cut off 
by A C\ and on the aatue aide of d t' aa I) ia. Then, the angle* 
at B and A’ are together ei^ual to two right angles, by 111. ri ; 
and the angle* at JB and D are together equal to two right 
angles, by hypotheaia. Therefore tlio angle at K ia equal to the 
angle at Ih Therefore, by the fireceiUng note D ia on tlie cir- 
cumference of the aanie segment as A'. 

III. 3«. The converse of III. 32 ia true and important; 
namely, if a straight lint mttt a cirrlt, and /ram the vf 
meeting a straight line be drnten rutting the rirr/e^ and the angle 
between the two straight lines Ite egual to the angle in the alternate 
segment of the circU^ the straight line which meets the circle shall 
touch the circle. 

This may be dt*mon«trated indirectly. For, if f>oiuiib}e, sup- 
poao that the straight line which nitwla the circle d*wa not trHich 
it. Draw throogh the (>oint of meeting a straight line to touch 
the circle. Then, by III. 31 and the hyfiothwiia, it will follow 
that two different straight lines [uum through the same |Munt, and 
make the same angle, on the same side, with a third simight 
line which also {lassea through that f»ouit ; hut this is im|Mi«> 
nble. 

III. 35, III. 36. The following prop<siilir>n ronstituUs a 
large part of the demonstrations of III. 35 and III. 36. // ang 

point be taken in the Itose^ or the base pnnlmrd, of an isusrrUs 
triangle^ the rectangle contained hg the segments of the base is 
egual to the difference of the sguare on the straight line fdning 
this point to the rerUx and the sguart on the side of the triangle, 

I'liis prof>osition is in fact demonstrate'*] by Kuclul, without 
using any prof>erty of the circle ; if it were enunciated and de* 
moostrated before III. 33 ami 111 . 36 the demonstrations of 
these two propositions might be shortened and simplihsd. 

The following converse of III. 35 ami the C ‘orollary of III. 36 
may be noticed. If tico straight limes Alh CT> inUrseet at O, and 
the rectangU AO, OB be egml to the rectangle I’O, Ol>, the cireumr 
ferrmee 0/ a eMe seUi pass through the four pmnie A, B, C, D. 

For a circle may be described round iJie triangle A/iC, by 
rV. 5 ; and the* it may be shewn todirrctly, by the abl ^ 
III. 35 or the Corollary of III. 36 that the dfcnmfeisiioe of tbit 
cifole wOl also pM* throngli 
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THE FOURTH BOOK. 

Tui fourth Book of the EU'inenU coimmU entire! j of prohlemi. 
The 6nit five propowilioiui rvlstie to triangle* of any kitnl ; the 
remaining pru|MMitionii relate to polygons which have all their 
auleii er|tial and all thctir angles c»quat. A |H>lyg(in w hich haa all its 
iidea «<(ual and all its angles «<|iial is called a rtguiar polygon. 

IV. 4. By a firoct'iM similar to that in IV. 4 we can desctiiio 
a circle which shall touch one aide of a triangle and the other 
two sides produce*!. Supf^Nte, ftir example, that wc wish to 
dtiscrilw a circle which shall touch the side JW, and the sides 
A It and A V produce<l : bisect the angle Ijetween A li producctl 
and Iii\ an<l bisect the angle Ijctwecn AV produced and IiC\ 
then the |>oint at which the bisecting straight lines meet will l>o the 
centre of the rt^uired circle. The demonstrati m will he similar 
to Uiat in IV. 4. 

A circle which touches one tide of a triangle and the other 
two sidt*s proiiuecd, is called an tttrilted circle of the triangle. 

We can also dtsicriho a triangle e<iuiangular to a given in* 
angle, and such that one of its sides and the other two sides 
proiliuxHl shall touch a given drcle. For, in the figure of IV. 
suppfise A K produce*! to iiiect the circle again ; and at the point 
of intcrsecti*>n draw a straight Hue t<»uching the circle; this straight 
line with parta of.V/f an*l AV, will form a triangle, which will 
Iv9 erpiiangular to the triangle A! LS^ and thcrt^forc equiangular to 
the triangle EDF ; and one of the sides of this triangle, and tha 
Other two std«w pitHluctNl, will touch the given circle. 

IV. 5. Binison intriMluced into the firmonstration of IV. 5 
the part which shews ikiat DF exkA KF will meet. It has also 
been pro|iotcd to shew this in the following way: join OK; then 
the angles EOF and OKF are together leas than the angle* 
A OP and A EF, that \\ they are together leas than two right 
angle*; and ibarefore OF and EP will meet, by Axiom 11. 
Tbit assume* that A DE and A EO are orule angle* ; it niny bow* 
aver ba eaaily shewn that OK ia parallel to BC^ ao that tba 
triangle A OK is equiangular to the triangle A H € ; and we must 
theiefora select the two aide* AB and AC such that ABC and 
A CB may ba acuta angles. 

IV. to. The verrical angle of the triangle in IV. to ia 
aarilj aami to ba tha fifth part ol two right anglat ; and a* it 
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nmy huitfctcd, we can thua diWiie a right angle geomatricaUj 
itiU> five equal parta. 

It folio wa from what is given in the fourth Tlook of tha 
Eletoenta that the oircuniferenca of a circle can divi<W into 
3, 6 f Ilf 94, ... . et|ual parta ; and alaci into 4* 8, 16, 31, .... 
equal parta ; and alao into 5. lo, lo* 40, ... . equal parU ; and 

alao into 15, 30, 60. 110, e<{ual parta. Ileitoe alao 

regular polygona having aa many aidtta aa any of tlic«e nunil>era 
may l>c inMeril>ed in a circle, or deacrilnnl aUmt a circle. Tliia 
however doea not enable oa to deiiirrilx* a regular fudygon of any 
aaaigned niiinlier of aidea ; for example, we do not know how to 
deacrilie geometrically a regtilar p<dygmi of 7 Ni«h<«. 

It was drat demnnAtrate<i by UauM in iHoi, in hia 
•tfioae* J riMmrlicrif, that it ia powiihlo to <le«iTilH* gtMmietrically 
a regular |¥)lygoo of 1" + 1 aidea, provided 1* + i he a prime num* 
her ; the deinonatration ia not of an elementary character. Aa 
an example, it foUowa that a regular {Kdygon of 1 7 aidea can Im 
deacribed geometrically ; thia example ta diacuaeed in ('ataian’a 
Tkiofrhmu e( Pruhl^mrs de pymmtairt. 

For an approximate conairuciion of a regular heptagon aeo 
the Pkilmopkieal Ma{f<tzint for Februafy and for April, 1864, 

THE FIFTH BOOK. 

Tmk 6fth Book of the Klcinenta ia on Proportion. Much 
haa been written roapccting Kuclid'a treatment of thia aubjject; 
heaidee the Commeutariea on the Klcmenta to which we have 
already referred, the atudent may oonault tl»e articlea Pa 4 io amt 
/’ro/xMTifon in the Engtirh Cjfrlofxrdia, and the tract on the 
Conniorion of Xurnf^r amt MognitmU by Frofeaeor I>e Morgan* 

The fifth Biok relatea not merely to length and a]>acef hut to 
any kind of magnitude of which we can form multipica. 

V. J)tf. I. Tlie word part ia uaed in two aenaee in (leofneiry. 
Somettnea the word denotea any magnitude which ia knea Uma 
axMdber of the came kind, aa in the axiom, the trhoU it ffrmkr 
tMam tie part In thia aenae tlie werd haa been uaed up to the 
preeent point, but in the fifth Book Euclid confinea the word Ur 
a more reeiricied aenae. Thia reatricird aenae agree* with tliafi 
which it given in Arithmetic and Algebra to the term olcguel 
parl^ or to the term emi m u lUj de, 
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V. Drf, Sinfon oontiden that the definitiona 3 and 8 are 
**not £u^dy but added by some unskilful editor.*’ Other 00m- 
metitatora also have ivjected these definitions as useless. The 
last word of the third definition should he quantvplieitfff not 
guatUUy; so that the definition indicates that ratio refers to the 
numhtr of iim€M which one magnitude contains another. See f>o 
Morgan’s Differential and Integral Calculus^ page 18. 

V. Dff 4. Tliis definition amounts to saying that the quaa- 
t'.ties must lx» of the Marne kind. 

V. D«f. 5. The fifth definition is the foundation of Euclid’s 
doctrine of pmportion. The student will find in works on Alge* 
hra a e<»rn{iarii*on of Euclid’s definition of prufM>rtion with the 
siiiipier defini lions which are employed in Arithmetic and Algebra. 
Euclid’s definition is afiplicable to incommensurable quantities, as 
well as to commenMurable quantities. 

We sbouhl recomniond the student to read the first propo* 
sition of tlie sixth Hook immediately after the fifth definition of 
tlie fifUi liook ; he will there see how Euclid applies his defi* 
iiition, and will thus obtain a better notion of its meaning and im* 
])ortance. 

Compound Jlatio. Tlie definition of compound ratio was 
Buppli«Hl by Siiiison. The Greek text does not give any defini* 
lion of comjvmnd ratio here, hut gives one as the fifth definition 
of the sixth lU>ok, which Sisnson rejects as absurd and useless. 

V. iK, 19, so. The definitions iK, 19, 70 are not pre- 

sented by Sim son precisely as they stand in the original. The 
last seuieiioe in defliiiiton 18 was supplied by Simson. Euclid 
does not connect definitions 19 and 30 with definition 18. In 
19 he defines ordinate proportion^ and in ?o he defines perturbate 
proportion. Nothing aould he lost if Euclid's definition 18 were 
entirely omitted, and the term ee wi>uali never employed. Euclid 
employs such a term in the enunciations of V. 30 , si, si, 13; 
but it seems quite useless, and is accordingly negleelod by Sanson 
and others in their translations. 

The axioms given after the definitions of Uis fifth Book are 
not in Eodid ; they wers BU|q>lied by Simson. 

The propositions of ths fifth Book might bs divided into ibetr 
•scUont. Propositions 1 to fi relate to the properties el eqoi- 
ttiutliplee. l^poeitioos 7 to 10 and 13 and 14 casuieel the 
notion of the rolte of mignitudea with the ctdinarj noikxMi of 
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ffmtttr, and 2 et«. Propositions ii. t», 15 and 16 may lo 

considered as introducod to shew that, if four qHantiii€$ of Me 
same hind U proportionals they mil also he proportumeUs when 
taken aUemaUly. Tlie remaining propositioni shew that niag> 
nitudes are proportional by composition, by division, and ex mpto. 

In this division of the 6fth Book pro|:K>sitiont 13 and 14 are 
supposed to be placed immediately aftiT pro}>osition to ; and 
they might be taken in this order without any change in Kiidid's 
demonstrations. 

The pro]>ositioo8 headed Jt, C, D, £ were supplied by 
Himson. 

V. I, 1, 3, 5, 6. These are simple pro{Ktsitions Arithmetic, 
though they are h«r«9 expressed in terms which make them ap> 
pear less familiar than they really are, For examfde, V'. i 
** states no more than that ten acres and ten roo<ls make ten times 
as much as one acre and one rood.” Dt Morgan, 

In V. 5 Simson has substituted another construction for that 
given by Kuclid, because Euclid's crmstniction assumes that we 
can divide a given straight line into any assigm^d nurnlM*r of 
equal parts, and this problem is not solved until V'l. 9. 

V. 18. This demonstration is Hiinson's. We will give hers 
Euclid’s demonstration. 

Let Ah’ Iw to Lit as CF in to FD : Aft shall 
be to F£ as VD is to DF. 

For, if not, A ft will be to F£ as f 7 > is to some 
magnitttde less than llFt or greater than llF. 

First, suppose that AftieU* lt£ as VI) is to 
XHr, which is less than DP. 

Then, because A /f is to B£ as CD is to 
therefore A A* is to £ It as Ctt is to iiV. {V. 17. 

But A A' is to A’/? as OF is to FD, ( fl jrpttihesis. 
ihendore Cdf is to OD as (.'F is to FD. [V. 1 1. 

Ihii CO is greater tlian CP; llfypoihesis. 

therefore OD is greater than FD. (V, 14. 

Bttt OD is less than FD ; which is impossible. 

In the same manner it may be shewn that AB ha not to BB 
as CD is to a magnitude greater than DP, 

IWsfofw da is us BUmVDmto DF. 

The objection urged by Simeon agaifist Euclid's demonstra- 
tion is that <*it dspoode upon this hy|w>llisuis, that to any thru* 
mifnitodsB, two of whh^ at lsnit» are of ths aamo kind, thors 
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tnnj 1m % fourth proportional : EudUl does not d mon^ 

iitntto it, nor does he Mhew how to find the fourth proportional, 

before the lath Proposition of the 6th Book ** 

The following demonstration is given by Austin in his EaeamL 
nation of thejirtt $ix hooks of Euclid's Elements. 

Let Air be to Eft as CF mio FD: Ait shaU 


be to BE as CD is to I)F, A 

For, because A A* is to Eft as CF is to FD, 
th<?refore, alternately, A A’ is to CF as Eft is 
toF/l. [V. i6. E 

And as one of the nntcoedents is to its con> 
sequent so is the sum of the antecedents to the 
sum of the const^iuents ; [ V. ii. 

thsrefore as Ell is to FD so are AE and Eft 



together to CF and FI) together, jj D 

that is, A A is to CD as Eft is to FD. 


Thi^reforrt, alteniatoly, A ft is U* E ft ns CD is to FD. [V. i6. 

V. af. The first step in the demonstration of this proptsition 
is take A O equal to E and Off etpial to F" ; and here a refer* 
c'tico is sometimes given to 1. $. But the magnitudes in the 
prupiiiiion arc not nectsisarily straight lines^ so tliat this refw* 
ence to 1. 3 should not be given; it must however l>e assumed 
Uiat we can |>erform on the magnitudes considmHl, an operation 
similar to that which is fierformed on straight lines in 1. 3 . Since 
the fifth lb.>ok of the Elements treats of magnitudes generally, 
and not merely of lengUis, areas, and angles, there is no referenoe 
made in it to any pn»positkin of the first four Books. 

Simeon adds four propositions relating to compound ratio, 
which He distinguishos by the letters F, (r, //, K ; it seems how* 
ever unneoessary to reproduce them as they are bow rarely read 
and never required. 


THE 8IXTH BOOK. 

Thi sixth Book of the Elements c o nsis ts of the afipBesiton of 
the theory of iiroporiioo to establish properties of geometriesl 
figures. 

VI. Dtf* I. For an Important remark bearing on the fbsl 
defiailkm, see the note on VI. 5. 

VI. JPqf. s. The seoond definition is nseleM^ 
oukss no mention of rec i proc a l figures. 


for Euclid 
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VI. /></. 4. The fourth definition is strictly only nivplicAblo 
to A triAngle, becAuse no other figure has a (Kunt which con bn 
exclusively cnlled its vertex. The Altitude of a ]vArAlloli>grAm is 
the perpendioulAT drawn to the base from any |K>iot in the op* 
posit e side. 

VI. 7. The enunciation of Uiis important pr»(H>sitiou is rpm 
to objection, for the manner in which tlic sides may bo cut is not 
sufficiently limited. 8up}>ose, for vxampie, that A O is doiihle of 
/>//, and VE double of KA ; tho sides are then cut pro|K»rlit>iiAlly, 
for each side is di\ide<l into two parts, one of which is double of 
the other; but 1)E is not {larallel to IIV. It should then^foru 
be stall'd in the enunciation that the trrmhuittd ai the 

m‘iex of the iriantjle are i*) he horntdotjon* term* »m the ruCios, lAnt 
M, are to fje the antecedent* or the eonniijiufntji *f the ratio*. 

It will he olwerved that thetre are three, figures corrt sfMmding 
to three cas 4)S which may exist ; for the straight Itin* drawn pa- 
rallel to otw side n>ay cut the other sides. i»r may cut the other 
sides when they are pr<xluo«,«l through the extr«?iidtii« of the base, 
or may cut the other sides win n they ar« pHsluctid through U»s 
vertex. In all these cases the triangles which are shewn to Iw 
e<)ual have their vertices at the exireniitics of the l*ase of iha 
given triangle, and have fc»r their common ba4ie the straight lino 
wliich is, either by hyjiolhesis or by demonstration, parallel to 
the base of the triangle. Tlio triangle with which these two 
triangles are compared Ims the same bane as they liave. and baa 
its vertex coincidiog with the vertex of the given triangle. 

VI. A, This propoaition was aupplied hy Simson. 

VI. 4, We have preferred to arlopt the term "triangles 
w'hich are (v{uUngular to one another," instead of " cyjuUnguIar 
triangles," when the words are used in the sense they Isoar in 
this projiositiofi. Euclid hmiself does not use tlie term rquian* 
ff dar iriangile in tbs sense in which the lu^Ktem sditorstase it in 
ihe Corollary to 1. 5, so that be is not prevented from using tbs 
term in tbs sense it bears in the enunciation of VI. 4 and else* 
where ; but modem editors, having already employed tbe term in 
one senes ought to keep to that senss. In tbs dsiimtistintiona^ 
where Euclid usee such languags as ** tbe triangle A H<J is e«|ni- 
aagubur to tbe triangls IfEP,* tbs modem sdit4«ni soiitotiiiMMi 
adopt it, and sometimes change it to "tbs triaagles ABV and 
DMP are squiangnlar." 

In VI. 4 tbo maniMr in wfakb tbs two irbyiglet am to bo 
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placed b very imperfectly deacrtbed ; their baeca are to be in the 
earoo straight line and contiguous, their vertices are to be on the 
same side of the base, and each of the two angles which have a 
common vertex is to be equal to the remote angle of the other 
triangle. 

By superp<ititton we might deduce VI. 4 immediately from 
VI. 2. 

VI. 5. The hyiK»th«sis in VI. 5 involves more than is di- 
rectly asserted ; the enunciation should be, *Mf the sides of two 

triangles, iakxn in ordcr^ aliout each of their angles 

that is, some restriction equivalent to the words taken in order 
should 1 h! introduced. It is quite possible tliat there should be 
two triangles A such that A B is to BC as DE U to 

and BC to CA as DF is to A’i), and ilierefore, by V. 33, 
A B io AC tM BP is to EF ; in this case the sides of the triangles 
alK>ut each <ff their angles are profKirtionalH, but not in the same 
onler, and the triangles arc not necessarily equiangular to one 
another. For a nutnorical tllusimtion we may suppose the sides 
of one triangle to be 3, 4 and 5 feet rcii{>ectively, and tlioso of 
another to Iw ii, 15 and 30 fwt rrs|»ectivcly. HWirr. 

Kach of the two pro|fostti(»ns VI. 4 and VI. 5 is the converse 
of the other. They shew that if two triangles have either of the 
two properties involved in tho definition of similar figures they 
W’ill have the other also. This is a special property of triangles. 
In other figures sither of the properties may exist alone. For 
example, any rectangle and a stjuaro have their Migles e<]ual, but 
not their sides pro|>ortiQnal ; while a square and any rhombus 
have their sides pn^poriioiial. but not their angles equal. 

VI. 7. In VI. 7 the enunciation is imjMirfect ; it should be, 
** if two inangles bavo one angle of the one w^ual to one angle of 
the other, and the sides aWiit two other angles proporUonals, so 
that <Ae ftVies 9ubtendin(;f the equal anqlee are komoloyous ; tlien if 

each " The iin|wrfection is of the same nature as that 

which is pointed emt in the note on VI, 5. H ohbrr. 

The proposition might be conveniently broken up and tho 
ewentlal part of it presented thus : if two trwmgUo hem two mdeo 
of the otw fN^oforthnal to two meU» of tho o(Acr, oiMi tho awffleo 
pppooite to one pair of homoioqouo oidee equal, tho ea^bs wA^ ore 
oppoeite to the other pair of homohpono oidee $haU eskhor he oqualf 
or he together equal to two ri0ht anqlet. 

For, the aagteo inctnded by the proportional sides most he 
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either equal or unequal. If they are equal, then itnce the tri* 
anglee have two angles of the one equal to two angles of the 
other, each to each, they arc equiangular to one another. We 
have therefore only to consider the case in which the angles iU' 
eluded by the proportional sideM an.* une<(ual. 

Let the triangles A ItC, JiK F have the angle at A equal t<f» 
the angle at />, and AH to JH’ m J>F i« to KF, hut the angle 
A BC not ftpial to the angle DKF : the angles A CB and UFF 
shall bo together equal to two right angles. 

For, one of the angles A BC, 

J>KP roust Iw greater than 
the other ; supfMMe A BC the 
greater ; and make the angle 
A Bit ct^uai to the angle I^KF. 

Hien it may l>e shewn, as in 
VT. 7, that BO is e<pittl to 
BC, and the angle BOA <*({ual to the angle FFD. 

Therefore llie angles ACB and I>FF an? together c<{na] to the 
angles BOC and -4 OB, that is, to two right angles. 

Then the results enunciated in VI. 7 will readily foTlow. For 
if the angles A ( 7/ and BFF are Wdh grt^ater than a right angle, 
or l>oth less than a right angle, or if one of them l»o a right 
angle, they roust lie equal. 

VI. 8. In the demonstration of VI, 8, as given by Siinson, 
it is inferred that two triangles whteh are similar to a third 
triangle are similar to each other; this is a f*anieiilar mm of 
VI. II, which the student should consult, in order to see the 
validity of the inference. 

VI. 9. The word pari is here used in the rostrirted sense of 
the first definition of the fifth Dock. V'l. 9 is a parthnihur esao 
of VI. 10. 

VI. 10. 11 m most important esse of this prrqKMdU^m k that 

in wbiefa a straight line is to be divided either intfraaltp m «»• 
termaliy into two parts which shall be in a given ratio. 

The case in which the straight line is to be dirWled imttrmUp 
is given in the text ; suppose, for example, that the given ratio is 
that at AS Ur SC; then ABu divided at O in Um given ratio. 

Sappoae, however, that i i? ie to he divided raettnmU^ in a 
given ratio; that is, snppoae that AS is to be prsdeoad *0 that 
the whole straight line made up ot AS and ^ pnrt prodneed 
maj be to the part pro d aoed in * given mtio. Let the given tntio 
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lie that of ii C to CE, Join KB ; through C draw a straight lino 
|>:irallel to EB ; then this straight line will in€»et A B, produced 
through /i, at the requinxl |)otiit. 

VI. II, lliii is a particular case of VI. ii. 

VI. 14. The following U a full exhlhitiou of the steps which 
lead to the result that PB and Bd are in one straight Hue. 

The angle BBFia c<iiial to tho angle QBE; [H gitoikc^U, 

add to each tho angle PBE ; 

therefore the angles 7 > ///'*, PBE are together equal to the angles 
HUE, PBE. [Axiom 

Hut tho angles />///•', PBE are together equal Ut two right 
angles; [I. 13. 

therefore the angles QBEj PBE are togetlicr equal to two right 
angles; [Jxiom 1. 

therofor.j PB and BG are in one straight line. [I. 14. 

VI. 15. This may he iiifemsl from VI. 14, since a triangle 
is half of a {tar-dUdogram with the siuiie base and altitude. 

It is not difKcult to ostahltslt a third pru}>ositiun conversely 
connecttHl «ilh the two irivolvt*d in VI. 14, and a Uiird pro(H>* 
sithni similarly conversely connected with the two involved in 
VI. 15. These pnqKNiitions are the following. 

Etiutd which have their $i(U$ rtriprorali^ }vro-> 

portionaif have their an^lte etfual^ each ta eacE. 

EipuU triawfU* which have the side$ about a pair of anfflet 
tvciprocalljf prapcrtUmal^ have thoee anglet equal or tojfether equal 
lo fiM> ri0ht angles. 

We will take the Utter propoeitioo. 

Let A BC, A DE U; equal triangles ; and lei CA he io AD 
tm AE \e U> A B: either tlie angle B.iC shall lie equal to the 
angle DA £, or the aiiglee BA V and DA E shall be together etfual 
to two right angles. 

{The student can oonstruet the figure for himself.] 

TUoe the triangles so that CA and A D may be in ons straight 
Hue ; then if £A and i are in one straight line the ai^pie BA C 
is aqual to the angle DA £, [1. 15. 

If BA and AB are not io one straight line, prodnee ili through 
st io so that A P may he Mtaal lo diT ; joio DP and EP, 

Then beoasae CA AD m AE AB, [O^peUkeme^ 
and jIFis equal to [C^smiirairrien^ 

theraforeCi AD ea APUha AB. (V. 9^ Y, ii. 

Thsrafiwn ths trinngls DAPheeq^mA to the triangls MAC. [VL 
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Bat the triangle DA £ b equal to Uie triangle if A V, [//jr/teCAfiiit, 
Therefore the triangle DA£ w equal to the triangle /M £. i. 
Therefore £F im parallel U» A D. Jl, 

Sup{)ose now that the angle I)A£ i» greater than the on^lo 
DAF. 

Then the angle CA£ U ec)util to the angle A £F, (I. 

and therefore the angle VA£ is e<|iial to the angle A FE^ [I. 5. 

and therefore the angle (’d A*is tM|iial to the angle IfAV. [I. 

Therofure the angles HAC and DA£ ore together e({ual to lao 
right angles. 

Himilorly the propostiion may Imj demonstrated if the angle 
DA £ is less than the angle DA F. 

VI. ifi. This w a p.ortieular case of VI. 14. 

VI. 17. This is a particular t'usc of VI. 16. 

VI. 11. There is a step in the iK*eond part of VI. n whlcih 
requires examination. After it has heen sIh'Wii that the figtire 
££ is equal to the similar and similarly siluaU;<l figtite .V//, it 
is added ‘therefore /*/( is equal t4> iitt." In the (•rt'ck text 
reference is here moule ti» a Umma which follows the pro|MMttt(»ii. 
Tile word Umma is occasionally used in mathemsthw U> deiioto 
on auxiliary pmfKsiition. From the unusual eiieumsUnco of a 
reference to s«»tiiethiiig following, Himson prulMhly c«itielud«si 
that the lemma could not be Euclid’s, and accordingly he takes 
ito nultce of it. 

The folio W'iog is the subsiaiioe of the houmo. 

If P£ lie not equal to iiH, imv of them must )m» greater than 
the oilier ; suiqiose PR greater than OH. 

Then, beosuse SR and SJ! ore sinulor figures, PR is to PS 
os GU is to OS* [VI. J. 

But PR b greater than OH, (//yjsihUsb. 

therefore PS b grsoUir than 6\V. [V'. 14. 

Therrfofw the triangle RP8 b greater than the triangle 

MGS* [ 1 . 4 , A*Um 9 . 

But, beoanee SR and SU ore suailor figures, the triangle RPS b 
eqnal to the irioiiglt MGSi ^ 

which b imp wothle. 

Therefore FR b equal to GH* 

\t* ts* la the figure of VI. 13 enp pon s RD and OR Ammo 
Thitt the trioagie BCD b to the trlangb GCB os the po r alMo* 
glam AC b to the paralblograni CF, Heaoe the rwult majr be 
Uitlsaded to tmagbe^ wed we hers the lollowbf thii^i% 
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trianffl^ which have one anpU of the one eqmal to one emgle of the 
other, have to one another the ratio which is compounded of the 
raiiia of their sides. 

Tlt«ii VI. 19 i« an iininediaio c<m«M)ueiic<» of tliii Uioc^m. 
For lei A ftC and IfHh" lie ulmilar tnanij^lvn, »«» that AH \s to llV 
aa hB i« iu BF; anti therefore, aliematelv, il if if to 1 >E a* BC 
if to BF. Then, by Ute theoftim, the triangle ABC has to tho 
trianurle DBF the ratio which is cnim|H>undod of the ratios of A // 
to DB and of BV to BF, that is, the ratio which is eoni;x>utided 
of the ratifM of BC to BF and of BC to BF. And, from the 
definitions of duplicate ratio and of compound ratio, it follows 
that the ratio coin|Miiinde<l of the ratios of BC to BF and of BC 
to BF is the duplicate ratio of Bl- to BF. 

VI. 25. It will he easy ff>r tht; student to exhihit in detail 
the proofws of shewing that BC and CF are in one straight liiic« 
and also !,B and BM ; the procoes is exactly the same aa that in 

45 t which it is shewn that A'// and liM are in one straight 
line, and also Fli and GL. 

It M^tns that VI. 25 if out of place, finoe it teparaief pro* 
positioiif f<» chmdy connected aa VI. 24 and VI. 76. We may 
eiiunctate VI. 25 io familiar language thuf: to mate a Jijfure 
which shail hare the form of onejS*pire ami the sixe of another. 

VI. 26. Thia pro|MMition if the converse of VI. 24; it 
might 1 m extended to the case of two similar and aimilaiiy 
situated paraUclograma which have a pair of angle* rertioalip 
oppoeitc. 

We have omtited in the sixth Booh Propoeilionf 27, 2 A, 99^ 
and the first solution which Euclid gives of PropoatUon 30, as they 
appear now to be never retjuired, and have been condemned a* 
useless by various modsm commentators; see Austin, W*aihar, 
and Lardner. Home idea of the nature of these propoaitioos may 
be obtained from tbs following stat e msnt of the problsm pro» 
posed by Eudid in VI. 29, A i? is a givso straight line ; it has 
to bs placed Ihrougli B %o n point 0, sad a pnmUslogmm 
d stcri b s d cm A 0 subject to the foUuwing condiUoM ; the psial- 
Udogmm is to be equal to a given rvcdliMsl fignra uad the 
pnmttsiqgmm on the bsse BQ which on be nt off biy a 
straight lias thsoogh ff is Is he stmllsr to a gives pnfmliiih>> 
gram. 

Yl« $9. Thli nopstilto ssems of as an Msvscmir tlm 
saaaoUttsa k laqatfon fW npiMn ffff Is ho piwdaesd 
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tbroQjfli /> to ft point P, toch Ihni J>P it e<|Oftl to /)ir ; and 
join VP. llion th« triftiigle VDP will Mlitfj nil tho oon<lilioti« 
in Euclid* enunciMion, ft* w<dl m th* imniflo Vl^K\ hut VP 
and VH are not in one ftraight lino. It ibould Iw •tatod Unit 
th« bftftoi most lie on correspondinj; ttd«« of both the pandlels ; 
th« bases CP and PC do not lie on oorfT«|iondinjK' sides of tbs 
parallels AB and PV^ and so tbs irianifle VDP would not 
fulfil all the comliiions, and would Uierefim* be exrlttdsd. 

VI. 35. In VI. 33 Eticltd iniplidtly (fire* up the nsiinetioii, 
which be seems to hat's adopted htth«rt4>, Uiat no anj;)s is to Ik* 
considemi if renter than two right angles. Ear in the demon* 
stratioa the angle IP Us may bo any multiple wh*tevi»r of tlie 
angle /fO'V, and so n\Ay lie greater than any numlnT of right 
angle*. 

VI. /f, C, jD. These proptwitioni were Intrwloeed by 
Simeon. The im|iortant prtiposition V'!. /> occurs in the IfeydXf 
of Ptokmy. 


THE ELEVENTH BOOK. 

Ig addition to the firet six FWioks of the Element* it is ujrual 
to read part of the eleventh Book. For an account of ths 
contenU of the other Books of the Elements the student is 
referred to the article PutUUUa in Dr Smith’s DUium»rf 
(intk and Roman lUttf/raphy, and to the article Irrational Qwm* 
iitiet in the Pnfflf$k Vyrfopftdia. We may state briefly that 
Book* VII, VIII, IX treat cm Arithmetic, Book X cm Irra* 
tional Quantities, and Bxiks XI, XU on Solid tleometry, 

Xf /h/. 10. This definition Is omitted by Himerm, and 
iusUy, because, as he shews, it is not true that solid fcgnrae 
contained by the same number of similar an*! equal plane 
are equal to one another. For, oonocive two pyramid^ which 
have ihrir bass* similar and eqnal, but have difTenmi alUWdea 
Suppose one of these bases applied esactly cm ^ ^ 

be pot o» oppo«U rid- of ^ 

formed, and if the vertioee be pnt on the same side td ths bins 
»lid bi fbnn«L Th. two .olid, th— — « 

bj tb. MOM BOinlMr of riioOar Md 1 pUet *>•>■— > 

hi “""f 

ftf««ifr«iilft(dMlftiigle; Mspsge 164. It ii howew bw 
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two convtx nolicl fipfureR %Tt equal if they are contained by equal 
plane fif^uree iiiniilarly aiTan<:'ed; nee Catalan’s Thiorlmeg el 
ProbUnutn de (ieom^trie JCUmentuire. This result was first demon- 
strated by Cauchy, who tunuHl his attenticm to the ]K)int at the 
request of l^gendre and Malus; see the Journal dc CEcoU 
Polyteehniqnf^ (’ahier i6. 

XI. J>ef. 26. llio word tetrahedron is now often wic<l to 
denote a solid 1>ouiided iiy any four triangular faces, that is, a 
pyr.mdd on a trian^^uiar liasc ; and when the tetralicniron is to 
be such as Kuclid defines, it is called a regular Wtrahedron. 

Two other definitions may conveniently bo added. 

A straight line is said to be parallol to a plane when they do 
not meet if pn)duccd. 

The angle made by two straight lines which do not meet is 
the angle contained by two straight lines parallel to them, draw'n 
through any point. 

XI. 21. In XI. 21 the first case only U givfsn in the ori- 
ginal. In the second case a certain condition must bo intro- 
tluctHl, or the projiositioii will not be true ; the polygon BVDEP 
must have no rr f«fran( angle. See note on I. 32. 

The pro|WMiitions in Kuclid on Holtd Cioometry which are 
now not road, contain some very iin|K>rtant retulU reepecting the 
volumes of sobds. We will state Uioso results, as they are 
often of use; the demonstrations of them are now usually 
given as examples of the Jnt^fral Caiatlus. 

We have already explained in the notes to the second Book 
how Iho area of a figure is measured by the number of square 
inches or square feet which it contains. In a aimilar manner the 
volume of a solid is measured by the number of cubic imehta or 
cubk ftti which it contains ; a mbie inch is a cube in which each 
of the facet is a square inch, and a cubic foot is similarly 
defined. 

The volume <4 a prism is found by multiplying the number 
of square inches in its liase by the number ol inches in its 
altitude ; the volume is thus exp re ese d in cuhto inehee. Or we 
may multiply the number of equsre feet in the bate by the 
number t 4 feet in the altitude ; the volnnie is thus cxpwiied in 
cubio feet. By the bam of a prism is meant ctiher ^ the C«a 
equal, ttsslfer, usd parallti fqurm of XI. 13 ; and tha 

alti^mU of the nnam ia tha pafpendictilar dtstnnee betwaaa these 
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The rule for Uio volume of a priein involven the feel Uiei 
prUvM on equcU baset and httaten tJu *amt j*arallfis art f*jual tm 
vo/umt, 

A (tarallelcpiped ie a particular eaee of a pri«m. Vf»lume 

of a pyramid is one third of the volume of a priHm on the same 
base and having the same altitude. 

For an account of what are calle«l the 4rr rttjnlnr the 

student is refcrrt‘d to the chapter on Poljfhtdrvn* in the 'I'realoitf 
on Spherical Trigonometry, 

THE TWELFTH BOOK. 

Two proposititins are given fnjin the twelfth IV^^k, as they 
are very imptjrtant, and arc reqiiiretl in the I’niversity Kiamititt- 
tions. The licmtua is the limt proposition of the tenUi lh*«»k. 
and is re<juire<l in the demonstration of the second {tropusition oi 
the twelfth Book. 





A P P K U D I X. 


Tiiifl Appotulix consuls of a collection of important pro- 
{KMiitions which will bo found usoftil^ Itoth aa affording 
goomotrical oxorcisoa, and as exhibiting results which are 
often roquinKl in matliomaticai investigations The student 
will haTO no difficulty in drawing for himself the requisite 
figoroi in the cases whore tlioy are not giyen. 



1 . Tlif $um f\f the $quar^$ nn thf af a /riafif/Zt 
t# eqwMl to itrire the mquare ow h*il/ the tntnt\ Unjether irtth 
twice the et/tutrc oti the gtrait/ht Hue which juins the cert ex 
to the mithile point (if the bate. 

Let AJW l>c a triangle; and let /> 1 k^ the tniddio fioint 
of the baao AIL J>niw CK j>fri»cn«lit‘ular to Uio Iwwo 



ineoUng it at E\ then E maj he eiilier in AE or in AE 
product 

Finit, let E coincide witli />; then tJie prrr{MMdUon 
fuUowt imniodiatclj from I. 47. 

Next, let E not coincide with />; then of Uie two 
angle* A/JC* and EEC, one niujit be obtuiie anti one acute. 
Hupfjoao the at^le A EC obtuiie. Them bt IT 13. Uto 
•r|ttaro on AC in e<|aal to the iu|tuircfi on AE, E(\ 
iher with tvrioo the rectanc^e A/K EE \ and, hj II, IT, the 
square on EC together witu twice U»c rccton^e Elf EE ia 
equal to the aquares on EE, EC. Therefiirc, hj Axhnii % 
the acioarea oti AC, EC, together witli twice tlie rectangle 
EE, EE are equal to the square* on A E, EE, and twice 
the iiqiiare on EC, togetW with twice the rectangle 
AE, IlB. But AEhn ec|iial to EE. Therefore the •qttarea 
on AC, EC are equal to twice the square* cm A E, EC, 
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2. 1/ tiro chord* intcrtcet trithin a circle, the angle 
frhirh they include U meatured hy hedf the $um of the in^ 
tercfptcd arc*. 

l.ct the dioril* AB an<l CD of a circle intersect at E; 
join A IX 

The ufiglo A EC IH equal to the 
Al>K, and DAE, by 
1. 32 ; that iity to the unglea 
stnndinjf on the area At' and 
BD. Thu» Ujo anj?lo A EC w 
equal t<i an iinfflo at the ri>- 
cnm/vrcnce of the circle atand- 
iii;? on the auin of the area At' 
and ///> ; anti in therefore e<niid 
to an aiii^le at the centre of the 
circle Htaiitliii^ on half the huih of thcao area. 

Similarly the anyfle t'EB is luoasurcMl by half the sum 
of the urea CB and A D. 

3. 1/ two cfno'il* pr>Kluccd interecct without a circle, 
the angle which they include it meamred hy half 
difference of the intercepted arcs. 

liCt the chords A B and CD of a circle, produced, in- 
tersect at E \ join />. 

The anfde is cunal to the angles EA D and A ED, 
hv I. 32. Thus the aii^fe A EC equal t<» the difFercnco 
of the (uigles .•!/>( ’and BAD\ Uiat i«* to an angle at the 
circunfcrence of the circle standing on an arc whidi is Uio 




diffentmee of AC and BD\ and is therefore equal to on 
angle at the centra of the circle atanding on half the difor- 
ence of those nrciw 
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4. To draw a Hraight Une which $htdl touch two 
fficm circle f. 

Let A Ih? the centre of the jjrcnter circle, nfn! H Iho 
centre of the Icjw circle. With ct'iitre A, Hint rMliu* Cfjuul 
t«) the cliffercnce of the nnlii of the circlip, 

a circle ; fi'om JJ draw a utrai^dit Hoe touchint;^ the circle 





•0 dencrihed at C. Join AC and ormlrKH? it to meet the 
circumference at fl Draw the radiua JtE twinillcl to A />. 
and oil the name aide of A B\ and join DE. Then i)h aiiaU 
touch boUi circles. 


See I. Sa, I. 29, and III. 16 Corullary. 

Since two iiraigiit line* ran he dmwn from D to totirh 
the deaerilwd circle, two aoliitiona can In? ohUiine<l ; ami the 
two strai^it line* which are Uiiw ilniwn tr> Unich the two 
fnren circle* can he aliewn to meet -4 /i, jirodii^l tiifon^fh 
B at the iaine fioint The coimtniction U apidicahle when 
of the given circle* i* witiiout the oUier, and alio 


when thcjr iniertecL 

When each of the given circle* i* witli^mt Uie other we 
can obtain two oUicr iolutiima For, fle«cri»ie » 

/f a* a centre and radiu* einial to the mtn ui \Xw fmntd 
the given circle*: and conUtiue a* heUwo, BE 

Mid AD will now be on opp^mts iidc* of AD, The two 
•traiglit line* wh^eh arc thn* drawn to tlie two given 
eiiele* can be chewn to intmoct AB at the name poinL 
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6. To deaerib€ a circle tthich thall pan through ihre4 
given pointi not in the eame etraight line. 

Thii is solTod iu Euclid IV. 5. 

6. To deeeribe a circle ithich ehall paee through two 
given points on the tame tide of a gieen ttraighi line^ and 
timeh that straight line. 

l^t A and B bo iho given points ; join A B and pro* 
duce it to moot tho given straight lino at C. Make a 
Bi|uare equal to tho rectangle VA^ VB (II. 14), and on Uio 



f ivon stniight line take CE equal to a side of this 8<iuaro. 
>oscribo a circle through A, B, E {r>); Uiis will be the 
drolo roquirod (III. 37). 

Hinoc E can be taken on citlicr side of C, there are two 
aoluUons. 

The construction (ails if AB is parallel to the given 
straight line. In this case bisect ABni I), and draw JXJ 
at right angles to A By meeting tlio given straight hue at C. 
'rhen describe a circle tlirough A^ J, C’ 

7. To descrilte a circle which shall pass through a 
given point and touch two giren straight lines^ 

Let .4 bo the given point ; produce tho given straight 
linea to nieet at B. and j«Mn AB. Through B draw a 
straight line, bisecting that angle indnded by the given 
atraight lines within which A lies; and in this bisecting 
straight line take any point C. From Cdraw a perpendiottlar 
on one of the given atraight lines, meeting k at />; with 
oen^ Cj and radiaa C’/>, describe s circle, meeting AB^ 
produM if necessary, at JB. Join VEi and throngh? draw 
a straight hao parallel to CE, mceiii^ BV, prodnoed if 
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nocofmarj^ at F. Tlie circle doicribod from the centre 
with raditui FA, will touch the given stmight linen. 

For, draw a pcrfKsiidicMiIar fn>ni F on Uio ntrmigtit line 
PD, moetiiig it at O, Tlicn CF in to FA an liC in to //A* 
and CD is to /Yr on DC U to DF (VI. 4, V. Itt}. Tln-ro- 
fore CD is to FA as CD in to /Y# V. I!}. Thcnioro 
(^E is to CD as FA is to FC i V^ 16 . Ilut CF Is iMiual 
to CD \ therefore FA is equal to /Y; V'. A , 

If A is on the Htraigbt line D(* we detoruiino F as 
before; Uion Join FD, and draw a straight lint; thnoiirh .4 
parallel to FD moetiiig DD {iroducetl if net'<*Mwtrr C ; 
from G draw a straight lino at right angles to Dff'atvl the 
point of intcrsoction of tliis straight lino with D< \ |iro<lit4:ed 
If necessary, is the re«|uircd centre. 

As the circle dcscrilied from the centre C, with tlie 
radius CD, will meet AD wX two [loinu, there are two 
acdutioiis. 

If is on one of the given straight lines, draw from 
A a straigiit line at right angles to tills straiglit 

line; the |N>tnt of intersoction of thin straight line with 
either of the two straiglit linos wliich Idseci the angfea 
made by the given straight lines may he taken lor the 
centre ii the required cticlo. 

If the two given straight lines are parallel^ Instead of 
drawing a stn^ftht line B€^ to bisect tlie an|^ between 
them, we must draw it fiarallel to iliein, and eqttidlstatii 
from them. 







S. To (U$crihe a circle vrhich $luiU Vmch three 
tftren etraiyht linc*^ wA more than two which at'e 
/Htralld. 

PnK'ceJ fill ill Kucliil IV. 4. If the given Htniight Hue* 
fciriii a triangle, four circle* cm Ix) tlm-hlxMl, iiatncly, eiic 
<ui in Kuclitly ami three other** eadi touching one wide of 
the triangle an<l the other two wide* pHniiiced. If two 
<»f the given Htnught line* are jninilleh two cirelea can Ik 5 
di'wertlKMl, namely, one on eacti aide of the third given 
Htniight lino. 

!l To tlcttcriW a circle which thall touch a ffirni 
circle^ ami touch a tjicen etraitjht line at a ijiren jaaut. 

I^«t J Ik* tlie given |)oiiit in the given Htniight line, 
and (’ Ik' the centre <»f the given circle. Thnnigh (! draw 
a Htniight hue |K*rjH*ndiculur to Uie given Htroighi line, 

V 


r. 


A 

and mooting Uie ctrcumfereiioo of Uio drdo at B and />, 
of wliWh in Uie more renioto from Uie given atraight 
line. Join J />, niecUiig Uie drctimferetioe c» the circle at 
B. From J draw a atraight line at right to the 

e 'ven itraight line, meeting CB tmiduecHl at /! Tlien /*aludl 
I the ctmtre of the rtH|uired drvle, and its radiua 
For the angle J EF ia e(|ual to the angle CKD (1. 15) ; 
and the angle EAF U e<iw to the angle CDE (I. 29); 
Uierofore the angle AEF i« to the angle EAF; 

therefore is equal to EF ^1. 6>. 




\ 


■'.k 

\- 

\ 
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In ft vimtkr manner another aoluthm iinr 
l>v joiiiiiii^ AH. If the atmi^ht line fal'u wiUnHit the 
jfivrii ciri*h\ the eirvle tihutiiwHj hy llu* fiml it44uli<m i«»itchot 
the ^'iveii nrcle exlernally, iiml the eir< le ohuiiKHl !*v iJio 
iieeoini N»iutinii lotiche^i the ^iven ein le iuti ni illy. li“ the 
jifiveii iitrAi>;ht line cuU tin* j;iven eiiele, lw»lh the eiiX'lot 
iUit lined touch the given eirvle exlernuUy. 

In. Tt a cirr/c trhu'h »hiUt />ojur (hrnu^h turn 

j^iren ji***4tiU itnd to u. h <# 

Ia’I .1 and // the piefi {MUriK T;*ke ruiv {Mtifit (* 
on the etreunifemtee of the j^iven < irele, (|e« 4 ’HI»c* a 
einie ihrtuiirlj A, /i. f\ If Ihii dt'MTiliii'd <'>reh» iouehi%« 
UM^ given eircle, it iii Uio re*|iitrod circle. Dui if let D 




iV 


K 


b© the other ^int of intentoetion of the ttro rinJea. 

AH and CD tie }irodim**i to meet at froni A* draw a 
straii^it line touefiing Uie giren rireic at A’ 1'heti a drelo 
deacritied Uirv*iigh A^ H^ /* ahalJ In; the rormtred drtde. 
See 111. ami 111. 37. 

There are two acdutiofM. tmcaiwe two utralght limm eaii 
be drawn from E to touch the giren cireJe. 

If the straight line which biaecta AH at right angles 
passes through the centre of the giren cirde, the oum 
■trociion fai£ for AH and CD are parallel. In this caiW 
F innst be determined bj drawing a sUaigtit line parallel 
so as to touch the ghren eirde. 
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11. To de$eribe a eircU trAtVA $haU toueh tw (j^tm 
Hraight line$ and a gittn circle. 

Draw two •tniight linen pomllcl to the gircn Rtraiglit 
linoo, at a <li»tanee from them eoual to Uio radiiui of tim 
given circle, anti on the aides of them remote fnim the 
centre of the given circle. Dei»cril>o a circle touching tlio 
straight lines tlius drawn, and pfissing through the centre 
of tlio given circle (7?. A circle having Uio same centre as 
the circle thus descnbeil, and a radius 04|tud to Uie eicess 
of its radius over that of the given circle, will bo the re- 
quired circle. 

Two solutions will bo obtaincil, l»ecansc tla^re are two 
s«»lutionM of tlie problem in 7 ; Uie circles tlius obtained 
touch tlio given circle externally. 

Wo mav obtaiu two cindes which touch the given circle 
intemallv, liy drawing the straight lines iKirallel to tlio given 
straight linos on the sides of them adjacent to the centre 
of the given circle. 


12 . To de**'nh^>‘ a circle 9rhirh »h*dl fHitt through a 
giren jniint and Vnich a giren straight line and a giecn 
circle. 

We will siqqiose tlie given and tlio given stn%ht 
line witlmut tlie cinde ; oUier cases of the |>n»blcm may bo 
treated in a similar uuuiuer. 

Let he the given point, and B the centre of the 
given ctitde. From /i draw a iierpendkrular to the given 
straight lino, meeting it at and meeting the ctreum- 
ference of Uic given cmde at D and E. so that D is Iks 
tween B aiul f *. Join EA and detemime a point Fin £A, 
luruduced if necessary, such that the rectangle EA^ EE 
may be equal t«i the rectai^g^ EC, ED ; this can be done 
hj describing a circle through A, C\ D, which will meet 
EA at the required point (I ll. 36, (hrrdlmrg). Desorilio a 
ehete t«> pass Uinmgh A and and touch the giveo stndght 
line (6) ; this shall be Uia required cirvht. 
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For, let the ctirle that fleerrilKxl t<»ach Uie l^Ten 
stnught line at O ; jotn EO mwiitig the givea dreW at //, 


f . 



0 i‘ 


an I j*»in 7>/A Thon the iriungWiii /*7//> nrni E('G are 
ttiiiiil ir ; aiiil tWrefore the reeL^iigk* A7> in ('M}tta] to 
Iho n'flatigle EH .111. 31, VI. t, VI, lo , Tima the 
ffcUngl© EA, EF hi equal Uie rt^ciatiglo A7/, EG ; ami 
Uu'rrfinv H U on Ukj circtiniferciKH* of the <lcirHbcMl 
circle (III. 3IS, C’fr*Mttry). Take A' the centre of the 
(leiicrilicfl circle ; jdn Af7, AV/, and ////. Then H way 
1>© ahewn that the angiea KHG and E!tE arc «<|tiid 
J, 2f>. 1, 6.1 Therefore KHB ia a atraigbt line; and 
therdWe iha dnacriljod circle Umcbca the given circle. 

Two ardntlone wiQ be obUloed, becaitae there are two 
anlatiofia of the prohlwa in 6 ; the drdee Unta doacHhed 
toodb the gifeii drde externally. 

By Jcinififf DA hudead of AM we can ddahi two aoln- 
tkma in whM the eMoa deacribed touch the glvoo drde 
InlerMtly. 
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13. To dencrUte a circle which ihall ioxtch a given 
straight line and two given circles. 

Let A l»o the centre of the larger circle and II the 
centre of the Hinaller circle. J)raw a straight lino puraile) 
to tlio given Ktruight line, at a distance from it equal to the 
radiiui of the Minalier circle, and on the side of it rcinoto 
from A. Dcscriho a circle with A as centre, and nidius 
o<|nal to the difference of the radii of the given ciixdca. 
Dewriho a circle which shall pass through li, touch exter- 
nally the circle ju.st des<*rihed, ami also touch the stniight 
line which lias been »liawn pfirallel to the given straight 
line (12). Then a circle having the same centre as the 
second deHcril>ed circle, and a radiiw equal to the excess 
of its radius over the racltus of the smaller given circle, 
will be the required circle. 

Tw’o solutions will be obtained, bccau.se there are two 
solutiims of the (troblem in 12 ; the circles Uius describod 
touch the given circles externally. 

Wo may obtain in a similar manner circles which tonch 
the given circles inU'mally, and also circles w'hich touch 
one of tlio given circles mtenially and the other exter- 
nally. 


14 . Let A he the centre qf a circle^ and B the centre 
qf a larger circle; let a straight line IV draten tonching 
the farmer drde at C and the latter circle at I), and 
meeting AB produced thrftngh A at T. /iywi T draw 
ang straight line meeting the smaller circle at K and L, 
aiiS the larger circle at M and N iso that the fee letters 

T, K, L, M, N are in this order. Than the straight lines 

AK, KLC, Cl^ LA shall respectieclg parallel to the 
etraight linee BM, MD, BN, mm the rectangle 
TK, TN shaU be eaual to the rectangle TL, TM, and 
equal to the redtangU TO, TD. 

Jdn ACt BD. Then the irianglos TJCand TDD are 
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cqniaiignlar ; and therefore TA is to T/? as is to BD 
(V I. 4, V. !()}, that is, as AK is to BM, 



Tlicrcfnrc the triangles TAK and T^^f are similar 
7); therefore the angje^ TAK is Ofiual to the angle 
TJIM \ and therefore A K is mrallel to BM. Similarly 
AL ]Kurallel to BX , And ihhxiuih? AK is mrallel 
DM and .4^ pandlcl to BD, the angle i\4K is eijiial 
to the angle DnM \ and therefort* the angle VltK is ecpial 
to the angle DNM III. 20; ; and then^foro VL is mrallel 
to DN, Similarly CK is jiarallel to DM, 

Now TM is to TD as TD is U) TN fill. 37, VI. J6); 
and TM is to TDm TK is TV i'VI. 4;; therefore TK 
is to TV UM TD is to TX \ and therefore the rectangle 
TK, TN is equal to the rectangle 7Y/, TD, Himilarly Uie 
rectangle TL, TM is equal to the rectangle TC\ TD, 

If each of the giren cirdes is without the other wo 
may supprmo the straight lino which touches both circles 
to meet AB at Tbeitteen A and B, and the ahoro results 
wili aU hold, proTided we intorebao^ the letters AT and L ; 
so that the oyo letters are now to be in the following 
Older, L, a; T, M, N. 

llie point T is called a centre of nmHitnde of the two 
circles. 
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15 . To a eireU fthirh fhall p<m through a 

ffiren pffint and touch itto giten circiei, 

Ix!t A he the centre of the umallcr circle and B the 
centre of tlio lai^gcr circle ; and let bo the given ])oint. 



I>mw A ftniglit line tondiing tbo former circle at uui 
the latter at />, and meeting the itvmight line AB^ nro- 
dooed through A^ at T. iem TE ana divide it at /* oo 
that the rocUngle TBy TP mav be equal to the reotai^ 
TO. TD. Hien deeeribe a ctrae to pan through EwbAF 
and tondi either of Umgiiwciieiea(U^ thia ahallbe the 
winlfedciicie. 
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For suppose that the circle is clescrilKHl so ns to touch 
the smaller given circle ; let G Ik? the jsiiiit of c<iiitttct; wo 
have then to shew that the descrihe<l circle will alm> 
Umch the larger given circle. Join TG, and |>nKlu<,*e it 
to mt*ct the larger given circle at //. 'riieii the nvUuigle 
Tdy TJl \A e<iual t<» the rectangle TC<, Tl> (1-4 ; therefore 
the rectangle TG^ Til is e<inal to the nrhingle TE^ TF\ 
and therefore the described circle {kissi's through Jl, 

Let O Ikj the centre of this circle, so that Oi*A is a 
stniight lino ; wc have to shew tliat Ollli is a straight 
line. 

Let TG intersect the smaller rirt'Ie again at K ; then 
AK is jKirullcl to lill 14 ; thenrfore the angle AKT \a 
e<|iial to the angle fillG ; and the angle J AV/ ih eoual to tho 
angle AGK^ which is ef|ual to the angle OGlf, which is 
e4]unl t<» tho angle OHG. 'I'herefore the angles HUG and 
iUlG Uigothcr are equal to AKT and .<AV/ together; 
that is, to two right angles. Therefore OUJi is a straight 
line. 

Two solutions will lic oblaiiuNl. lKH*ausc there are two 
solutions <ff tlie problem in 10. Also, if e:ich of tho given 
circles is without the other, two other dilutions mi 1 k» 
obtained by taking for T tho |s)int Initween A and It 
where a straight line tmehing the two given circles nieeU 
All, The various solutiems efUTes|»ond to tho rircum* 
stance that Uie contact of circles may 1^ cstenial or 
mtcmal. 


16 , To d^rihe n nrhirh Ahull tnwh thref ghen 
cirelfA. 

Let A l>c Uic centre of that circle which Is not greater 
than cither of the other circles ; let It and C lie the oetitres 
of the other circles. With centre It, and radius coital to 
the eicees of tho radhis of the circle witit centre it over 
the radius of tho cirdo with centre A, describe a ctrdo. 
Also with centre C, and radios equal to the escess of the 
radios of the circlo with centre V over tho radios of the 
circle wHh centre A,, describe a circle. I>eacribe a circlo 
to touch eaiemallT these two deecnbed circles and to pase 
through A (15). ^Hien a cirdo having the same ceutre as 
the last described circle, and baring a radius equal to 

20 
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tlio exeo»s of iU ra<liufi over the radius of the circle with 
centroyl, vrill touch extonially the three given circles. 

In a similar way wo may descril»o a circle touching 
intemallv tlic three given circles, or touching one of them 
oxtemnlly and the two (»thcr8 internally, or Umching one of 
them internally and the two others externally. 

17. In n (firm indefinite ttrnight fine it f> reqmreti 
to find a point ench that the »ntn (tf it» distaneen firnm 
two ffiren point* on the tame tide of the ttraight line 
ihall be the leati pi^tible. 



Ix't A and B be Uic two given points. From A dmw 
a |>cr|Kmdiculur to the given straight lino meeting it at C; 
and produce AC to D so that CD msy be otjom to AC. 
Join DB mooting the ^ven straight line at E, Then E 
sbaii be tlio required point. 

For. let F be anv other point in the given straight line. 
Then, becaiiso AC is ^ual to DC and EC is otmimon to 
the two trianries ACE DCE\ and that the right a^le 
ACE is equaTto the ri^t anglo DCE\ therefore AEvt 
equal to DE Stmilarly, ./IF is equal to DF. And the 
sum of DF and FB is mater than BD (I. 20) : therefore 
the sum of .^F and FB is mater than BD ; that k. the 
sum of AF and FB is greater than the sum of DE and 
EB; therefore the sum of AF and FB is greater than 
the sum of AM and EB. 
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The perimeter qf an i$o$celet trianfffe is less than 
that qf any other triangle <if equal area standing on the 
same Irnse. 

Let ABC bo an i«<»;4ccIos 
triangle; AQC any other tri- 
angle e<iu:il in area uiui utand- 
ing on the ^aine ha.se AC 

Join BQ ; tlien BQ w paral- 
lel U> -.1 67,1. 39). 

And it will ftillow from 17 
that the huih of A(2 anti (Jt* 
in greater than the »um t»f A B 
and BC 

19. If a polygon W not equilateral a j^fdygou may he 
found of the same number tf sides , and equal in arealbut 
having a less jKrimcler. 




For, lot C7>, DE bo two a<yaccnt aneqnii] ridos of 
the ^jgon. Join CE, Hiroagli D draw a utraigfit lino 
mnulel to CE. Biaoct CE at L ; frtm L draw a atra^t 
line at right ansdoa to CE mectm^^ the etmight lino drawn 
ttirongh D at a'. Then by reimmng from ibo given poly* 
gem the triangle CDE a^ apidying the trianglo CKE^ 
we obtain a polygon baring tne same number of aidei 
aa the given {i^ygon, and equal to it in area, but harii^ 
a lesa peiimeier 

Q<U-S 
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20. A and B are two gtten pointe on the same side qf 
a given straight line^ and KM produced meets ifie, given 
straight line at Vj\ of all points in the given straight line 
on each side of (', it is required to detennine that at 
tchich AB subtends the greatest angle, 

l)cm;rilx 5 a circle to paw* Uirongli A and /?, and to 
touch tlie given straight line on that »ido of V which m to 
bo coiiKidcnMl ((i;. Let D bo tlio point of contact; D 
Bliall be the rcMpiii^ ; 



For, take anj other point E in the dven atrais^t line, 
on the itanio aide of C n» D ia ; dmw EA, EE ; then one 
at leant of these straight lines will cut the circunifcreiico 
ADD. 

Suppose that EE cuts tlio circumference at F \ join AF, 
Then the angle aAFE is equal to the angle ADB (III. 21); 
and the angle AFE is greater than the an^e AEE (L 16} ; 
therefore the angle AvB is greater than the angle AEB. 


21. A and B are firo giten points a cirds; 

and AB is drawn and produetd both wojfs so as to dirids 
tks whole drews^ermwe into two arts ; it is reguired to 
determine the point in each tf these arcs at which AB 
efddends the greatest as^U. 
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Describe a cirdo to pass through A and B and to Uaich 
tlio circuiiifercnco coimiderod (10): the {M»int of Oi»ntact 
will l>o tho required ]X)int. The demonstration is similar 
to that in the preceding proposition. 


22. A and B are two giten pointi without a giren 
circle ; it iV reijuired to detenu i tie the puiute on the cin 
cumference ig' the gi ten circle at which AB iubteuds the 
greatest and le<ut angles. 

Sup|)Ogo that neither AB nor AB produced cuts tlio 
given circle. 

Dcsci'ibo two circles to |m«s through A and 77, and t4i 
touch tho given circle (10 • the jioint of contiu t of the 
circle which touches the given circle extcmully will Ik^ the 
}K>int where the angle is greatest, and the |K»int of ccuitact 
of the circle w'hich touches the given circle internally will 
be the fniiiit where the angle is least. Tho demonstration 
is similar to that in 20. 

If AB cuts tho given circle, both the circles obtained 
by 10 touch the given circle intentully ; in this ease the 
angle subtendiMl by A B at a {Munt of ci»ntact is less than 
tlic angle subtcndcNl at any otlier }s)intof the circuniference 
of the given circle which is on the Kainc side of AJi. Iif*re 
the angle is ^oatest at (he iiuints where AB cuts the 
circle, and is Uicrc c<iual to two right angles. 

If 77 priAifced cuts the given circle. Isith the cinics 
obtained by 10 touch tlio circle exUn nally ; in this 

case tho angle sub tended oy y|/7 at a fioiiit of contact is 
greater than Uie angle subteiidtHl at any otlnrr |Mitnt of 
the circumference of the mven circle which is on Uie 
same side of AB. Here the angle is least at the points 
where AB produced cuts the cime, and is there zero. 
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23. (f there he four magnitudee eueh that the first is 
to Ute second as t/te third is to the fourth; then shall the 
first together with the second he to the excess of the first 
abfpce the second as the third together trith the fourth is to 
the excess of tlic, third altoce the fourth. 

For, the first togctlior with the hocoikI is to the secoiul 
fis the tliiril together wiUi tlie ftiurth is to tlic fourth (V'. IS). 
Tlierefore, alternately, the first together with the sccomi is 
to the third together with the fourth as the second is to 
the fourth (V. IG). 

Sitiiilurly, hy V. 17 and V. 16, the excess of the first 
above tlie second is to the excess of the third above tlie 
fourth as the second is to the fourth. 

Therefonj, by V. 11, the first together with tlie second is 
to the excciiS of the first alsive tlie second as the thinl 
together with the fuurtli is to the excess of the third above 
tlie fourth. 

24. The straight lines drawn at right angles to the 
sides of a triangle fr<tm the jh ants if bisection if the suLs 
meet at the same point. 

Let A PC Iw a triangle; bisect BO at />, and bisect CA 
at El from /> dniw a straight line at rijHit angles to B(\ 
and from E dmw a straight lino at ri^^it luigles to CA', 



let these straight lines meet at f# : ane bare then to shew 
that tlie straight line which bisects AB at right angles 
also passes through O, From the triangles llDG and 
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CDG we can shew that EG in equal to CG ; and fW>m tlio 
triangles CEG and AEG wo can show that CG is equal to 
AG ; therefor© EG is equal to A(r. TIhmi if we ifraw a 
straight lino from G to the tniddlo {^Kiint of AE we 
can nhew that this straight line is at rijpit ungIcM U> AE: 
that is, the line which bisccU A E at right angles passes 
througli 6r« 


2.'5. The ftraitfht lines tlnttm ff'om the angles nf a 
triangle to the points of bisection tf the opjposite snles 
tneei at the same jhnnt. 

Let A EC l»e a triangle; hiscM^t EC at />, histH?t CA at 
and bisect A E Hi E ; join EE and CE nioeting at G ; 



loin A G and GD : then A G and G 1) shall lie in a straight 
line. 

The triangle EE A is equal to the triangle //AY/, and 
the triangle GEA is ©final to the triangle GEt> (I. 3H;: 
t^refoit^ by U»c Uiird Axiom, tho triangle EGA is eiiuai 
to the trian^e EGC. 

Similarly, the triangle CGA is equal to the triangle CGE. 

Therefore the triangle EGA is e<inal t<> the triangle CGA, 
And the triangle EGD U ef]Ual to the triangle C,GD (I.3H) ; 
therefore the triangle* EGA and EGD together are eciual 
to Uie triaiigUai (KiA and CGD h»gether. Therefore the 
triangles EGA and EGD together are ef|nal tr> half the 
triengle ABC, Tlierefrwe G mai fall on the stniglit line 
AD \ that is, and (?/> He in a straight ISM 
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26. The ttraiffht lines which bisect the angles qf a 
triangle meet at the same point. 

Let ABC be a triangle; bisect tlic angles at B and C 



by straight liiu'S nuK'ting at C ; join AO ; then AG shall 
bisect the angle at A. 

From O draw OD |>erfH'ndieular to B(\ OE |Kq)en- 
dieular to TVI, and OF per|>etidienlar to AB. 

From the triangles BQF and BOD we can shew' that 
OF is iHjual to OD\ ami from the triangles COFs and 
COD we can shew that OE is e<iual to OD \ thertjforo OF 
is equal to OE. 'Hieii fnnn the triangles .\FO and AEG 
we <*«n shew tliat the angle FAO is equal to tlie angle 
EJO. 

Tlie thet»rem mar als(» be demonstraU*d thua PriKloce 
AO to meet B(' at*//, '[’hen AB is to Bll as AO is to 
and AC is to CM as AO is to OH (VI. 3); there- 
fore J B is BH as AC is t*> CH ^ V. 1 1 ; tlierefore A H 
is to AC ns BH is U» CH (V. 16^ ; tiierefore tlie straight 
line AH bisects tlie angle at A ( VI. 3). 

27. Let two sides qf a triangle he prodneed through 
the base; Me## the straight lines whwh bisect the two 
fj-terior attgles thus and the straight line which 

bisects the eertical angle (\f the triangle^ meet at the mms 
piHuL 

This may be ahewn like 26 : if we adoiit the seooiKl 
method we shall hare to use VL A. 
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2 ^ The perpend icuhnt drmen from the amjhi i\f a 
triamjle on the opposite sides meet at the same point. 

Let ADC be a triaii«:le; and first 8np|H»so that it is not 
obtuse angled. From D draw DE i»orneudicular to CVI ; 
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fnmi <^dniw CF porptnidicniar b» AD ; let thcs<» j)er|>f‘ii- 
diculars meet at </ ; join Jf/, and priwbiee it to meet DV 
at /> : then A l> shall be |K»riK‘iidit*ular to ilt \ 

For a cirele will g<» nmnd AEUF (S<Ae on III. 22>; thens 
fore the angle FAC is equal to the angle FEfr (III. 21). 
A nd a circle will go round Df EF II I. 3 1 , A'o/<‘ on 1 1 L 2 1 ; 
therefore the aii^^le FED i» equal to the angle Ft'D. 
'rherefore the angle DA I> i.n e<iu:tl U> the angle Dt 'F. A ml 
the angle at D is common to tlie two tnangli*>» DA D and 
Bt*F. 'llierefore the third angle DDA is <‘«|wal U> tlio 
third angle DFi* < NMe on I. 32;. Hut the angle DFiJ is 
a right angle, by construction ; tlierefore the angle DDA la 
a right angle. 

In Um same way the Uieorem may lu? demonatmtod 
when the triangle is (ditune angic<l. < this citJie may Iw 
deduced from wlwt lias l>een alrewly shew n. For stipjaMM* 
the angle at A (»btuiie, and let the |K;rtiendicular from D 
on the opposite aide meet Uiat aide prfAmed at A*, and let 
the |ier}f€n)dtcular from C on the opiajaite aide meet tlmt 
side prodmed at F; and let DE and CF 1x5 pnxiticod to 
meet at O. Then in the triangle DC*C ilie iierpetidictihini 
BF ami CE meet at A ; thmrefor© by the former caao the 
•tmigbt line OA prodiuod will be perpeodictilar to BC\ 
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29. If from any point in Oie circumference rf the 
circle deecribed round a triangle pcrj endiculars he draurn 
to the sideft of the triangle^ the three pointt (f intersection 
are in the same straight line. 

Let AIW he a P any point on the circum- 

ference of the tirciiinyerihin^; circle; from P draw PD^ 



PE, PF perpeniliculars to Uio sides BC, CA, AB respec- 
tively : i>, i?, F sluill Ih> in tlic same straight line. 


[Wo will suwposo Uiat P is on the arc cut off by A By on 
the opiiosito siAe fn>m C, and that R is on VA produced 
throi^ii A ; tiie demonstration will only have to be slightly 
modified for any other figure.] 


K circle will go nmnd PEAF {Note on III. 22); there- 
fore tile angle PFE is enual to tlio angle PAE (HI. 21). 
Ilut tliC angles PA E aiu! PAC are ti»gether coual to two 
right angles (I. 13); and the angles PAC ana PBC are 
together to two right angles (III. 22), niorcforo 

the angle PAE is e<iual to tlic angle PBC\ therefore the 
angle PFE is wpial to the angle PBC. 


Again, a drde will g<j nnmd PFDB {Note on III. 21) ; 
therdoro tlio angles PFD and PBD are together eoual 
to two right andca (HI. 22). But the angle PBD has 
been shewn cqum to the angle PFE. lliercfore the andes 
PFD and PFE are togeUier equal to two right ani^as. 
Therefore EFmd FD are in the same straight Itnei. 
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30. ABC f> a (rianffh, and O is th'r point <\f inter- 
serlion of the perpendiculars from A, H, C on the op/utsite 
tides of the trianfjle: the circle irhieh passes iht'ou(jk th^ 
middle points (fOX.Oh, <K? trill ]>ass thr^aojh the feet 
of the f>erpendiculars and through the middle points if 
the sides of the triangle. 

Lot />, Ej F be tfio midtilo points of OA, 0/1, OC 
respectively ; let O bo the f<M»t of the ^KT|>eiiUictUar fniiu 
A on DCf and II the middle |K>int of UC. 



Tlicn OUG is a rij^ht angled trinnj^lo and E U the 
middle [Knnt of the hy|>otenuse (Jli\ tlionToro Ed is o»jn;d 

U) EO\ Uicrcftjre Uie angle Edt) U tHjJial to the angle 

EOd. Similarly, the angle Fdi) is eciual bi the angle 

FOG. niorcfore the angle FGE is eqiml to the angle 

FOE. But the angles FOE and I/A(/ are tf»gcther equal 
to two right angles ; Uicreforo the angles FOE and JIAO 
pe together c<iual b> two right angles. A nd the angle UAO 
is eqcm to the angle KDF, because ED, DF are iJurailel 
to ( VI. 2> 'llicrefor© the angles FGE and EDF 

m together equal to two right angles. Hence O is on Uie 
drcnmfereoce of the ctrdo which pmmes throu^ />, Ef F 
{Note on III. 22). 

Agaiii, FII is parallel to Off, and Eli parallel to OC; 
therefore tlie angle EfIF is e^pjal to the angle EOF. 
Hierefore H is also on the cireitiufcrciicx» of the cirda 
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Bimilarly, tho two points in each of the other sides of 
the trianfflo A BC may be shewn to l)e on the circum> 
fcrencc of the circle. 

llio circle which is thus shewn to pass through these 
nine iM)ints may be called the Nine points circle: it has 
some curious propt*rtic8, of which wo will now give two. 

The radius of the Nine points circle is half of the 
radius of the circle described round the original triangle. 

For tho triando J)E F has its sides resj>cctively halves 
of the sides of the triangle ABt\ so that tnc triangles are 
similar, lienee the nidiiis of the circle descrilKMl round 
J)EF is half of the nidius of the circle described roimd 
ABC, 

If 8 he the centre of the circle described round tho 
triangle AlU’, the centre of the Nine points circle is the 
middle point <f SO. 

For IIS is at right angles to B(\ and therefore parallel 
to CO, Hence the straight line which bisects IIC at right 
angles must bisix't SO. And 1 1 and G are on the circum- 
ference of the Nine {Miints circle, so that the straight line 
which bist'cts HG at right angles must pass through tl»o 
centre of the Nine {MuntH circle. Biinilarly, frtmi tho otlier 
sides of tho triangle A BV two other straight lines c:ui bo 
obtained, which pass through the centre of tho Nine points 
circloand also bisect SO, Hence tho centre of the Nino 
points circle must ciuncide with Uie middle point of SO. 

We may state that the Nine f>oints circle of any trianglo 
touches the inscril)c<i circle and the escril>ed circles of tho 
trianglo: a demonstration of this thcorom will be found 
in Uio Nourellfs Annales do MafhOnatiques for 1842, 
page 186. For tho histoiy of tliis theorem see tho volumo 
of Uie same Journal for 1863, |)uge 562. 

31. If two straight lines bisecting tiro angles of a tri- 
angle and tenninated at the opp^wiie sides be equals the 
biseeted angles shall t*e equal 

Let ABC he a triangle ; let Uie straight line DD bisect 
the angle at B, and bo terminated at tlio side AC\ and 
let tho straigitt lino CE bisect Uio angle at C, and bo ter- 
minated at the side AB; and let the straight line BD lie 
equal to the straiglit line C£: then the an^e at B aliaU he 
equal to the angle at C\ 
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For, let BD and CE meet at O; then if the anjflo OIW 
1)0 not equal to the aii^lc Of 7^, one of them iiitiMt ho 
creater than the otlier; h‘t the angle O/Zf’ ho the greater. 
Then, l>ccau8o ('ll auil 11 1> are equal to IK* arul (!E, each 
to each; hut the angle VII I> greater than the angle 
BVE\ therefore r/> la grcjitcr than HE I. 24 

On the other aide of the Koao liV make the triangle 
Il(^*F equal U) the triangle f 7//i, »o that HE mar l»o equal 
to (JEy ami f'/’e<juul to HE "I. 22 *, smd join />/’. 

Then because HE is equal to ///>, the angle HED is 
equal to the angle HDF, And the angle OVD is, hj hy- 
pothesis, less than the angle OHE ; and the angle <Y>/> Is 
equal to the angle HOE\ therefore the angle ODV is 
grater than the angle OEH (I. 32:. and thoreforo Uio 
angle ODC is grater tlian the angle HEC, 

Hence, by taking away the equal angles Hf>F and 
BFD^ the anrio FDV is gprator than the angle DFV ; 
ami therefore vFiA greater than CD (I. IJ>; ; therefore BE 
li greaUsr than CD, 

But it was shewn that CD k greater than BE; which 
Uabsord. 

Hierefove the angles OBC and OCB are not mieqnalf 
that is, they are equal; and thoreforo the angle ABC Is 
equal to the ai^e ACB, 

[For the history of this Uieorem see Lad^$ and Gm> 
Umnan'g Dunry for 1S59, page 68.] 
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n2. If a quadrilateral figure doc* not admit of haring 
a rirele dencribed round it^ the sum of the rectangleit con- 
tained hy the <qqmite $ideM i$ greater than the rectangle 
contained hy the diagonals. 

Let AlU'D Lo u qujMlrilateral figure which ch)os not 
Admit of having a rircle dcHfrilH*cl round it; then the r<?et- 
angie AH^ JK \ together with the rechingle IK\ A D, tihall 
Ihj greater Uian the reettuigle AC^ BD. 



For make the angle ABE equal to tlie angle I)BC^ 
and the Jingle BAE oifua! to the angle BI>C\ tlicn the 
trhuigle ABE i» similar to tlie triangle BI>C 4; ; 
tlierefon^ A B ift to A E as DB is to I)t ’ ; and Uiercnnt? the 
rectiinglo AB, DC is equal to the rectjingle AE^ DB, 

Join Ei\ Then, the angle ABE is e<)ual to tlie 
angle DBt\ the angle (BE is equal to tlie angle DBA, 
And iH^tcause the triiuiglM ABE and DBC arc siwilarf AB 
is to DB as BE is to BC\ therefore* Uie trhtngles ABD 
and EBV are similar (VI. 6); Uien^fore CB is to CE u 
DB is to DA ; and therefore the rectangle C 71, DA is 
oilual to the rectangle CE, DB, 

Therefore the rectangto AB, DC^ togoUicr with the 
TocUuiglo BC\ AD \$ tH|ttal to the rectangle AE, BD 
together with the rectangle VE, BD ; Uiat is, equal to Uie 
rectangle contained by JlD and the sum of A E and EC, 
But the sum of AE and EC is greater Uian AC (I. 20); 
therefore Uio rectangle AB, DC, together with the rect- 
angle BC^ AD is gr^Usr thm the rectaagle AC, BD. 
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33. Ifihi^ reetmtgle contained hy tM diagmaU iif a 
quadrilateral be e^jwil to the $nm of the rertanglce con^ 
tained by the t pfuntite eidee^ a circle can be deecribetl round 
the quadriialeraL 

This is the coiivorso of VL />; it can l)o dcmonstratod 
indin^ctly witli the Jiid of 32. 

34. It ie re^juired to fnd a point in a giren straight 
such that the rectangle contaitnd by its distances f rota 

two giren points in the straight line may W egwd to the 
rectangle contained by its distances from two other giren 
points in the straight line. 

Let A, Ji, i\ I> Iw four iflvcn fxittiU in tho ssmo 
stniigiit lino : it is miuired tu hnd a |>oint in the straight 



lino, sach that tho roclanglo conhiinwl hy its distancos 
from A and H may lie oqiuu to the rectangle contained by 
its distances from C and D. 

On AD dcscribo any triangle AED\ and on CD do- 
•cribo a similar triangle C/7/, ik» that (IF is parallel to 
AE^ and BFvo DE\ join EF^ and let it meet the giren 
straight line at O. T^*n O shall bo tlie ro<|tiired {Niint 

For, is to OJ as Of* is to OC (VI. 4); Uieroforo 
OE IS to OF as OA is to (dJ (V. 16). Himilarly OE is to 
O/'asO/) is to O/r. Tlicrcfore is to 06' as OJ9 is to 
OB (V. 1 1). Tliercfore the rectanglo OA, OB is equal to 
the rectangle OC, OD. 
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Tlio figure will vary slightly according to the situation 
of the four given points, but corresponding to an assipied 
situation there will bo only one point such as is rcqmred. 
For 8UpiH)so there could bo such a point P, besides the 
point O which is determined by the construction given 
above ; and that the points are in the order A, C, /), O, P. 
Join PE^ and let it meet CF^ produced at G ; join BG, 
Tlion the rectjuigle PA, PB is, by hy])othesis, equal to the 
rectangle PCy PD ; and therefore PA is to PC as PD is 
to PB. Hut ]*A is to PC as PE is to PG (VI. 2) ; there- 
fore PI) is to PB as PE is to PG (V. 11); therefore BG 
is parallel to DE. 

Hut, by the c<m8truction, BF is i>arallcl to ET)\ there- 
fore BG and BF are theinsclves iKirallel (I. 30) ; which is 
absurd. Therefore P is not :4uch a j«>int as is rcijuireiL 

ON (iEOM ETHICAL ANALYSIS. 

3.1. 'Fho substantives nntthjsin and ftjnthenh^ and tlio 
corres|Knuling adjectives ann/i/iira/ and ttifntbrticai^ are of 
frequent occurrence in inatheiiiatics. In general amtltfsis 
means docoiiiiMisition, i>r tlio siquirating a whole into its 
parts, and ftfuthegh nunuis comisisition, or making a wliolo 
out of its jiarts. In Geometry however these wonls are 
used in a more sfiecial sense. In synthesis wc liegin with 
results tUready established, and end with some new result ; 
thus, by the aid of theorems already demonstrated, and 
problem.^ already solved, wc demonstrate some new theo- 
rt'ui, or solve some new pniblem. In analysis wo begin 
with assuming the truth of some theorem or the solution of 
some problem, and wo deduce fnmi the assumption con- 
se^ueuccs which wo can compare with results already esta- 
blished, and Uius test Uio validity of our assumption. 

36. The propositions in £ucUd*s Elements are all ex- 
hibitcMl synthetically ; tlio student Is only cmplovod in ex- 
amining the soundness of Uie reasoning by which f»icli 
successive addition is made to the collection of g^imetrical 
truths already obtained ; and there is no hint given as to 
the manner in which the propositioiis were originally dis- 
covered. Some of the coostruetioiis and demonstnitioDs 
mppmr rather artifictal, and we are thus naturally induced 
to enquire whether a^ *mlea can be discovered by which 
we may be guided eaauy and naUixmUy to the invectigatioii 
of new propoaiikma 
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37. Geometrical analysis has sometimes lH>en described 
In language which might lead to the cxpiH*tation that 
directions could l>o given which would enable a student 
to proceed to the dcnionstratit)!! of any proposed theorem, 
or the solution of any pro|M>se<l problem, with confidence of 
success ; but no such directions can be given. Wo will 
state the exact extent of these directions. Siipjmso that n 
new theorem is pniposed for investigiition, or a new' 
problem for trial. Assume the truth of the theorem or the 
solution of the probleiil, and deduce coiise<juenct*s fnun 
this assumption combined with resulU whicit have biH.'n 
already established. If a consemnaice c;in diMhiceil 
which contnidicts some result luroady establiHhrsl, this 
amounts to u demonstration that our :issumption is iniul- 
missible ; that is, the tluHircm is not true, or the problem 
cannot lie solvc<L If a constNjucnci': can U' diMliK'cd which 
coincides with some result alrea4ly csbiblishetl, we cannot 
say that the assumption is inadmissible ; and it nmy happen 
that by sUrling from the constvjuciitv which we dciluced, 
and retracing our Ht<*|»M, we c:in succetrd in giving a syn- 
tlietic:il dcnionstration of tin* theorenn t»r mtbition of the 
problem. 'Hiese <liri‘ctioiis however are very vague, Ih‘ 
cause' no ccrtiiin rule can In* nnjscribcil by which we an* to 
ceinbiiic our iissuinptiiui with results already cstiddisluHl ; 
and moreover no test exists by which wc iran aM'ertaiii 
w'hether a valid consi'ipicnce which wc have draw'n from 
an assumption will cnahle us bi cstuhlish the iiMsiimptiou 
itsedf. That a nroiKwition may Is* faNe and yet furnish 
t'onsequeiKX'S wnieh an' true, can Ik* seen fnun a simple 
example. Supfsise a theon*in were prn|HiH4'd for investi- 
gation in the lolhiwitig wonis; one an*ifr ,,ftt is to 

atioth^r as /Ar offpt^ift* tn thr firnt auffti* is (•* th^ tide 
npptmi4> to the othi'r. If this In? assumed to l»e tme wc 
can immediately diduce Euclid's riwult in I. ID; hut from 
Euclid's result in I. lf> we cannot rtdrace our stefis and 
eatabliah Uie proposed theorem, and in fact Uie prriposod 
theorem is false. 

Thus the only definite stateinent in the dirccitonii 
respecting Oeometrical analysis is, that if a conseouenoa 
can be dmocod fW>ni an ossunied tiroisisiUon which con- 
tnuUcts a restiii already estabiisliea, that assumed propo- 
sttioii must be fidsD. 
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3«. Wo may mention, in particular, that a wnscquence 
would cfuitradict rcHults already entahlishod, if wo could 
ihew that it would lead to tfic wdution of a problem 
already given up a-s imiKwsible. There arc three famoua 
problema which are now admitted to be beyond the ^wer 
of (loomctry ; namely, to find a straight line equal in length 
to the circMimference of a given circle, to trisect any given 
angle, and to find two mean «roi>ortional8 Iwtween two 
given straight lines. Tlie gnnincis on which the geometrical 
solution of these problems is a<lnlitted to be impo^iblo 
csifinot be explained without a knowledge of the higher 
parts of matlunnatics ; the student of the Klcments may 
however In? c?ontent with the fact that innumerable attempts 
have Ix'cn made b* obtain solutions, and tliat these attemi>ts 
have lujcn nnwle in vain. 

The first of tlic.so problems is iwunllv referred to as 
ilio Qutulruiure th^ Cirefr. For the hi.Htory of it the 
student sliould consult the article in the Einjli$h O/r^o- 
p(r<h’ti under that head, and ulsi> a series of isipers in the 
Attinnvum for iHtl.l and sul>sequcnt years, entitled a 
Duilffet qf Parcuiitjce*^ by Frofessor l)e Morgan. 

For nvpruximate S4ilution8 of the problem wo may 
refer to bavies's edition of lluttoirs (aunte qf Mittfie- 
Vid. i. jsige 400, the Lcufff'n and Gentfeman*$ 
Diartf for lH/i5, jiage 8fi, and the Phi(*^^< 0 fddod Magazine 
for April, 

The Uard of the three problems is often referred to as 
the Du/diaUioti Ctdte. Sec U»o ikote on V^I. 13 in 

Lardner'f Euclid, and a dissertation by 0. H. Biering en- 
titled IliMoria Profdcmati* Cubi Duplmindi,..lizvax\xxiy 

1844. 

Wo will now give some examples of Geometrical ana- 
lysts. 

39. From tiro giren point* it U required to dmtr to 
the tame fmnt in a giren $t might tine, t«ro straight lines 
egmiUly incline* I to the giren straight line. 

Let A and B bo tho given poiDtSy and CD the given 
•traight line. 

Sui^iote AK and EB to bo Uio two straight linos 
equally inclined to CD. Draw BF pemndicotar to C/>« 
and produce AE and BF to meet at €k Then the angle 
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BED ia eqiml to the anj^lc ARC, by hypoUicals ; and tho 
angle ARC is to tlio angle DEG 15). iieuco Uie 



triangles HER and GRF nrv eijual in all resiHH’th 1. 2fl ; 
therefore EG is e<jinil FR. 

This result shews how we may syntlietieally solve tiu* 
problem. Draw RF {>erpeiidieular to CJ}^ him! pnMlinn 
It fV, so that FG may m; eqmd to FR \ then j(»in AG, 
and AG will intersc«ct ifD at the nM|uire4l iM>iiit. 

40. To diritic <t gtt’fiiijht Rut* into hm 

$uch that the diffet'em'f ’ the e^/uaree on the parte may iai 
equ4il to n yiren et/mtre. 

I^t AR Ikj the given straight 

line, and HUp{»ose 6' the required ~ ^ 

point. ^ t/ » 

Then the difTerenco of tho 
squares on AC and RV is to be tv|ual to a pven s<]uaro. 
Bat the difference of the iMiuares on AV and Rt' is e<|iia| 
to the rccti^le contained by Uitdr sum and difference ; 
therefore this rectangle must l>e ec|iiaJ to the ^veti square. 
Hence we have the f^lowiiig sniUietieal solution. On AR 
describe a rectangle equal to the ^iven m\\mrc (1. 45); Uieti 
the difference of A C and CB will be cHpuil to tho side 
of tho rectangle adjacent to A B, ontl is tlwrefrire known. 
And the tarn of Ac and CB is known. Thus AC and CB 
are known. 

It is obTkms that the giren square must not exceed the 
aqnare on AB, in order that the prfiblem may be |iossUde. 

There are two poeithms of C, if it is not spedded which 
of the two segnenU AC and CB is ir> be greater than the 
other; bnt only one pockkni, if It tc iqiedM. 


21-2 
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In like manner we may golvc the problem, to prodwe 
a (firm ntr (tight limf so that (he tuputre on the trhtjis 
stmhjht fine mode up nf the giren stmUjht line and the 
part pnHlucedj moy exceed the st/wtre on the part pro- 
duced hy a giren sguore, which is tuU less than the square 
on the giren straight line. 

The two problcniH may be combined in one enunciation 
thuH, to dinde a giren sfntight line internally or ejr*er~ 
nally so that the difference of the squares on the segments 
may he et/ual to a ginm square. 

41. To find a point in the eircnnference of a giren 
segment (fa circle, so that the straight lines which jot n 
the point to the extremities of the straight line on which 
the segment stands may be together equal to a giren 
straight line. 



Lot ACB Ik> tho circumference of the riron iteginont, 
and gumKwe € the ro4]uircd point, ho Uiat the sum oi A€ 
mod Vb is equal a given straight line. 

IVkIuco -4C’ to so tlmt VD may bo oqual to CD ; 
and join DU. 

llion AD is oqual to tho given straight lino. And tlio 
angle ACB is oqisA to Uio sum of the at^les CDB and 
VSd (I. 32), Uiat is, to twice the angle CDB f 1. 5). There- 
fore Um angle ADB is half of tho angle in the nven 
meiit Hence wo hare tlie following syntheUcal solution. 
l>escribo on AB a semont of a circle omitaining an angle 
equal to half the angle in the giren segment With A as 
oentre, and a radius equal to the given straiglit lincL 
describe a circle. Join A with a point of iaterseetkm of 
this circle and tlm segment wlneh has been demibed; this 
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joining straight line will cut the cirtMimferonco of tho 
given segment at a {loiiit wliidi siilves tlie problem. 

The given straight line must exeecil AH ami it must 
not exceed a cerbiin straight line whitJi we will now deter- 
mine. Sup|H>.He the circunifereiice of the given segment 
bi.sected at E : join A E, ami pnMluce it to meet the cir- 
cumference of the described segment at /’ I’hen AE is 
equid to EH (III. 2n), and EH is etpial to EE for the 
!Mime rcas<»n that EH is e<jual to (’/), Thus EA, EH, EE 
are all equal ; and therefore E is the centre of the circle 
of which ADH is a segment 111 llemv AE is the 
longest straight line which ran 1 k^ dniwii from A to the cir- 
cumferencre t»f the descril»ed segment ; so that the given 
straight lino must not exceed twice AE. 

4 * 2 . To ili'itcrih*' an hottrAi'g triamjlt' haring each of 
the anglet at the ba«r doubir •f the third angle. 

This problem is solved in IV. lo : we may Kup|K>se tho 
solution to have been discovered by such an analysis as the 
following. 

Suiqxise the triangle A HD such a 
triangle as is re<iuired. so that em h of 
tiie angles at H ami IJ is duulde of the 
angle at A. | 

Bisei't the angle at D by the straight (' 
line DC. 'Hjcn tin* angle .1 DC is espial j 
to the angle at A \ therefore CA is u 
ei|ual to CD. The angle CHD is tvpial 
t<j the angle ADH^ by hy{>otlieffis ; the angle CI^H is Ofjual 
to the luigle at A ; tlieref«*re tlie third angle HCD is equal 
to Uie third angle A HD I. .Ti:. Therefore HD U equal 
to CD (I. 6;; and Uicreforo HD is equal to AC. 

Binco the angle HDV is c<|ual to the angle at A, tho 
Ktraiglit lino HD will touch at D Uie circio <lescribed 
n>and tlio triaiiLdc ACD ^'Note on J II. 'nicroforo tho 
rectan^e AH, HC is cv^fual to the wpiarc on HD III. 3i»> 
lliereiuro tho rectangle AH, HC is etpiai to the square 
on AC. 

Tliereforo AB \a divided at C in the manner ro<iiure«l 
in 11. II. 

lienee the sjntlietical solotkm of Ute prviblom is orident. 
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43. To inscribe a nq^tare in a giten triangU, 

Lot ABC bo tho 
given triiuiglo, and 
HUp|K>Ho DEFQ tbo 
rcMiuirod wjuaro. 

Draw All iH.*ri)en- 
dienlar t4» B(\ and 
AK parallel to B(* \ 
and let liFynAwc- 
ed meet A K at A”. 

Then BG in U\ GF 

BA in to A k\ and BG i« to G Dim BA ia to All ^VI. 4\ 
Hut GF\s eipial to GD, by liy|M>theHiM. 

Therefore BA is to -4 A" as IJA is to All (V. 7, V. 11). 
Therefore All is etjnal to JA' (V'. 7). 

lienee we have the following synthetieal aohition. l>raw 
A F par.ilh4 to B(\ and equal to All; and join BF. Then 
BF AC at one <»f the eonieni of tlic re<[uired Si^imre, 
and tho solution can be completed. 

44. Through a girm pohti hrtirren two girrn $traight 
it h required to draw a straight /im% mch that the 
rectangle contained Ug the part* between thegiren point ami 
the giren etraight lines mag be e*jmd Ut agiccn rectangle 



Let P Vh' the given jM»iiit, _ 

and AB and AC the given 
straight lines ; supfMNte MPN / 

the rtH]uiitHl stniight line, so 
that tho rtH’tiinglo MP, PN y \ ^>g 

is equal to a given rectangle. / 

rrodueo AP to Q, so that \ 

Uie rectangle -4/\ PQ may _ ^ \ 

bo equal to Uio given rect- Ji ^ 

angle. Then the rectangle 
A//^ PN is iKiual to the 

rectangle AP^ PQ, Tlierofore a circle will go round 
AMQN {Note on III. 3.'»). Tliercforo the angle PNQ ia 
equal to the angle PAM (III. 21). 

Hence wo have the following synthetical solution. Pro- 
duce AP \jo Q, sii Unit the rectangle AP, PQ may l)e 


equal to Uie given rectangle: describe on PQ a sapient 
oi a circle CMHitaining an angle equal to the angle PAM; 
join P wiUi a point of intersectHm of this etrde and AVi 
the straight line thus dniwu solves Uie prublcni. 
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45. In a giren curie it i$ nyutrctl to inticrtbe a /ri- 
anglc »o that ttro fiifejt tnag jniM thrt>ugh ttro gictfti fhnnte 
and the third side be pa rat let to a gircn straight line, * 

C D 



Let A un<l Ji Ik» the* ainl fD tlio iftvon 

»trai|j:ht line. Sujuhwmj i*MN to be the mjuircHl triiai)(iv 
iuMcrilKHl III tlic jriveu circle. 

Draw A’A’ [mnillcl U% A /J ; join EMy and pniduco it if 
ncce^aar}’ to meet A U at F. 

If the (Miifit F were known Uie problem iiiii^ht tio con- 
fiidcred *M»lved. For ENM in a known an^le. and tlicref<»re 
tlwj chord EM in known in nia^itu*le. And theiit wiicc F 
a known [xdnt, and EM ia a known ma^iitude, the {Mini* 
lion of M l^^couicfi known. 

We have then only to alicw how A’ ia b* lie dctermimMi 
ITie angle MEN w c<iual to the aii^le MFA (I. 2I>;. 'Ilio 
angle MEN is eriual to the angle MPN 'HI. 21 Hence 
MAF and BAP are similar triangk* VI. 4*. Therefore 
MA A F vA BA is b» AP. Ilierefore tlie rectangle 
MA^ AP casual to Uio rectangle BA, VI. 16). Ilut 
Ktnce A \% Ik gtren fsdnt Uie rectangle MA, AP is anowii^ 
and AM k known i thus AF is d"*'™**““* 
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46. In a given circle it is required to inscribe a tri- 
angle so that the sides may pass through three given 
points. 

Let Jy Oho the three given ^ints. Suppose PMN 
to bo the required triangle iuscribea in the given circle. 


P 



Draw NE panillcl to Ali. and dcteniiinc the point P 
an in the prcveiliiig nrohlem. Wo shall tlu?u have t«) do- 
Bcriite ill tW given eiixtlc a triangle A'3/.V »o that two of 
its sides iiiuy jKiss thmugh given |»oints. /' and (\ and Uio 
thinl side Ik? imnillel to a given straight line AB. 'lliia 
can bo done by tho procotliiig problem. 

'Iliis eianiple and the preceding are taken from the 
work of Catalan alroadv cited. 'Hie ^^resent pniblem is 
sotiiotiiiies called and soinotimos ('nwu'Pt ; tlio 

history of Uie general researches to which it has given rise 
will l>e found in a st'rii's of pai»crs in the Mathemalician^ 
Vol 111 . by tho late T. S. Davies. 

ON LOCI. 

47 A locus consists of all tlio pomts which satisfy cer- 
tain conditions and of Uiose {mints alone. 'Ihus. for exam* 
|il^ the locus of the points which are at a given dis l ane e 
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from a given point is the surface of the ^here described 
from the given point as centre, with the given distance as 
i*adiu8 ; for all the points on this surface, and no other 
points, are at the given distance from the given jH>int. If 
we restrict ourselves to all the ]K>int8 in a Hxed olane which 
are at a given distance from a given iK>int, tlie kk^s is the 
circumference of the circle described fn^m the given |Munt 
as centre, with the given distance as nidius. 1 n future we 
shall restrict ourselves t4) loci which arc situatiai in a tixed 
phuic, and which are pn»i>erly called piane 

Sevend of the pro{M>sitiuns in Kuclid funuNh goot] cxaiii' 
pies of loci. 'Hius the Ick’Us of the vertices of all triangles 
which are on the same base and on the same side of it, and 
which have the siime area, is a straight line paraikl to the 
base ; tins is shewn in 1. 37 and 1. .'iU. 

Agiiiii, the h*cu8 t>f the vertict's of all triungU's which 
are on tlie mime laise and <»n the miiiic side (»f it, and which 
have the same vertical angle, is a segment of a circle tlo- 
Kcril>ed on the liase : for it is shewn In 111. 21, tJiat all the 
|M>ints thus deterniiiietl satisfy the assigned conditions, and 
it is ciisily shewn that no other |M*ints do. 

Wis will now give some examples. In each example we 
ought to shew' not onlv that all the {sunts which we iiidi- 
cute as the ha us do fulfil the assigmsl comlitions, hut that 
no other |K»inU d<^ 'I’his stH^iuid part however wo leave t«» 
the student in :dl the exaiiit>li*M except the last two ; in 
these, which are more ditlicult, we luivc given the complete 
investigation. 

4s. Requh'^'il lortiM of j**hhU vrhich are 
tant from taro giren poitUs. 

Let A and B be Uic two given |Kunts ; j<iin A // ; an<l 
draw a straight lino tlircaigh the tiiiddle |siiiit of AB at 
right angles to A B ; then it may be easily shewn Uml Uiia 
straight line is the rerpiired locus. 

49. Required the RtcuM rf the rt^rtirei of oR trianglee 
oti (I girett t»aee All, tueh that the ef/uare on the fide ter- 
ntiuaied at A mag exceed the $quare on tide Urmi* 
fioted at 11, hg a giten ff/mtre, ^ 

Suppose C to deofite a point on tlie reqture<l locus ; from 
Cdraw a perpendicular on Uic given base, meeting it, pro- 
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dutfod if neccmary, at />. Then the »quaro on AC is equal 
to the squares on AD and 67>, and the S(]uare on BC is 
equal to the m]uareH on UD and CJ} i J. 47; ; Uierefore Uie 
s<]uare on A C cxceo<ls the square on IB " by as much as Uio 
it<|Ui&re on AD exceeds the s<|uaro on BD. ileiico is a 
fixed point either in AB or in . l/i|>r(Mluced through B (40). 
And ute require<i hicus is tiie straight line drawn through 

at right auigles to A B, 

50. Heiptirvd Ihf httm of a point »nch that tht> it might 
lifu*i dmwn Jhm it to tottrh ttro girrn vircUi may he 
egual. 

Let A Iw the centre of Uie greater cirt‘le, B tlic centre 
of a smaller circle ; (iiid let P denote any |siiut on the re*- 
quirtMl locus. Since the stniight lines (Iniwn from P to 
fiiuch the given circles are e(|ua}, the squares on these 
straight lines are e4|ual. Hut tlie sijuarcH on I^A un<t PB 
exc'iH^d these equal stpiartHt by the squan^s on the radii of 
the ros|>ei^tivc circles, lienee the stpniro on PA exceetls 
the fa]uure on J^B, by a known square, namely u sejuaro 
iM|ual t4> tlie excess of the st]uare on the nulius of Urn circle 
of which .4 is the centre over the square on tlie radius of 
the circle of which B is the centre, lienca), the reemired 
Iticus is a certain straight lino which is at right angles to 
AB :4J)). 

This straight lino is called the radical turn of tlie two 
circles. 

If Uio given circles intersect, it follow's fnim 111. 36. 
that the straight lino which is the hams coincides with the 
|iroduced jiarts of the common chord of the two circloti. 

51. Reguireii the locm q/* the middle fhdnti (if aU 
the chords of a circle which fum through afxed point. 

Let A be the centre of the given circle ; B Uio fixed 
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point ; let any chord of the cinrlc l>c drawn to that, pro- 
duced if neceaiiarjs it may (iiiMjs thn>ujrli H. Let P Ik> Uio 
middle {toiiii of thin chord, tm that P in » {Kuiit uu Uie re- 
quired locua. 

Tlio Rtniiffht lino is at right anglen to the chord of 
which P itt tno middle |)oiiit (II L 3}; Uierefurc P U on Uio 
circumfertmce of a circle of which J// in a diatiiet 4 T. 
Hcnco if D Ixj within the given ein^lo the locuii i« the cir- 
cumference of the circle dcHcrilwtl on .'1 // an diuiiieter ; if 
E bo without the given circle the )<k*um Im that part <»f the 
cirnimfen'iiee of tiie circle de<a^ril>cd on -I H a« diatiietor, 
which ia within the given circle. 

»V2. i* a fixfd point Jh/tn ir/iiV/i ow// »tr<titjht Une 

iJt tirturn m^'*'tinfj a Jijttul utrnnjht it nr of 1*; tn ()|* a 
fhtint Q i> tnArn *Hch that Ot^ U to Ol* in a jisvti ratio : 
determine the hteue 

Wo (diall iihew Uiat the Iocmim of Q tn a ntraight lino. 

For draw a i»er]»endicuhir fn>m O on the fixtxl atnught 
line, mocting it at C ; in Oi- Uko a fM»int D »uch that OD 
is to Of’ in the fixed ratio; draw fnnn O any utraiirlit lino 
OP meeting the fixcMl Rtniight lino at and in Of* take a 
]>oint Q su<^ that OQ ia to OP in the fixed nitio; join 



OD, The trianglea OD(l and OOP are iiimiiar fVI. 6); 
tJierefore the an^e ODQ in equal Ut the angle Oi *P, and la 
therefore a rudit angle. Hence Q liea in tLc straight lino 
drawn through D at right angloa to OD, 
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53. 0 i> a fixed point from fthieh any straight line 
ii drawn meeting the circnttference (fa fixed circle at P; 
in OP « point Q is taken such that OO w to OP in a fixed 
ratio: determine the hxns 

We shall shew that the locus is the circuiufcrcuco of a 
circle. 



For let C be tlie centre of Uie fixed circle; in 0€ take 
a point 1) such that OD is t<i OV in the fixed ratio» and 
draw any radius tl* of the fixed circle; draw DQ i>anillel 
to CP meeting; OP^ pHuiuctHl if neeessjtry, at Q, Then Uio 
triangles OCP and itDQ are Hiiiiilar Vl^ 4 ', and therefore 
OQ is to OP as (U) is to 0(\ that Is, in Uie fixenl ratio. 
Therefore Q is a iH»int on the Im-us. And DQ i.H to CP 
in the fixeni ratio, that DQ is of constant len^^h. lienee 
the h>cu8 is the circumference of a circle of which D is the 
centre. 


54. There are fmr giren points A, B, C, P in a 
straight line; retpiired the hwus (f a p*jint at which AB 
and CD subtend equal angles. 

Find a point O in the straight lino, sucli that the rect- 
anfflo OA, OD may l>o coual to the rcctanglo OC (34), 
and take OK sucli tliat tlie mpmro on OK may be equal to 
either of tlieso rectaiqfles (II. 14'^: Uie circumfereiu'e of the 
circle descrilicd from O as centre, with radius OK, shall be 
Uio required locus. 

[Wo will take tlie case in which the points arc in the 
followiitg order, O, A, E, C, />.] 

For let P be any point on the circamfcroiioe of this 
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circle. Describe a circle round PAD^ and also a circle 



round PliC ; then OP touclicM each of the»e circlen 'III. .*17 ; 
therefore the aiido OP A in Ci^ual to the angle I* DA, 
and the angle in e<nml t4» the angle P('H (III. 

Hut the angle OPfi in c(ju.al Ui the angh** (U*A and ADD 
together, ainl the angle P(*D in equal to the angleti fPD 
and PDA together (\. .Til 'lliereforo the angicii <fI*A 
and APB together aw e<|ua] to the nnglea f7V> and 
PDA together; and tlie angle OP A han \wcn aliea'ii equal 
to the angle P/PA ; therefore Uie angle APB in (Xiuai to 
the angle CPI). 

We have Uins nhewn that any point on the dreumforenre of 
Uie circle sati.nfics the naiiigiicMi conditions; we aliall now 
shew that any |ndnt which satishes U»e assigned conditions 
ii on the circumference of the circle. 

For take anjr point Q which satisfies Uie required con- 
ditions. Deacnlx} a circle round Q.iD^nmX aiw) a circle 
iwnd QBC. These circles will U>ucb the same straight 
line at for the angles AQB and ('QD are equal, and 
the converso of 1 1 1. 32 is trua lx;t this straight line which 
touches both drcles at O be drawn ; and lei it meet the 
stndgbt Une oontaining the four given points at R. Tbim 
the rectangle RA^ RD is equal to the rectangle RB^ R€\ 
for each is equal to the square on RO (III. 36). Hwfefore 
R most cotn^e with O (34) ; and tJimfore RQ must be 
equal to OiT. Itiui Q must be on the dreumferenoe of 
dme of which O Is centre, mid OiT tlie radhia. 
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55. Enquired Oie loetitf of the rerticee qf all the tri- 
(vngleM ABC frhich etnnd on a glren haee AB, and hare 
the tide AC to the tide BC in a cftneiant ratio. 

If the sides AC and BC are to be equal, the locus is 



the straiglit lino which hiHocU AB at rig^ht anglea Wo 
will supiMNie that the ratio is greater than a ratio of equal- 
ity ; so Uiat AC is to l>c the greater side. 

Divide AB at D so that AD is tt) DB in the gircn ratio 
(VI, 10); and prrHitice AB to AT. so Uiat A E in to EB in 
the given ratio. Let P l>e any point in the rcK|uired locus ; 
join Pp and PE. Tlien PD bisects the angle APBy and 
PE bisects the angle iH^ween BP and AP ])roduc^. 
'niorefore the angle DPE is a right angle, niorefore P is 
on Uie circunifcrenoe of a circle described on DE as dia- 
meter. 

Wo hare thus shown that tJSf point which satisfies the 
assigiied conditions is on the circumference of the circle 
doMribed on DE as diameter ; we shall now shew that any 
|H>int on the circumference of this circle satisfies the as- 
signed conditions. 

Let Q bo any tioint on the drcnmfcrence of this circle, 
QA shall be to Qa in the assigned ratio. For, take O the 
centre of the circle ; and join QO. Then, by oonstruettott, 
AEieto EB ta AD u to DB, and thendbre, alteniaUdy, 
AShtio AD 9m EB is to DB; therefore t^ stun of AE 
and AD k to their diflkrmioe as the sum of EB and DB k 
to tbek differenoe (g3) ; that k, twice .^O k to twice />0 as 
twice k to twice BO; therafbre .dO i 
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to B0\ that iftt AO w to OQ as QO ia to Oil Therefore 
the triangles AOQ and QOIi are similar triangles (VI. <;); 
and therefore AQ is to Qli as QO is t4> JUK 'lliiii shews 
that the nitio of AQ to BQ is conftanf; we have still to 
shew that this ratio is the same as the nssigned nitio. 

We have alrcatly shewn that AO is in DO as DO is to 
I10\ tlierefore, the differtmee of AO and DO is to Do as 
the difference of DO and HO is to HO i\\ 17 ; that is, 
AD w to DO Jia HD is to HO ; therefore .f /> is to HD as 
DO is to H0 \ that is, A D is to DH as QO is to HO. 
This shews that the ratio of QO to HO is the luuiie as Uio 
assigneil ratio. 


ON MODERN (JKOMETRV. 


5^. Wo have hitherto restricU^d ourselves to Kuclid's 
Elements, and pnifioHitions which can l>e deicoiistrated 
by strict adhereiH:e to Euclid's nietiimls. In iiHKiem timos 
various other methods have l»eeii inlnMlucisl, and havo 
led to numerous and im{H>rtiiiit rt'siilts. 'Hiese ttieUicMls 
may l>c callotl senii-geonietrical, as they are not CfUiflncii 
within the limits of the ancient pure prometry ; in fairt 
the power of the tncsleni niethcxls is ohtiiiiiecl cliiefly by 
oomhining arithmetic and algebra with geometry. 7*he 
student who desires to cultivate this |iart of mathematics 
may consult Townsernl’s VhnvOnt nu the Mftdeni CrVo- 
nietry of the Pointy Line^ ami Cirrie. 

.We will rive as specimens sonic important theorems, 
taken from what is called Uie tbeorv' of transversals. 

Any line, straight or curved, which ruts a system of 
other lines is cralleil a trafttrerml ; in tlic exaint»MSi which 
we shall give, the lines w'tlJ lie straight linc^ and the sya* 
tern will consist of tliiee stndght lines forming a triangle. 

We will give a brief enunciation of the theoreni which 
vie are about to prove, for the sake of asatsting the memory 
hi retainiiig the ramlt ; bcit the emmetatioe witl eoi be 
H|iteheeded «»til tbe dtsimmiriliciii is 
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57. If a straight line aU the sides^ or the sides pro- 
duced^ of a triangle^ the product of three segments in 
order is equal to the product of the other three segments. 

Let A DC bo a triangle, and let a Rtraiglit line be drawn 
cutting tlio Bide DC at i>, tbe Bide CA at E, and tbe side 
AB produced through B at F, Then BD and DC arc 



called segments nf the sitle B(\ and CK and EA arc calletl 
segments of the niilc (*A^ and aim) A E iu)d EB are caliotl 
segments of the »idc A B. 

Throngli A draw a Btraight lino parallel to BC^ meeting 
/)/^ produced at //. 

Then the trianglcB CED an<l EAIl arc c<|uianpdar to one 
anotluT ; therefore AIf\%U* CJ> ob AE w to EC (VI. 4). 
'nicroforo the rectangle A //, EC is otiual to the rectangle 
CD,AE{\L IG\ 

Again, the trianglea EA/f and FDD arc equiangular to 
one another ; therefore A I I in to BD an EA is tt> EB ; VI. 4 1 
Tliereft»ro tlie rectangle A If, EB is equal to the rectangle 
BD, EA (VI. l(i\ 

Now BuppoBC Ulc Btraight line* reprcBcntcd by numltcm 
in the manner explained in tlie notes U> Uie Bccond B<H>k of 
the Elmnenta. We have then two results which wo can cx> 
prcBB aritlinietically : namely, the pr^Auct A If. EC in ecjnal 
to the product CD. A E ; and tlie product All.EB in equal 
to the product BD. EA. 

Thereftffe, by the prindples of arithmetic, the product 
A ft. j^.BD.FA in equal to tho|>roduct 
and therefore, by Uie principloa of arithmetic, the product 
BD.VE.AEuicj^ to the p^act DC.EA.FB, 

This b the reanlt latoMled br the enimciitaoii gireo 
aboTe^ Beehpiediiot biMMkl9 tbimaefimmta,OBeht^ 
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every side of the trianjrle : and the two sopiionts wJiioli Ut- 
iiiinated at any angular f>«*int of the triangle are never in the 
same product Tlius if we begin one pnaluet with the 
meut BD^ the other segment of the side BC, nainelv !)(\ 
occurs in the otlier pTi»auct ; then the segment t’K iK'ears 
in the first product, that tlie two Hogments ry> and t’A’, 
which termmato at i\ do not occur in the sanie |>rt>duet ; 
and so on. 

The student shotild for cxcrciHC draw another flgtire 
for the Cixuc in whii*h the transversal meets nB the sules 
and obhiin the same resnlt. 

5S. ronverscly, it may Ik* shewn by an indirect pns^f 
that if the )>r<Hlnet BDJ'E. A F Ih* iM|nal in the pmdm t 
1H\KA . FB^ the ihrtMS (M»inU y>. /i, F lie in the wiiiie 
straight lino. 

.'if). If thrt*^ ttnihjhf Fnti'n he atenfrn t?trnuffh the 
aagtihir jutinfit '>/* a tehiiigh' /n the itppuMite ami 

meet at the name pnhit^ the pe^ ilaet i>f three. $eitiaeut$ in 
in'iier U egmU to tiu' proii net uf the other three eeg$nentg. 

Let ABi^ he a triangle. From the angtilar jHUiits to 
the oiijswite sides let the straight Iim*s AitD, B(iJ\^ i'HF 
be araw'ti, which inot*t at the |K*irit O: the iirrsluct 
AF BD.CE shall Ik? eijual b* the pHsluct FB . D(J. EA. 

For the triangle ABD is rut by the traiisve*rsjil 
and Uicrefoi’o bv the thcoreiii in hi the following pnxlucU 
are equal, A F. hC. DO^ and FB, CD.OA, 



Again, the iriangie ACD is cot by the iransvenMd 
EOB^ and therefore hr the theorem in h7 the following 
piwbieU atm AO.DB,CB mad OD,BV,EA, 

32 
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Therefore, by the priiidplc« of nrithmotic, the followinj? 
products are equal, AF. JW . UO .AO . Dli . CE and 
FB . CD .OA.OD, BC . EA. Therefore the followhig 



products are equal, A F. BD . CE and FB . DC. EA. 

We have supposed the jK>int O to l^c within the triangle; 
if O Yhi without the triangle two of the |)oinU />, Ej F will 
fall on the sides prcKluccHl. 

CO. Conversely, it may l>e shewn by an indirect pnH>f 
that if the pnwluct AF. JJD . CE be equal to the product 
FB . DC. EAy the three straight lines AD, BE, C/’meet 
at the same ]H>iitt. 

Cl. We may remark that in geometrical problems the 
following Utiiis sometimes tsxMir, usc<l in the Hiuiic sense :ih 
in arithmetic ; namely arithiuptiml ffpfmipfri- 

cul and harm miral prof/re«<ri«ii. A i»ro|»osi- 

tion res|KH?ting harnionical progression, which ucserves 
notice, will now be given. 

62. JM ABClte a triangle; let the angle A t*e bitected 
hy a ft might line which meetf BC at and let the ejr- 
terior angle at A he bisected hya straight line which meets 
Bi\ f*r*Hlu4'etl thmngh (\at E: then BD, BC, BE shall 
he in hartnonicat progression. 


S-SS- 
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For BD ifl to DC BA h to AC VI. n^ ; nml BE in 
AV’hs ^..4 irt to (VI. A). Tlu*rrf«»ro B/* is to /)(* 
BE is to AY’ V. 11). 'riiercforo BD is to BE as D(- is 
EC(y. If?), 'Ilnis of the three straight lines B/> Jtf\ 
BE, the first is to the third us the cxeess of the se<*oiid 
over the first is to the excess of tlie third over tin* stH'oiid. 
’llicrcforc BD, BV, BE are in hannonic4il projfression. 

lliis result is sometiiiH's expressed by saying Umt BE 
is divided harmonically at V and C, 





exeuctses in euclid. 


I. ItolT). 

1. O*? ft pivcn Rtrnifflit lino <lc«cril>c an iHO«?eleii tri- 
an^^le huving ciich of tiio Muloii ecjiial to u given stniight 
lino. 

2. Ill the figure of I. 2 if the diameter of the smaller 
circle is the radius of the larger, shew where tlie given 
jKiint and the vertex of the eonstruetotl triangle will be 
situated. 

.*1. If two straight lines bisect each other at right an- 
gles, any {siint in either of them is equitlistant from the 
extremities of the other. 

4. If the angles and Ai'H at the base of an 

isos<H.dcs trial);; le lie bisected by tlie straight line.H /i/>, 

show that will l»e an isowvles triangle. 

5. BAC is a triangle having the angle B double of tho 
angle A, If BD bisi'cts Uie angle B and meets AC at />, 
shew Uiat BD is e(]ual to AD, 

6. In tho figure of I. r» if Ff and BG meet at II 
shew tliat /'//and OH are equal 

7. In tlie fipiro of 1. 5 if FC and BG meet at //, 
shew Uiat AH bisects tlie angle BAC, 

H. 'ITi© sides .<4 i3, -4/>ma quadrilateral A BCD are 
equal, and Uie tliagoiial ./IfMnsects the angle BAD: shew 
that the aides CB and CD are equal, and Umt tlie diagonal 
AC bisects the an^e BCD. 

9. ACB, ADB are two triangles on the same side of 
ABt such that AC is equal to /?/>, and AD is equal to 
JBi\ and A D and DC intersect at O : shew tliat the tri- 
angle AOB is isosoelea 

lOi llie opfiosite angles of a rhombus are equal 

1 1. A diagonal of a rhombus bisecU each of the angles 
tlurotigb wbtob it parnea. 
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12. If two isosceles triangles arc on the same Uase tho 
Btraight line joining tlieir vertices, or Unit straight lino 
produced, will bisect the base at right angles. 

13. Find a |»oint in a given sU-iiight lino such that iU 
distances from two given jNiints may ha equal. 

14. 'i'hrough two given {Hiints on op(Kmite sides of a 
^iveii straiglit line draw two straiglit lines wliicli shall nuH*! 
Ill that given straight line, and include an angle bisected 
by that given straight line. 

15. A given angle //.K' is bisectcHl ; if / M is priHitieiHl 
to a and Uio angle JIAG bisecqod, the two biscvtiiig lines 
are at right angles. 

lU. if four straight lines nu^*t iit a iKiint so that tho 
opposite angles are espial, these straight lines are two and 
two in the s;tmc straight line. 


I. l(;to2(;. 

17. AB(^ is a triangle and the angle A is bisecUMl b^ 
a straight line which meets 7/^' at />; shew that JJA m 
greater than liD, ami (*A great<»r th in /7>. 

ly. In the figure of I. 17 shew that AD(' and Af'/J 
arc together less tlian two right angles, by joining A to any 
|ioiiit in JJC. 

ISh AHCD is a (piadrilaUfral of which Al> is Uio 
longest side and Ii(' the shortest; shew that the anglo 
ABV\% ^ator than the angle ADC, and Uie angle BCD 
greaU*r tlian the angle BA iJ. 

20. If a straight line l»o drawn thnmgh A one of tho 
angular posiiUof a m|uare, cutting one of theo|»fsmiU> sides, 
and meeting tho other |»nHliiceu at /’ shew tliat AF 
greater than Uie diagonal of the scpiure 

21. The fierficndiinilar is Uie shortest straight lino 
tliat can l>e drawn from a given jsdnt to a given straight 
line; and of others, that which ts nean^r U> the |>er}iefi> 
dicular is less than the more remote ; and two, and otily 
two, c<)iiai straight tines can lie drawn from Uie given |Kiiiit 
to Uie given straight line, otto on each side of the {)cr|K;o- 
dicular. 

22. Tho sum of the distances of any ficnrit from tho 
three angles of a triangle is greater than half the sum of 
the skies of Uie triangle. 
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23. 'Fho four Hides of any quadrilateral are together 
greater than the two diagonals together. 

24. 'I’he two sides of a triangle are together greater 
than twieo the straight line drawn from the vertex to the 
middle ]M>int of the ease. 

2.5. If one angle of a triangle is o<iual to the sum of 
the other two, the triangle eau bo divided into two isosceles 
triangles. 

2G. If the angle ^ a triangle is equal to the sum 
of the auf^les A and /f, the side A H is equal to twice the 
straight line joining V to the middle )Knnt of A R. 

27. Construct a triangle, liaving given tike base, one of 
the angles at the base, and the sum of the sides. 

2s. 'rhe ]>er{>endiculars let fall tm two sides of a tri- 
angle from any )M>int in the straiglit line bisecting the anglo 
between them are c<iual to each other. 

29. In a given straight line find a ]M>int such that the 
portiendiculiirs drawn from it to two given straight lines 
shall bo eomU. 

30. 'inrokigh a given jwint draw a straight lino such 
that tlio |ier]K'ndiculars on it from two given iK>iuts may be 
on op|>osite sides of it ainl equal to each other. 

31. A straight line bisects the angle A of a triangle 
ARC: from R a ^ieri>cndicular in drawn to this bisecting 
straiglit line, meeting it at and RD \a produced to meet 
AC or AC produced at E: shew Unit R/J is equal to D£. 

32. ARt AC are any two straiglit lines meeting at A : 
Uirough any |K)int J* ilraw* a straight line mceUngtbemat E 
and Ef (kuch that AE inav be equal to AE. 

33. Two right-angled triangles have Uieir hypotenuses 
equal, and a side of one equal to a side of Uio other ; show 
Umt they arc equal in all re8|>ects. 


L 27 to 31. 

34. Any straight lino parallel t4) Uio base of an iao- 
aceles triangle makes oqmil angles wiUi Ute sides. 

:h5. If two straight lines A and R are respectively 
parallel to two others V and />, shew that the inclination of 
A to R is et[ual to Uiat of C to D. 

Sf$, A atraiffht line is drawn terminated by two parallel 
straight lines ; through its middle point any straight line is 
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drawn and tcrininatod hy the |>arallel 8tnii|?lit line*. Show 
that the KiMX}ud stniight Hue is bisected ut tlie iiiidille |H)iiit 
of the Hrst. 

37. If through anv iioint ctiuidisUnt from two |>arullel 
atraight lines, two sti'aighi lines l»e drawn cutting Uie )ia- 
rallel straight lines, they will intercept etiual |H>rtiuns of 
those {mndiel straight line*. 

38. If the straight line bisecting the exterior angle of 
a trianglo lie parallel to tlio base, shew that the triangle i* 
iso.si;cles. 

3Jt. Fiml n |K»int B in a given straight line f7>, such 
that \{ AB Ikj draw n to Jt from a given jsnnt J, the angle 
will Ik.^ equal to a given aiiirle. 

40. If a straight line Ikj <lniwn hiserting one of tho 
angles of a ti iaiigle to meet the opfNfsite side, tin? straight 
lines drawn fruii the isiint of section punillel to the otiicr 
hides, and teniiinated by these sides, will Ihj equal. 

41. The side of a triangle A IB' is pr<Hlum] to a 
jioint D\ the angle ACli is bi»eet<?d by tho straight line 
i'E wdiich lueetH All at E. A straight line is drawn 
through E parallel to Hi\ iin'etiiig AC at h\ and tho 
straight lino hisirtiiig the exterior angle -If 7> at f/. Shew 
that EF h equal to />;. 

4*2. All is the hy|s»teim.He of a right-angled triangle 
A BC\ find a isiint I> in A B such that DB may be e^iual 
to the |ieqKMidicu!ar from I) on A^'. 

43. A IB' is an isosceles triangle: find points />, /’in 
the e<|ual sides AB^ AC such Unit liD^ DEy EC may all 
l>c equal. 

44. A straight line drawn at right angles to BC 
tho base of an iwisceles triangle A IB' cuts the? shle AB at 
I) and CA prixlucod at E\ racw that A El) is an isosceles 
triangle. 

I. 32. 

45. From tho extremities of tho base of an Isoscol^ 
triangle straight lines are drawn [»erf>efidicular U> the sides; 
shew tliat Uie angles iiimie bv them with Uie Imsc are each 
et|ual to half the vertical angle. 

46. On the sides of any triangle A BC typiilateral tri- 
angles liCDy CAE. ABF ixa dcseriljeil, all external: shew 
that the straight lines BE^ CFam all er|uai. 
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47. What is the magnitudo of an anglo of a regular 
octagt>n ? 

4h, Through two given jK>intH draw two straight linea 
foniiing with a struiglit iiiio given in position an e<^uilateral 
triangle. 

41>. If the straight linen bisecting the angles at the 
Uiso of an isoHceles triangle be produced to meet, they will 
contain aik angle e<|ual to an exterior angle of the triangle. 

60. A is the vertex of an isostreles triangle A and 

If A is [»rodiU‘od to />, so that AI> is e(iiial to BA; and 
BC is draiwii : shew that BCB is a right angle. 

61. A/i(' is a triangle, and the exterior angles at B 
and (j are bimnded by the straight linos ///>, f '/> respec- 
tively, meeting at U : shew that the angle HDC together 
with half tike angle make up a right anglo. 

6*2. Shew tliat luiy angle of a triangle i.n obtuse, right, 
or acute, licixjrtliiig as it i.s greaUw than, munil to, <»r less 
than the other two alight tif the triangle taken together. 

6:i, Construct an iH«>sceltn» triangle having the vertical 
angle four times eiwh of the angles at the hase. 

64. in tlio trian^e AW* Uie side HV is hisc<rte<l at K 
and Ali at fr ; AE is prslueetl to F S4> that KF is eiiual 
to AE., and (Xi is i»nMluct*d U> If so that GH is equal to 
CG : sliew that Fli and HE are in one stniiglit line. 

65. Construct an itwisceles triangle which shidl have 
one-tliird of each angle at the base etiual to bdf tike vertical 
angle. 

6(>. AB^ AV are two straight lines given in position; 
it is retpiireki to fim! in them two |)oints P and such 
that, PQ l»eing joiiki*d. AP :uid PQ iiksiy t«>getiker l>e etmal 
to a given straight line, and may conUiUk an kuigle etjuai to 
a given angle. 

67. Straight lines are drawn Uirougii tlie extremities of 
the Ikuse of an isosceles triangle, making aikgles with it on 
tike side remote from the vertex, twh equiil to ono>third of 
one of the etpial angles of the triaikgde and meeting the 
sides uitHluced: sliew Uiat Uireo of the triangles thus 
formed are isosceles. 

6H. AEEy VE1> are two straight lines intormeting at 
E ; straight lines A(\ HE are drawn fonning two triaiigles 
AiJF*„ EEl>\ Uie aisles ACE, HEE are bisected by the 
straight lines CF, HF. meeting at F. Shew th d the angle 
VFM is C4|ual to ludf the sum of the angles KAC, EHE. 
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59, The straif^ht line j<»iiuti^ the inicMIo point of Uio 
hypotenuse of a right-iuigletl triangle to the right angle in 
ei|ual to half tiio hy|K)temLsi 

50. From the angle A of a triangle a per|»en- 
dicular is drawn to tiie oi^iKmite Hide, niwting it, priMiuctsi 
if mvcssark', at />; from the angle /fa ]K«r|Hnuli<'ular is 
<lniwit to the opjKtsite side, miH*ting it, priMluetnl if iumth. 
sary, at E : shew that the straight lin«!s whicli join 1) and 
E to the tniddle |M>itit t»f AR are iM|itaL 

(II. From the angles at the Uuh» of a triangle perpen- 
diculars are dniwn to tlie <iptH»sit(5 sid<*M, prtMlmtMl ii nec'e^i- 
sary : shew that the straight line joining Uo* |M»inU <*f iiiUt- 
M'ction will l>e hisectcd hy a laTjarmlicular drawn U» it from 
the middle |H>int of the hase. 

5*2. In the figure of I. 1. if f' and // he the |»<»ints of 
intorHection of the eireles, and AR Ik* jtrtMlitecsl h» niwt 
one of the citx'les at A', shew that ( 'Ilk is an e^juilateral 
triangle. 

53. Tlie straight lines hiset'ting the niigles at the Iwiso 
of an iH/mceles triiingle meet the sides at D and E, shew 
tliat 1>E is (nirallel Ui the hase. 

54. A Ik .^6* are two given stmight lines, ami I* is a 
given [siint in the former: it is n*4|Uiri*<l to draw thnsigh 
P a straight line to meet AC yX Q, jhi that Uie tuigle AP(I 
may lie three times tli<* angle AQI\ 

*55. Construct a right-angled triangle, liaviiig given Die 
hyjKitonnse and the sum of the sid(*s. 

55. (.'iiiistnict a right-angled triangle, having given the 
hyfsitemise and the ditferenc'c of the sides. 

57. Construct a right-angied triangle, having given tlie 
hypotenuse and the perfiendicular fnim the right angle 
on it. 

5S. Construct a righUingled triangle, having given Uio 
perimeter and an angla 

69. Trisect a right anf^o, 

70. Trisect a given hiiite straight line. 

71. From a given {Kiirit it is re«|tttrod to draw to two 
panUIol straiglit lines, two ecjual straiglit lines at right 
angles to eadi other. 

72. Descritie a triangle of given ts«rimeter, having its 
angles equal to those of a givou triangle. 
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I. 33, 34. 

78. If a quadrilateral have two of its opposite sides 
parallel, and the two others equal but not parallel, any two 
of its opposite angles are together equal to two right 
angles. 

74. If a straight line which joins the extremities of two 
equal straight lines, not parallel, make the angles on tlie 
same side of it 0 (\ual to each other, the straight line which 
joins the t>thor extremities will bo ]):indlel to the first. 

75. No two straight lines drawn from the extremities 
of tiio base of a triangle to the opjiosite sides can iHWsibly 
bisect each other. 

7(). If the op(>osito sidc.s of a quadrilateral are equal it 
is a parallelogram. 

77. If the op{)osite angles of a quadrihitend aro equal 
it is a parallelogram. 

7h. 'Fho diagonals of a j>amllclogram bisect each other. 

79. If the diagonals of a quadrilateral bisect each other 
it is a {larallclogriUii. 

80. If the straight lino joining two opp<»sitc angles of 
a iKinillelogram bisect the angles the fmir sides of the pa> 
rallclogram are e<iual. 

81. Draw a straight lino through a given point such 
that the part of it interceptctl between two giveu i>ar.dlei 
straight liiu^ may be of given length. 

8*2. Straight lines bisoeting two adjacent angles of a 
}>arullolognuii intersect at right angles. 

vH3. Stnught lines bisecting two op|msito angles of a 
|uirallelograui aro either |KiralieT or coineident. 

64. If tlie diagonals of a {Kurallelogram aro e(|ual all its 
angles are eoual. 

83. Kind a iwint such that the |>eq>ondicular8 let fall 
from it on two given straight lines sliall ho resjtoctively 
e<]ual to two giveu stnught lines. How many sudi [»oiuts 
are there? 

8G. It is required to draw a straight line which shall 
bo equal to one straight line and parallel to another, and bo 
terminated hr twro g^ven straight lilies. 

87. On the sides AR, IJC^ and VD of a porallelngnim 
A BCD throe ctiuilateral trian^es are desi rtl>ed, Uiat on 
EC t«>wardB the same pewts as Uic {landlelogram, and tlio«io 
m AE, CD towards the op|icMdte |Kuts: shew that the 
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distances of tho vertices <»f the triangles on A 77, CD from 
that on liC arc respectively equal to the two diagoinils of 
the parallelogram. 

88. If the angle l)ctween two adjacent sides of a }»arai- 
lologram bo increased, while their Icngtiis do not alter, tiie 
diagonal through their ]M)int of intersectiiui will iliminish. 

89. yj, <’ are three \KmitH iii a straiglit line, such 
that All is ctpnl to 11C\ shew that the sum of the 
dicttlars from .1 and C on any stniight line which dt»es not 
piiss between ^1 and V is dt>uhlc the i>eri>endicular from li 
on Uie same straight line. 

90. If straight liiu^s he dniwn from the nitgk^ of any 
f>arallelo^am per|»endicul;ir to any straight line wliich is 
outside the p:u*allcl<»grain. the sum of tho.<^e frmii «»ne ]»air 
of op[>osite angles is equal to the sum of tliose troai tho 
other jKiir of op{H»site aiiirlcs. 

91. If a six-sided plane ri'ctiliiK'jd figure have its o|>- 
|K)sito sides equal and parallel, the three straight lines join- 
ing the op{KJsito angles will nicvt at a j»oint. 

92. AJi^ AC are two given straight lines; thnuigh a 
ipven {K>int K between them it is nsjuired draw a straight 
line C Ell such that the interceptisl (sirtion (ill sliall bo 
bisected at the [snut /;. 

9.1. Inscribe a rhonduis within a given tmrtillelogram, 
H4) that one of the angular isniits of tho rhoml>us may In; 
a given {sunt in a side of the pandlelogram. 

94. A BCD is a parallelogram, and TT, F, the middle 
]W)intH of AD and ItC re.s|>ectivcly ; shew that BE and DF 
will trisect the dugonal AC. 


I. 35 to 45. 

95. A BCD is a quadrilateral having BC paratlot to 
A D ; shew that iU area is the same ns tliat of the fantllolo- 
gram which can Ik? foniicd by drawing through the middle 
{Miint of DC a straight line parallel tr» A //. 

96. A BCD is a qu:ulrilaU‘ral having BC. rmrallel to 
A />, E is the middle jsnnt of DC \ show' Uiat tiio triangle 
AEB is hiUf the quadrilateral 

97. 8hew that any straight line passing through Uio 
middle point of the diameter of a ftanulelograiti and tertui- 
Dided by two opiioeite sides, bisects the poi^elogram* 
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98. Bwoct a parallelogram by a straight line drawn 
through a given {Kiint within it. 

99. Construct a rhombus equal to a given parallelo- 
gram. 

100. If two trianglefl have two sides of the one equal 
to two Hides of the other, each to each, and the sum of the 
two angles contained by these sides equal to two right an- 
gles, the triangles are e<}ual in area. 

101. A straight lino is drawn bisecting a panillelogram 
AliVJ} and meeting Al) at E and liC at F\ shew that 
the triangles EliFwx\\ CEJ) are c^quab 

102. Shew that the four triangles into which a paral- 
lelogram is divid(ul by its diagonals are equal in area. 

io:). Two straight lines AJ$ and V.lJ inter8e(!t at Ey 
and the triiuiglo A KO is e(iual to the triangle BED : shew 
that B(y\A parallel to AD. 

104. A BVh is a parallelogram ; from atiy point P in 
the diagonal HD the straight lines PA. PP are drawn. 
Khow that t\\e triangles PA H and PVH are equal. 

103. If a triangle is described having two of its 
equal to the diagonals of any quadrilateral, and the in- 
cluded angle equal to either of the angles hetwoen these 
diagonals, then the area of the tinangle is equal to the area 
of Uio quadrilateral. 

100. The stniight lino which joins the middle {Kimts of 
two sides of any triangle is imrallel to the Inwc. 

107. JStraight lines joining the middle (xjints of ad- 
jacent sides of a <iuadrilatenil form a {nirallologram. 

lOS. D, E arc the middle |Nniits of the shies AB, AO 
4>f a triiuigle, and (7/, BE interstTt at F: shew that the 
triangle BFV U e^jual to the quailrilateral ADFE. 

109. The straight line which bisects two sides of any 
triangle is half the Tnise. 

110. In the Imiso AC of a triangle take any point /); 
bisect ADy DCy AB. BC at the iN»ints E. Fy ii. H rosfioc- 
tively ; sliow that EH is e<piu] and luniilcl to FH. 

1*1 1. Cliven the middle (Kiiuts of the sides of a triangle, 
construct the triiuigle. 

1 12. If the middle points of any two sides of a triando 
bo joined, Uie triangle so cut off is one tpuirter of the whme. 

U3. Tlie sides ABy AC of a given triangle ABC are 
Uisectctl at the ^HUtiis Ey F\ a penHuidictilar is drawn fnnn 

to the opposite side, meeting it at D. IShew that the 
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angle FDE ia equal to the angle BAC, Shew al«o Uiat 
AFDE is half the triangle ABC. 

114. Two triangles of e<|ual area stand on the same 
base and on oiqmsite sides: shew that the straight line 
joining their vertices is bisected by tlie base or Uie \mo 
produced. 

115. Tliree parallelograms which are equal in all ro- 
spects are placed with their equal bises in the same straight 
line and contiguous; the extremities of tliebiiseof the first 
are joined with the extreniities of the side opiNMiU^ to the 
base of the third, towards the same psiris : shew that the 
portion (»f the new parallelogram cut off by the second is 
one half the area of any one of them. 

11*». A BCD is a |Nirullelogram ; from D draw any 
straight lino DF(t meeting B(‘ ni /’and AB pnalnetHl at 
fir; draw Af and CG : shew that the triangles ABI\ 
CFG are equal. 

117. A liC is a pven triangle ; construct a triangle (»f 
equal area, Viaving lor iu basi^ a given straight Uue d 7), 
coinciding in iKisition wi'.h A H. 

118. ABC is a given triangle: constnict a triangle of 
equal area, having its verUtx at a given |»oiiit iu BC and its 
base ill the same straight line as A H, 

ll.h. ABGJ) w a given qiiadriiateral : crmstnict ano- 
ther quaflrihitcral of cmiii d areti having A B for ime side, 
and for another a slraigiit line drawn through a given point 
in CD i^arallel to AB. 

120. A BCD is a nuadrilateral : eonstnict a irtangb 
whose base slialJ lie in the same straight line as A //, vertex 
at a given fsiint P in CD^ and area e«|ual to tliat of Uie 
given quadrilateral 

]21. ABC is a given triangle: construct a triangle of 
equal area, having its Imse in the same straight line isy|/7, 
and its vertex in a given straight line fsirallet Ui A B. 

122. Bisect a given triangle by a straight line drawn 
through a given fioint in a side. 

123. Bisetrt a given quadrilateral by a straight lino 
drawn through a given angular point 

124. If throuf^ the point O within a parallelogratn 
A BCD two straight linos are drawn fsifaHel to the sidei. 
and the fiarallelugrams OB and OD are equal, the puhit O 
ii in the dhtgonalalC/. 
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I. 40 to 48. 

12.*). On the sides AC, DC o{ a triangle ABC, squares 
ACDE, BCFll are described: shew that the straight 
lines .r4F and BD are equal. 

126. The sauaro on tho side subtending an acute an- 
gle of a triangle is less than the squares on tho sides 
containing the acute angle. 

127. The square on tho side subtending an obtuse an- 
gle of a triangle is greater than the s(]uarc8 on the sides 
containing the obtuse angle. 

12S. If tho square on one side of a triangle bo less 
than the squares on the oilier two sides, the angle contained 
by these sides is an acute angle ; if greater, an obtuse 
angle. 

129. A straight line is drawn parallel to the hypotenuse 
of a rightranglefl triangle, and each of tho acute angles is 
joined with the points wliere this straight line intersects 
tho siilcB rcsixsctively op|H>sitc to then\: show that the 
squares on the joining straight lines are together equal to 
Uio square on the hy()otcnuse and the square on the straight 
lino drawn jmrallel to it. 

130. It any |K»int P l>o joined to A, B, C, A Uio an- 
gular |Munts of a rectangle, Uie squares on i and PC are 
together equal to the snuares on PB and P/I 

131. In a right-angled triangle if the square on one of 
the sides containing Uio right an^le l>o tnreo times tho 
square on Uie other, and from tho right migle two straight 
lines be drawn, one to bisect the o|i|>ositc side, and tho 
other porpondieuiar to that side, these straight lines divide 
tho right angle into three equal ftarts, 

132. If ABC bo a triangle whoso angle A is a right 
angle, and BE, CF be drawn bisecting the <m{iosito sides 
respectivelf, shew that four times the sum of the squares 
on BE and CF is equal to five times the CKiuaro on BC. 

133. On the hypotenuse BC, and the mdes CA, AB of 
a rightrangled triande ABC, squares BDEC, AF. and 
AG 10 described : shew that the squares on DO saa EF 
are together equal to five tunes the square on BC. 
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TI. 1 to 11. 

134. A straight lino is divided into two parts; sliow 
that if twice the roctaiifflc of the parts is c<iuaf t<» tlio sum 
of the squares described on the parts, the straight lino is 
bisected. 

135. Divide a given straight lino into two parts such 
that the rectangle contained by them shall lie the greatest 
possible. 

13(J. Constnict a rectangle equal to tlic diflerenc'O of 
tw’o given squares. 

137. Divide a given straight line into two parts such 
that the sum of the wpiarcs on the two imrts may l>o Uio 
least possible. 

13H. Shew that the square on the sum of two straight 
lines together with tiic sqiuire on their tlifferenee is dmmie 
tl\c s<piarcs on tlie two t^tnught lines. 

139. Divide a given stiniight lino into two parts such 
that the sum of their sc^uares shall he equal to a given 
stiuarc. 

140. Divi<lo a given straight line into two {skrts such 
that the sc]uare on one of them may ho double the s<piuro 
on the other. 

141. In the figure of II. 1 ) if CU Ik* pro<liU5cjd to meet 
BFvX Z, shew that is at right angles t«» UF. 

142. In the figure of II. 11 if UK and Clf ineid at 
shew that AO is at right angles to 67/. 

143. Shew that in a stmight line dividcnl as In II. II 
the rectangle containe<l by the sum and difference of tho 
parts is equal to the rectangle contained by tlio fiorts. 

ir. 12 to 14. 

144. The s<ioaro on the base of an isosceles triangle is 
equal to twice Uie rectangle contained by either side and 
by the straight line intercepted between tlie pcrperidtenhu* 
IM fall on it from the op|iosite angle and the extremity of 
thA base. 

145. In any triangle the sum of the sqaarea on the 
•ides is equal to twice the square on half the base together 
with twice the sottaie on the strak^ tine drawn (raa the 
Tertex to the middle point of the base. 
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146. ARC is a triangle having the sides AB and AC 
equal; if is produced beyona the base to /> so that 
RD is equal U> A show that the square on CD is equal 
to the square on AB^ together with twice the square 
on BC. 

147. The sum of the squares on the sides of a paral- 
lelogram is e(|ual to the sum of the squares on the 
diagonals. 

14H. The base of a triangle is given and is bisected by 
the centre of a given circle : if the vertex l>e at any point 
of the circunifercnce, show that the sum of the squares on 
tlie two sides of the triangle is invariable. 

149. In any (luadrilateral the .sqtiarcs on the diagonals 
are tf>gether equal to twice the sum of the squares on the 
straight lines joining Uic middle iKunts of op{) 08 ito sides. 

150. If a circle l>e dc.scril»ed round the point of inter- 
section of the diameters of a |)iirallelogram as a centre, 
show that the sum the tu:iu»re>^ on the straight lines 
drawn from auy \>oint in its circumference to the four an- 
gular |>oints of the pandlelogram is constant. 

151. The squares on the sides ot a iiuatlrilatcral are 
together greater than the stpiares on its di^onals by four 
times the square on the straight lino joining the middle 
points of its diammals. 

152. Ill A the diameter of a circle take two points C 
and D equally disttuit fnmi the centre, and from any |M»int 
E in the circuiiifereneo draw E(\ KD\ show that tlio 
si)uaros on E( ' and ED are together equal to the squares 
on AC and AD, 

153. In BC the base of a triangle take D such that 
the wpiares on AB and /f/> are U>gether equal to the 
squares on .4raiid CDy then the middle |K>int of A D will 
be equally dist:mt frtun B and 

154. The square on any strai^t lino drawn from the 
vertex of an isosceles triable to Uie base U less than the 
aquare on a side of the triiuiglo by the roctangle contained 
by the segments of Ute base. 

155. A square BDRC is described on the hypotenuse 
BC of a right-angled triangle A BC : shew that the squares 
on DA aiM AC are together equal to the squares on EA 
and .AH. 

156. ABC is a triangle in which C is a r^t angle, 
and DE it drawn tttm a point D in AC petpemtodar to 
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AB\ shew that tho rectangle AB. AE b canal to the 
rectangle AC,, A I). 

157. If a straight line be drawn throngh one of tho 
angles of an equilatcnil triangle to iiurct the oppiwite Hide 
produced,^ so that tho reotanglo oontainctl by tlio wlado 
straight lino thus produced and the part of it prcMluctMl is 
equal to tho square on tlie side of tho triangle, shew tliat 
tho square on tho 8tr4iight line so drawn will be double tho 
square on a side of tho triangle. 

158. In a triangle whoso vertical angle is a right angle 
a straight lino is dniwn from the vertex }H*rjit‘iMlieuTar 
to the base: shew that the s<|uare on this perpendicular is 
equal to tho rectangle contained by the segments of tho 
base. 

159. In a triangle whoso vertical angle is a right angle 
n stniight lino is dniwn fnun the vertex |K>r|K?ndieular t4) 
the base : show that the square on either of tne sides adja- 
cent to tho riglit angle \a equal to the rectangle eontiinod 
by tho base and the se^menl of it adjacent to that side. 

180. In a triangle A the angles /i and r are acute: 
if E and F be the points where peqK'ndicnlars fnun tho 
op(>osito angles meet the shhm A<\ AH, shew that the 
wpvare on BC i.n e<iual to the rectariglo AH, HF, t^»gethcr 
with the rt'ctangle /If/, f7i. 

101. llivide a given straight line into two parts S4i that 
the rectangle coijUiine<l by llieiii iiuiy Ik* equal to tlie squaro 
descrilKKl on a given straight line which is less tlian half 
tho straight lino to be divided. 

III. 1 to l.>. 

162. Describe a circle with a j^iven centre Cttiting a 
^ven circle at the extremities of a dnuneter. 

163. Shew that the stmight lines dniwn at right angles 
to the sides of a <[U.idrilateru) inscTibed in a circle frtiin 
their middle {loints int^-rwt at a fixed fs»int. 

164. If two circles cut <*»c!i other, any two fsirallel 
stniight lines dniwn Utrough the {sunts of section to cut 
the circles are e<|ual, 

165. Two c ircles whose centres arc A and B intersect 
at C; tbroi^h C two chords DCE and FCG are drawn 
equally inclined to A B and tcmiinated by the circiee; 
shew that DE and FG arc equal. 


23 
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166. Through either of the points of intersection of 
two triven circles draw the greatest possible straight line 
tonninated both ways by tlio two circumferences. 

167. If fnmi any ]»oint in the diameter of a circle 
straight lines are dniwii to the extremities of a parallel 
chord, the sq\tares on these si raight lines are together equal 
to the squares on the segments into which the diameter is 
divided. 

1 TiH. a and li are two fixed iwinta without a circle 
PQH \ it is re(piire<l to lin i a |K»iiit P in the circumfer- 
ence, HO that the sum of the squm's descriliod on AP and 
DP may bo the least possible. 

l(>y. If in any two given cireles which touch one an- 
other, there l>o drawn tw<» parallel diameters, an extremity 
of oitch diameter, and the iK>iut of contact, sludl lie in the 
same straight line. 

170. A circle is described on the radius of another 
circle as diameter, ainJ tw<» chorils of the larger circle are 
dn&wn, one thnmgh the ctuitre of the le.ss ut right angles to 
the common diameter, uinl the other at right angles t(» the 
first thi*ough the isiint when' it cuts the less circle. Shew 
that these two chords have the segments of the one cqmd 
to the segments of the other, each to each. 

171. Through a given iioint within a circle draw the 
sliortost chord 

172. O is the centre of a circle, P is any iwint in its 
circumference, PN a pc'nx^wdicnlar on a fixed diameter : 
shew that the stndght line whid^ bisects the angle OPN 
always passes through one or the other of two fixed tioints. 

I7:i. Tliret^ ciix’les touch one another externally at tho 
)M>ints , /i, from A. the straight lines /l/i, AC are 
produced U) cut the cin;le EC at li and E\ shew that HE 
IS a diameter of BC, and is parallel to Uie straight line 
^ joining the centres of tho other circles. 

174. Cireles are dcserilKHl on the sides of a quadri- 
lateral as diameters : siiew Uiat the eommoii chonl of any 
ac^aceut two is |mrallel to the common chord of the oUier 
two. 

17fi. Describe a circle which shall toucli a gtveti circle, 
have its centre in a given straight line, and pass through a 
given point in the given straight line. 
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111. 16 to 19. 

176. Shew thftt two tangentn can bo <lrawn to a circle 
from a given external |K)iut, and that they are of oijual 
length. 

177. Draw parallel to a given straight line a straight 
line to touch a given circle. 

17H. Draw i)en>efulicular to a given straight line a 
straight line to tcmcli a given circle. 

179. In the diameter of a circle priMluiretl, detorniino 
a point so that tite tangont drawn from it to the circum- 
ference shall Ihj of given length. 

1 80. Tw’o circles have tlio same centre : shew that all 
chords of the outer circle which touch the inuor cirt^le are 
equal. 

IHI. Through a given point draw a straight line so that 
the part intercepted by the circuinfereiice of u given circle 
shall be equal to a given stniight line not greater tlian the 
diameter. 

182. Two tangotjts are dniwn to a <*ir<*le at the oiqsv 
site extremities of a diameter, and cut off from a tliinl 
tangent a i>ortion AB\ if f/ 1 k) the centre of the circle 
shew that ACH is a ri^ht angle. 

lH‘d, DescrilHj a circle that shall have a given nMlius 
and touch a given drcle and a given slruight line. 

184. A circle is drawn to touch a given circle and a 
given straight line. Khew that the |x>intH of contact are 
always in the same straight line witli a tixecl |M»iiil in the 
circumference of the given ciri'le. 

IS5. Draw a straight line to touch each of two given 
circles. 

186. Draw a straight line to touch one given circle so 
that the part of it contained by aiiotlicr given circle sltall 
Ih; equal ti> a given straight line not greater tlian the dia- 
meter of the latter circle. 

187. Draw a straight line ciitting two given circles so 
that the chords intercepted within the circles sluiil have 
given lengths. 

1H8. A quadrilatenil is des^’Hlsvl so that its sides 
tondi a circle: shew that two of its sides are bigether 
e<|ual to tlic other two sides. 

189. Shew that no parallelrtgram can \te descril>od 
about a circle except a rhombus. 
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190. ABDy ACE arc two straiffht linea tonchinfi^ a 
circle at B and C, and if I)E Ik; jnined 1>E is equal to BD 
and CE together : shew that DE toiiehes the circle. 

191. If H quatlrilatenU ho dcscrilH^d alx>ut a circle tho 
angles subtended at the centre ef tho circle by any two 
oj)iM)sito sides of the figure are togctlier cH|ual to two 
riglit angles. 

192. 'Fwo nidii of a circle at right angles to each other 
when produced arc cut by a straight lino which touciies tlio 
circle: show' that the tangents drawn from tlie [loiuts of 
section are ]>ara]lel to each other. 

19.x A stniiglit line i.s drawn touching two circles: 
shew that the chords arc |»arullel which join the points of 
contact and the isiints where the straight line through tho 
centres tneoU the circumferences. 

194. If two circK*s can bo desi'rilKMl so that each 
touches the other and three of the sidi^H of a ({uadrilatcnd 
figure, then the dilfcreiice between the sums of the «»piK»sito 
sides is double the common tangent drawn across the quad* 
riluteral. 

195. AB in the diumeUT and O the centre of a semi- 
circle: shew that O the ci'iitre of any circle iiiscribed in 
the semicircle is e^piidisUnt from C und from the tangent 
to tho semicircle {lamllel to A B. 

I9(>. If from any |sutit witliout a cin*le straight lines 
be drawn touching it, the angle cmitained hv the Uingents 
is doulile tlic angle containeil by the straiglit lino joining 
tlie tmiuU of contact and the dimneter drawn through ono 
of them. 

197. A quadrilateral is iKiunded l>y tho diameter of a 
circle, tho tangents at its extremities, and a third tangent: 
allow Uiat its area is equal to half that of the rectangle con- 
tained by tliO diameter and the side op|Kisite to it 

198. If a quadrilateral, having two t>f its sides parallel, 
lie described about a circle, a straight line drawn Uirough 
tlic centre of the circle, iiarallel either of the two par^- 
lei sides, and terminate by the oUier two sides, shml be 
e^iual to a fourth |Mirt of the iieriinetcr of the h^re. 

A series of circles touch a fixed straight line at 
a fixed point : sliew Uiat the tangents at Uto {Miiiits wliere 
Uiey cut a pimdlel fixed straight fine all Umch a fixed circle. 

20U, Of all straiglit lines which can be drawn from two 
given points to meet in the convex ctrcomference of a 
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given eirrlo, tlie mini of the* two i* Ica^t whioli mako c<|iuU 
uuglcH with the tiingent at the i>oint «>f ^•onnnlm^ 

2<il C is the <H*ntn* of a given eirt'lo. f M a radinit, fJ 
a i^oiiit on a ni<lins at right angles ; i(»in .<// utul 

pnMluce it to niin't tlie circle again at />, ana let the tan- 
gent at /> iinn't f'Ji pnMlueed at A’; shew that JU>h' is on 
isoHcelen triangle. 

20*2. Let the diameter ft A of a circle l>o pnxliiced to 
P, fM> that AP tHjnaU tf»e radinH ; Ihrmigh A dniw the 
tangent AP/K and from /* <lniw /*AV' tonehing the cin'Io 
at (' and iiuvting the former tangent at A*; join /((* and 
pnaluee it to nuH't AP/J at P : then will the triangle 
P£C be cquiluUnai. 


in, 20 to 22. 

203. 'JVo taiigi’iits J/A Af' are drawn to a elrele ; 
I) is any p int on the ci renin fererice onUide of the tri/iiigle 
A/i(^: shew that the Hum of the lUigh’H Alll> and A^'h 
is <N instant. 

204. /', f2 IHontH in the circMimfi’rencCH of two 

segments descrilH-Hi on (he same hlftti;:ht line /I//, niid on 
the same side 4if it; the an.'hvs /',IVt PP^l are hi-Hected 
by the straight lines A /f, JiJi meeting at H : shew that Iho 
angle ARH is e<»nHUuit 

20r». Tw'o .H4»giiu'iils of a cin le are on the same haso 
Alt, and P is any jwiiiit in the ein tiiiiference of one of tho 
sc*gmeiits; the straight lines Al*h, HP*' are dniwti itiei*t> 
ing the eireuiiiferentt; of the other segment at and 
yK'aiid HP arc dniwn intersec ting at hhew lliat tho 
angle AQH is eonstarit. 

20«i, APB is a fixt.'sl chon! |»asMing through P a isdrit 
of iritcrwjction of two circles AilP, PHR \ and Qi*H k 
any other chord of the circles fiosaing tlirough J*: shew 
tliat AQ and RH when pfodm'tsi uiect at a constant 
angle. 

207. AOH is a triangle; am! P are (siints in BO 
and AO re«pocti%'ely, such that Uie angle (}PP is e<|uid to 
Uic angle OBA : shew that a circle niaj be described 
round the quadrilateral AMCP, 
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20ft. A B(^D is a quadrilateral inscribed in a circle, and 
tlio sides vi/?, (U) when produco 1 meet at O: shew that 
the triangles AOCy BOD arc cnuiaiigular. 

209. Shew that na iHiratleiognim except a rectangle 
can Imj inscribed in a circle. 

210. A triiinglo is inscrilK^d in a circle; shew that the 
Slim of the angles in the three Ht*gmcuts exterior to the 
triangle is cipial to four right atigU*. 

211. A quiwlrilateral is iiiscril>ed in a circle: shew 
that the sum of the angles in tlic four segments of the circle 
exterior to the ()uadrilaUrnil is equ:il to six right angles. 

212. J)ivide a circle into two parts so that the iinglo 
contained in one s('gnient shall be equal to twice the angle 
contained in the other. 

2I.*I. Pivido a circle int) two parts so that the angle 
contained in one segment shall In; e<iual to five times the 
angle contained in the other. 

214. If the angle contained bv anv side of a quadri- 
lateral and the adjacent side jjroilucetl, be equal to the 
opfiositc angle of the (]uadrilniend, shew that any side <»f 
the (pnulrilatcral wall subtend e<|uul angles at the opiiosite 
angles of the <|U}ulrilateral. 

2ir». If any two consecutive sides of a hexagon inscril>ed 
in a circle U' resj>cctivcly f»andlol to their op{K)site sides, 
Uie rem.uning sides are j a.allel to each other. 

216. A, By ( \ D are lour poinu taken in order cm the 
circuinfercnco of a cirt;lo ; the stra-ght lines A //, CJt pro- 
dticod intersect at /\ and ADy BC at (^: shew that the 
straight lines which rosjx*ctivcly bisect the angles APCj 
AQC are i>er|Kmdicular to each other. 

217 if a quadrilateral Im insi'rilmd in a circle, and a 
straight line Im drawn making e<]U!U angles with one pair 
of opposite sides, it will iiuikc equal an^os with the other 
pair. 

21ft. A quadrilateral can liave one circle inscribed in 
it and another circumscribeii about it : shew that the 
straight lines joining the op]>osite jioints of contact of the 
inscribed drcle are porpcndtcolar to each other. 

III. 23 to 30. 

219. Tlie straight lines joining the extremities of the 
chords of two equal arcs of a circle, towards the same parts 
are parallel to each other. 
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220. The straight line.s in a circle which join the ox- 
ireiuitios of two ]mnUM ch.irds arc iN]ual to etkth other. 

221. A/i is a i*onimon choril of two circles ; through C 
any |H)int of one circumference stmiglil lines t'.H), CUE 
arc drawn teniiinate«l hy the other circumference; shew 
that the arc J>E is invariahle. 

2*22. 'I'hroiigh a |s>int in the circumference of a circle 
two straight lines I^^'E are drawn cutting the circle 

at E and E : sliew that the straight line whieh hiscxrts the 
angles A CE, IH 77 iiuvts the cir<*le at a |M)int e<|uidistaiit 
from R and E, 

22.‘h Tiic stniight lines hisecting any angle of a (|tia<lri- 
lateral inscribed in a circle and tin* on|M)site exterior angle, 
meet in the eireumfcreiice «»f the circle. 

221. All IS a tiiameter of a circh*, and J> is a given 
|>oint on the eircumftTcnce : draw a ch«*rd />A’ t»n one side 
of AB m that one arc lietween the chord and diameter 
may bo three times the other. 

22.*). From A and B two of the nmruhir points of a 
triangle straight liic H are drawn so as to meet Ute 

opixisito sides at E and Q in gi\vn cipia) angles: slicw 
that tluj straight lino joining /* an 1 Q w ill l>e «»r the s;imu 
length in all triangles on the same btM* AB, and having 
vortical angles tHjual to 

2215. If two eijual circles cut cn( h other, and if through 
one of the taunts of inters<H*tion a stntight line he? drawn 
terminated by the einde.H, the striiiglil lines joining lU 
extremities with the other |s»int of int«*rs<H’tiou are c<jiud. 

227. f>yl, OB, (Kj are thr»e chords nf a circle; the 
angle yiOB is ei|ual to the angle BO(\ and (Ki is nearer 
to the centre than OB. From B a |wr|H*iidicuhtr Is drawn 
on OJ, meeting it at P, and a |s*r}»endicular t>n ]»n>- 
ducc<l, meeting it at V: shew that A P is tMpjal CQ. 

22K AB is a given finite straight line; throiigli 
A two indefinite straight lines are drawn eomdly inclined 
Ui AB ; any circle fHissing Utnmgh A and B iiieeU these 
straight lines at L and M, .Shew that if AB l»e l»etweeti 
AL and AM tlie sum of AL and AM is cori.«tajjt; if AB 
lie not between AL and AM the dilferctieo of A L and AM 
is constant. 


22d. AOB and COJ) arc diameters of a circle at right 
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(lirociion that EF ifl equal to the radius. Show that tho 
arc UO is equal to three times tho arc AE. 

230. Tho stniight lines which bisect the vcrtii^al angles 
of all triangles on ihe same Imsc and on the same side of 
it, and having eijual verticid angles, all intersect at tiio 
same {loiiit. 

231. If two circles touch each other internally, any 
chord of tho greater circle which touches tho less shall 
be divided at the iKiint of its contat't into segments which 
subtend ei|ual angles at tho iK)iut of contact of tho two 
circles. 


III. 31. 

232. Right-angled triangles arc de8cril)ed on tho same 
hypotenuse: shew that the angular iwunts op|)OHite the 
hy|M)tenu.se all lie on a circle de-siTibetl on the hyi)Otenuse 
as diameter. 

23,3. Tho circlc.s deRcril)e<l on tho c<iual sides of an 
isostreles triartglc a.s diaiiieters, will intersect at tho middle 
|)oint of the base. 

234. The greatest rectangle which can Ikj inscrilwd in 
a circle is a square. 

23,3. 'fhe hyiHitcnusc AR of a right-angled triangle 
AUV is bisecti'd at />, and EI>F U drawn at riglit angles 
to AR^ and DK and DF are cut otf each e<pi^ to DA ; 
VE and CF are joineii : shew that the last two straight 
lines will bisect tiio angle C and iU supplement res|»ec- 
tively. 

2*3i». On Uie side A R of any triangle A RC as diameter 
a circle is descrilied; EF is a diameter |iaraliel to B(*\ 
shew that Uie stndght line.s ER and FR bisect tlic interior 
and exUTior angles at //. 

237. If f ’A' I k* dniwm perpendicular to the sides 
R( \ A R of a triangle A R(\ am! DE be joined, shew that 
the angles A DE and ACE%rc equtU to each other. 

23H. If two chxdes AR(\ ARD intersect at A and /?, 
and AI> Ik* two liiameters, sliew that the atraight 
lino CD will {lass through R. 

23i>. If U be the centre of a cinde and OA a radios 
and a drdo bo described on OA as diameter, the circtuu- 
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forcncc of tliiR circle will bisect any clionl drawn Uiroii^h 
it frniij J t«> meet the exterior rin li*. 

240. l »esei ilH» a eirelt* toueliin^ a {riven strtiijrht line at 
a j^iveii jKiiiit. such that the tamreiits drawn to it from two 
gi\en |H>intH in the jitr.d^ht line may be imrallel. 

241. Imseribou eiivle «itli a pven radiuH t4inohing a 
given straight line, kucIi that the tangenU drawn to it 
iroin two given points in tlie straight lino may In; iKiralloi. 

242. ^ If fn»ni the angles at the base of ajiy trianglo 
per|K‘ndiculars arc drawn to the op|M)Mito sides, pnMluml 
if neees.sary, the stniiglit line joining the p«»intH of inter- 
section will Ik.' bisected by a per|K*ndieular dniwn to it from 
the centrti <>f the !>;u«e. 

2 13, A l> is a diameter of a eii eh' ; /> .'iinl r'are |H>inis 
on the eircnmft'renee on the same side' of Ah\ a |KT|H'n- 
dieidar fn<m /> on lif* pro«luee«i through (\ meets it at A*: 
shew that tin* .Hipiare on At) is great<*r tliiui the sum of tho 
8<iuarc'S on All, l\(\ <'!>, by twie<' the rectangle tll\ ('ll. 

244. All is the diami'UT of a sernieln’le, P is a jw>i»t 
on the cin umfiTetiee, PM is pequ ndieular to Atl\ on 
y/ JA tlM as fliameters two semiein les arc d< «cnbed. and 
AP. tip meet these latter nrcMimferenecs at <4, tt\ shtnv 
that (tli will he a eoinmoii tangent to tlieni. 

245. A tl A ( ' are two str.iight lines, // and (' are gdven 
points in the same; tit) is drawn jsT|Kn«lieiil ir t<» .JT, 
and I)H peqiendicnlar to All , in like manner f '/'’im drawn 
|s,'r|Kmdicular Alt, luid Fd to A(\ Shew that tld is 
|>arullel to Ji<\ 

246. Twj) circles intersect at the points A nticl //, from 
which are dniwn chords to a j*oint ^’in one of tin.? <'ircuin- 
ferences. and tiurse chonls, priKlnced if niKr<’Ssari, c'Ut tho 
other drcnniference at I) and A*: shew that the straight 
line DE cuts at right angles tliat diiiiiicler of the circle 
^1 /if./ which passes through f*. 

247. If sijuan's U? described on the sab's and liy- 
potemiso of a rii^litanirled triangle, the straight line j»>irimtf 
the »iitenK*ction of the diag'mialiii of tho iatUT sipiaro wilJf 
th right angle is )M,'r|ieTidicu}ar to the struigiit Itne jotiittig 
Uie iriier»t'Ctioii« of the diagonals of the two foniier. 

24H. f ’ i.s the centre of a given cirtdc, a atmight 
line leaa tlian tlio radina ; Hud the |»oint of Uic drctuii* 
fcrcnce at which CA aabtetida tho greatoat angta 
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249. ABhnihe diameter of a semicircle, D and E are 
any two |K>ints in its circumference. Shew that if Uie 
cltords joining A and Ji with D and E each way intersect 
at F and 6r, then FG produced is at riglit angles io AD. 

250. Two equal circles touch one another externally, 
and through the |>oint of contact chords are drawn, one 
to each circle, at right angles to each other: shew that 
the straight lino joining the other extremities of these 
chords is (xiual an(f parallel to the straight line joining the 
centres of tlio circles, 

251. A circle is doscril»ed on the shorter diagonal of a 
rhombus as a diameter, and cuts the sides ; and the i^ints 
of intersection are joino4l crosswise with the extremities of 
that diagonal : shew that the parallelogram thus formed 
is a rhombus with angles e<}ual to those of the first 

252. If two chords cd a circle meet at a right angle 
within or without a circle, the squares on their segments 
are together ciiual to the squares on the diameter. 


TTI. 32 to 34. 

2’>3. 7? is a poinc in the cirramfercnco of a circle whose 
centre is (/; EA^ a tangent at any point /*, meets CD 
produced at A, and PI> is dmwn pcrT»cndicnlar to CB\ 
allow that tlio straiglit line PB biseets tiie angle A PI). 

254. If two circles touch each other, anystrai|fht lino 
drawn through Uio iH>int of contact will cut off siuiilar seg* 
inents. 

255. ABU any chord, and J 7> is a tangent to a circle 
at A. DPQ is any straight line piirallel to AB, meeting 
tlie circuniftTetice at P and Q. Shew that the triangle 
PA D is equiangular to the triangle QA B. 

256. Two circles ABDIL ABG, intersect each other 
at the points A, B \ fmm B a straight line BD is drawn in 
Uie one to touch the other ; and from A any chord what- 
ever is drawn cutting tlie circles at G and H : shew that 
BG is parallel to />//. 

257. Two circles mtersectat A and B. At A the 
tangenU AD are drawn to each circle and terminated 
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hy the circuiiifereiice nf the other. If TA?. /n> be joiniNl, 
shew tliiit -l/y or -I// {irtHiucoil, if iieeoHiiarv, ItiiMviti ilie 
an^,Hc C/U). 

2.>h. 1 wo cireh's ifiterseet. nt A anil /i, on*) thronirh 
P any in the eirmiiiferi'iiee of one of them the 

chords P A :iiid Pli are dniw'ti to cut llie other circle at 
C and /): shew' that ('I> is imrallcl h) the tjUij^eiit at /*. 

If fnun any iwiiiit in the cinninifcn'nce of ii cin'le 
a chon) and taii|j:ent Iks drawn, the |M*q>endiciilarH dro|i|HHi 
on them from the middle |)oiiit of tho stihU'iidiHl arc are 
Ci|ual to one an4»t)ter. 

260. AB is any chord of a circle, P any |»nint on tho 
circumference <»f tlie circle ; /*Af is a |KTjH’iidicuhir c»n A ii 
and is ]>r<Mluccil to meet the circle at (/; ami AX is dniwn 
jaTjHjncUcular to tho Uiii^ciit at P : shew that tho triaiiglo 
XAM is CHjuianjnilar to the triangle PA<i. 

261. Two diameters A Oil, fY>/> of a circle arc at 
right angles to each other; J* is a isunt in tin* circum- 
ference; the tangt‘nt at P ima'ts <»>/> |»rodiu'4>d at V, 
and yf/^ /fP meet the same line at /f, »V n*s|H*ctivoly : 
shew that PQ is eijual A’V 

2(J2. Constnn t a iriaiigb, having given the Imiso, tho 
vortical angle, and tiie )H»mt iit toe h.iso 4»u wou h t)»e jatr- 
pondindar fails. 

26,1. ( 'onstnict a triancrle, having given the hiua*, tho 

vertical angle, and tho altitude 

264. (Nmstnict a triangle, having given the has#*, the 
vertical angle, and the length of the straight line draan 
from the vert<*x to the midille j»oiiit of the hiis#\ 

26.*>. Having givtui the has#? ami the vertic:d angle of a 
triangle, shew that the triangle will Ik* gnraU’st when it is 
isoscc*loH. 

266. Fn>Tn a given |>omt A wnihotit a eircio wIksio 
centre w f> t!n*w a straight line cutting the cin'le at the 
|¥>inis Ii and </, so Uiat the area IJOC may lie tlio grmimi 
poesihle. 

267. Two straigfit Hne« corjUining a eonstant an^e 
always nass thnaigh tw'o fixt?#) |K»inU, Umir rs> ithm Wing 
othehrwe unrest rhlod : shew that the stm glit line hisect- 
itig the angle always |iass*es Uirongh one or other of two 
fixed points. 

Given one angle of a triangle, the tide oppotHe 
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it, and the euni of the other two sides, construct the 
triangle. 

III. 35 to 37. 

209. If two circles cut one another, the tangents drawn 
to the two cin^lcH from any point in the common chord 
produced are equal. 

270. Two circles intersect at A and B : shew that AB 
produced bisects their common tangent. 

271. It AD, f'^are drawn pcr]>ondicu]ar to the sides 
BC, AB of a triangle ABC, shew that the rectangle con- 
tained bv BC and BD is equal to the rectangle contained 
by BA and BB. 

272. If through any peunt in the common chord of two 
circle.*! which intersect one another, there bo drawn any two 
other chonls. one in each circle, their four extremities shall 
all lie in the circumference of a circle. 

273. From a given pc»int ns centre describe a circle 
cutting a given straight lino in two points, so that the rect- 
angle conUinod by their distances from a fixed i)oiut in the 
straight line may bo equal to a given square. 

274. Two circles A BCD, KB('h\ having the common 
tangents AE and DF, cut one anotlier at B and C, and 
the chord BC i.s produceil to cut the tangents at G and // : 
show that the s<piaro on f?// exceeds the square on AE or 
DF by the square on BC, 

275. A series of circles intersect each other, and are 
such that the tangents U) them from a fixed {K>int are 
equal : shew tliat the straight lines joining the two points 
of intersection of each pair will jiass through this point 

27fi. A BC is a right-angled triangle ; from any point 
D in the hvpotenuse liC a straight line is drawn at right 
angles to BV, meeting CA at E and BA produced at F: 
show that the square on DE is equal to the difference of 
the rectangles BD, />Oand AE, EC; and that the square 
on DF is equal to the sum of Uio rectangles BD, DC and 
AF, FB, 

277. It is re<fuired to find a point in the straiglit lino 
which touches a circle at the end of a given diameter, such 
that when a straight lino is drawn from Uiis point to the 
other extremity of the diameter^ the rectangle contained 
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by tbo part of it without tho circle atul tho |tart within the 
circle may be etxual to a t^iveu t^tuare not gro;iler Uian Umi 
oil tho diameter. 


IV. 1 to 4. 

27*^. In IV. 3 slicw that tho fttraij^lit lined drawn 
tliroii^h A and /i to UjucIi the circle will iiK*et. 

271^. In IV. 4 shew that the straight lines which bisect 
tlie anglc.s li and t ' will meet. 

2s(i. In IV. 4 shew that the straight lino JKi will 
bisect the angle at A . 

2bl. If tlio circle inscrilied in a triangle AIU' bmeh 
the sides AH, Af' at the peinls />, and a straight lino 
be drawn from A to the centre of the circle meeting the 
circumference at shew th:it the |K»iiit a is the centre of 
tho circle iiiHcribcd in tho triangle Al>E. 

2s2. Shew that the straight linc.s joining the centres of 
tho circle,H touching one M<le of a triangh^ and the otheni 
j»r<Kluced, pass through the angular |»oint« i»f the Iriaiigh*. 

2S3. A circle touches tlie side Ji(' of a triangh* A HO 
mid the other two sides pr*.<luccd: shew that tiu? distance 
between the points of couUict of the side //(’ with this 
circle and with the ifjHcril»cd circle, is espial to the difler- 
euce between the sides AH ami AO. 

2s 4. A circle is iiis^ribiMl in u triangle AIU\ and a 
triangle is cut tiff at each angle by a tangent to tin* circ‘le. 
Shew that the sides of tho tlmre* triangles so cut <#ff are 
together equal to the sides of A/U\ 

2s.>. 1) is the centre of tho circle inscriUsl In a tri- 
angle DAC, and AD is pr^wliiced to meet the straiglit line 
drawn through H at right angles t<» ///> at O , shew that O 
is the centre of the circle which touches the side BC and 
the shies A H, A protluced. 

2S6. Three circles are <lcrscrilKMl, each of which Umcliof 
one side of a triangle AH(\ am! the other two sidc« pro- 
duced If D Ik? the fwint of coiitart of the side HO^ E timt 
of ACi and F that of AH, shew that AE is c<jnal to /!/>, 
BF to CE, and CD to A F 

2s7. I>e*eribc a circle which shall U»uch a givcm drelo 
and two giren stra^it Unca which ihctuiclToa touch tho 
given circle* 
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288. If the three points he joined in wliich the cirelo 
inscribed in a triangle meets the sides, shew that the re* 
suiting triangle is acute angled 

2'>i). Two opposite sides of a quadrilateral are toge- 
ther ef^ual to the t>ther two, and each of the angles is loss 
than two right angles. Shew Unit a circle can be inscribed 
in the qua<lrilateral. 

2D0. Two circles //PA, KPM, that touch each other 
cxtimially, have the oointnoii tangents //A', LM \ IIL and 
KM being joine<l, show that a circle may be iusenbed in 
the <iuadnlatoral If K M L. 

21) I . Stnviglit linos are drawn from \Aio angles of a 
triangle to the oonlies of the op]>osito escrilK'd circles: 
shew that those straight lines intersect at the centre of the 
in»(Til>ed circle. 

21)2. Two sides of a triangle whose \>crimcter is con- 
stant are given in ]>ositi<m • shew tliat the third side 
always touches a ctTtain circle 

2iKJ. (liven the base, the vertical angle, and the radius 
of the inscribed circle of a triangle, construct it. 

IV. 5 to 0. 

294. In IV. 5 show that the iK^iqMindicular from F on 
lie will bisect JfC. 

295. If DE be drawn )iarallel to the ba.se BC of a 
triangle All(\ shew th.it the circles dcscrilKsl about the 
triangles .i'l/yf’aiid J/>Phuve a comnion tangent. 

2!)d. If the inscnlKMl and circuinscrilKHl circles of a 
triangle be concentric, shew that the triangle must be 
ei|ui lateral. 

297. Shew that if the straight lino joining Uio centres 
of the inscrilKHl and eircuiu.scril)o<i circles of a triangle 
iKisses through one of its angular points, the triangle is 
isosceles. 

21)8. The common chord of two circles is proilueed to 
any iwint P ; PA touches one of the circles at A^ PBC is 
any chord of the other. Shew tliat the circle which trasses 
thitiugh >4, P, and C touches the circle to which PA is 
a tiiigcnt. 

299. A quadrilateral A BCD is inscribeil in a circle^ 
and ADy Pf*aro produced meet at F. shew that tlio 
circle described about the triangle EVD wiU have thj 
tangent at E parallel to AB, 
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300. Describe a circle wliieh shall toiidi a j,nvcu straiglit 
line, and pass throut^b two given [KiintH. 

301. Descrilw a circle which shall pass through two 
givcii points and cut off from a given straight line a clu>rd 
of given length. 

302. Describe a circle which mIuiII have its conti*o in a 
given straight Hue, a!ul cut off from two given Htniight 
lines chords of equal given length. 

303. Two triangles have etpial bases and equal vertieal 
angles*. s\\cw l\\al t\»e radius of ti\e eiveuuiscnV»ing circle 
of one triauglo is eq\ud to tWat of t\u* oilu r. 

304. Dcscrilw) a circle which sliall pass through two 
given \>ointH, so that the Uingent drawn to it from another 
given i)oint may Ikj of a given length. 

305. f ' is the centre of a cireh* ; CA, Cfi are tw4» 
radii at right angles; from /i any chord ///* is drawn 
cutting CA at N \ a circle being /icscnbed round A A7*, 
shew that it will Ih* toiK'lictl by //.(. 

300, AE and are parullcl stniiglit Huch. rirwl the 
straiglit lines wbich j(tin their cxtrcniilii*H int» rs<’et at E'. 
show that the tMrcle.s described round the triangles AllE^ 
CDE touch one another. 

307. Fiial the centre of a circle cutting off three eipiaU 
chords from the sidc.s of a trixuigle. 

30H. If O Ikj the centre of the circle inwrilMjd in the 
triangle A!E\ and AO l>e pHslneetl to meet tlnf eireuni- 
scril>ed circle at shew tliut /V/, /’(/, and FC are all 
et|ua). 

.300. The opposite sides of a qnwlribtenil inscribc'jd in 
a cirrdo are pro<ince<l to meet at F and and alnnit the 
triangles S4i fonneti without the <|mylnl:iU»ral. circles are 
desertijed iiieetitig again at H : shew that 7^ /f, are in 
one straight Hue. 

310. The angle ACR of anv triangle is hisecied, and 
the liase A B tiisccUHl at ligfit angles, hy straight tines 
which intersect at D\ shew that the angles ACii^ AUB 
are together e4|ual to two right angles. 

311. AC DR is a scmkircic, AR l»etng tlic diameter, 
and the two chords A If, RC intenwH t at K \ shew that if 
a circle be describcKl round CUl. it wJl cut tlie former at 
right atiglei. 
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312. The diapnals of a given quadrilateral ABCD 
intersect at 0 : bTiow that tho centres of the circles de- 
scribed about tho triangles 0^47?, OBC\ OCD^ ODA, will 
lie in tho angular [joints of a i>a! ulielogram. 

3\3. A circle is described round U\o triangle ABC\ 
the tangent at V> meets AB produced at ])\ tbo circle 
whose centre is ]) and radius 1J(J cuts AB at E \ shew 
that ii’C’ bisects the angle ACB, 

314. AB, AC are two straight lines given in position; 
BC is a straight line of given length ; i>, E are the middle 
jM>ints of AB^ AC; DF, EF are drawn at right angles to 
A By A(' reH|K-ctively. Shew that AF will be constant for 
all positions of BV* 

SIT). A circle is described about an isosceles triangle 
ABi'^ in which AB is Cipial to AC; from A a straight 
line is drawn meeting the hasc at 7> and the circle at E : 
shew that tho circle which }>ns.ses through 7i, Z>, and 75?, 
touches AB. 

3ir». AC is a chord of a given circle ; 7? and 7) aro 
two given fsiintH in tho chords Indh within or both without 
tbocirtrlo: if a circle be described to |niss through 77 and 
77, and touch the given circle, shew that AB and CB 
subtend ctpial angles at the point of contact 

317. A ami 77 arc two ]>oinU within a circle: find tho 
point P in the circumferenco such tliat if /M //, I*BK lio 
drawn inoetiiig tho circle at // luid A*, the chord HK shall 
be tho greatest ixissiblc. 

31 5. 'ITio centre of a given circle is equidistant from 
two given straight lines : describe lumther circle which shall 
touch these two straight lines and shall cut off from tlio 
given circle a segment containing an angle equal to a given 
angle. 

319. O is the centre of the circle circumscribing a 
triangle.^ 77^ ^ 77, /’tlic feet of the i)crj>ondiculars from 
Ay By <7 on tho opjKisite sides : shew Unit OAy OB, OC aro 
resi>octiveIy |>erpoudicular to EF, FB, BE. 

3*20. If from any point in the circumference of a given 
drcle strai|riit lines be drawn to Uie four angular points 
of an inscribed square, the sum of the squares on the four 
•traight linos is double the square on the diameter. 
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321. Shew that no rectangle cxcc]>t a stjuaro can be 
lescribed about a circle. 

322. Describe a circle aln^ut a given ro<?bingle. 

323. If tangents bo drawn through the extremities of 
two diameters of a circle tlie vurallelogram Uivis formed 
will bo a rUombua. 


IV. 10. 

324. Shew that the angle Ai^D in the figure of 10 
is e<{ual to tliroo times the angle at the vorlei of the 
triangle. 

325. Shew that in the figure of IV. 10 thrre are two 
triangles which {xissess the rtMiuircil |»ro|K'rtv ; show that 
tljcre is uls«) nn iso.veles trmnglo a hose c«juul angles are 
each one third part of the third angle. 

3‘2(>. Shew that the laise of the triangle in !V 10 is 
(oqinil to the sidt* <»f a regiihu* pentagon inserihed in the 
smaller circle of the figure. 

327. thj a given straight line as base deneribe an iwks- 
celes triangle having the third angle trel>le of each of the 
angles at tlie hasc. 

32S. In the figure «»f IV. lo sup|H»se the two cirelcK to 
cut again at E: then DE is equal to h(\ 

329. If A be the vertex uinl ///> the base nf tho eon- 
stnictcd triangle in IV. D being one of the two fsdnts 
of interscetion of the two circles eiiiploved in the eoiiMiruc- 
tion, and /; the other, and AE Ihj drawn nnretmg ED pro- 
duced at G, shew that GAD is another isosceles truiiiglo 
of the same kind. 

330. In the flgtire of IV. 10 if tho two eoiwil chords 
of the Kiiiidler circle Ik* prixlm-ed cut the larger, and 
these points of section Ikj joined another triangle will l>o 
fanned baring the |iroi»erty required by the pro|sisiliorj. 

331. In the figure of IV. Id supis^sc the two circles to 
cut again at E ; join AE, CK, and prsluce AE, ISD to 
meet at G : then CDGE is a |»anillch •grain. 

332. Hliew tliat Uie smaller of the two circles einploved 

in the figure of IV. Ki is to Uie circio described 

round Uie required triangle. 


24 
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333. In the figure of IV. 10 if AFh^ the diameter of 
tlie smaller circle, DF is e<|ual to a radius of the circle 
which circumscribes the triangle B(JD, 


IV. 11 to 16. 

334. The straiglit lines which connect the angular 
l>oints of a regular pentagon which are n<»t atljacent inter- 
sect at the angular points of another regular i)t‘ntjigon. 

33.*). AIiFI>E is a regular jK'utagon ; join A(" and 
/i/i, and let EF meet AC ni F \ shew' that AC 'u equal to 
the sum of A li and JiF. 

336. Shew that e.K h of the triangles nnule by joining 
the extremities of a<ljoiuing sides of a regular peiitug«m is 
less than a third ami greater than a fourth of the whole 
area of the pentugon. 

337. Shew how to derive a regular liexagon from an 
equilateral triangle inscribed in a circle, ami from the eon- 
strui^tion shew that the sitle of the hexagoit etiuals the 
radius of the circle, and that the hextigon is double of the 
triangle. 

33H. In a mvon circle inscril>e a triangle whoso angles 
are us the numbers 2, 5. H. 

339. If AHCDKF H a regular hexagon, and AC^ BD, 
CF, DF^ FA^ FB Ih» joiiKnl, another hexagon is formed 
whose area is one thinl of that of the former. 

3-10. Any iNpiiluteral figure which is inscribed in a 
circle is also equiangular. 


VI. 1,2. 

341. Shew tliat one of the triangles in the figure of 
IV. 10 is a mean proixwtional Itetween Uie other two. 

342. Through />, any point in the base of a trianrie 
ABC^ straight linos DE, BF urc drawn parallel to Uio 
sides AB, A( \ ami meeting the si<les at F, F: shew that 
tlie triangle AFFib a mean proiiurtioual between the tri- 
angles FBB, £hc* 
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343, Pcrpenditnilars uro drawn fnwu anj iwini within 
an e<|uilatcrul triangle on the three Hidea ; tUiew that tlieir 
sum 18 invariable. 

3*14. Kind a |M>int within a triruiglc 8!u*li that if «tnii>'ht 
lines l>o drawn fn nil it to the thret? angular {mmiiU Uio tri* 
angle will W dividt^d into three e<|ua} triangles, 

345. From a |»oint E in tiie coiiitiion base of two tri- 
angles vie//, ADH, straight line.s are drawn nar.iUel bi 
AI\ ad, nKM}ting \ ED at I\ H ; »hew that FH is isir- 
allel to CD. 

34t>, From any j»oint in the bast* of a triangle stmight 
lines are drawn parallel to the side.** : shew that tin* iiiU*r- 
section of tlu? di.igonuls of every panilleJogram so formed 
lies in a certain strai;,dit line. 

347- In a triangle AlU' w stmight line AD is drawn 
pcrtieiuiicular to the slniight line ED nhieh biHi*rU the 
angle li \ shew that a .straight line drawn from D lamdlel 
to ECviiW InstH t AC. 

34H. A EC is a triangle; any straight line parallel to 
EC meets A E at D and AC at // ; join EE ami / 7> meet- 
in|| at F: sliew that the triangle ADF is tHptal to the 
triangle AEF. 

349. A EC is a triangle; any straight line parallel to 
/?6' meets AE at D and -If ’ at E\ J<»in EE mA CD tiieet> 
iiig at shew that if .1/^be prmlueed it will biM*et E(\ 

350. If two sides of a fpiadrilaUtrai figure Ik* pandlel 
to each other, any straight line ilniwn {Mirullel to them will 
cut the other sides, or those siiies produced, projs*rtioii. 
ally. 

351. A EC is a triangle ; it is re<mire«I to draw from 
a given punt F, in the siib* vl//,or A If priMlmaHl, a slniight 
line to AC. or yl 6’ produced, so that it may Ikj bisected by 
DC 


VL 3, A. 

352. The side EC of a triangle A EC is btseeied at D. 
and the angles A DU, ADC are hiMa UKl hjr Uie straight 
lines DE^ DF. meeting AE. AC at E, F respectively: 
shew ‘that EF is parallel to EC. 

353. AE w % diameter at a circle, Cff ta a chord at 
riglit angles to It, and £ is any piiut to CD \ AE and BE 

24-2 
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are drawn and prednced to cut the circle at F and G : 
8)iew iliut the quadrilateral CFDG haa any two of its 
adjacent biilca in the Batnc ratio aa the reiuaiiiing two. 

3o4. A|»ply VI. 3 to Hoive the problem of tlie tiiaec« 
tioii of a finite Htrai((ht line. 

355. In the circumference of the circle of which AB is 
a diameter^ take any |K)int P\ and draw PD on 
optiosite aidcM of A P^ and equally inclined to it, meeting 
Ah ikiV and I) : »liew that A C ia to liC vkn AD \b t4> BD. 

35(1. A B ig a ntraight line, atul I> in any |>oi!it in it : 
determine a [M»int I* in AB produced aucli tliat PA ig to 
PB ag DA ig U> DB. 

3.’i7. F nun the game |)oint A gtraight lines arc drawn 
making tlie aiiglcM BAC, VAD^ DAE esuAx equal to half a 
right angle, and they are cut by a gtmight line BCDE^ 
wiiich niakeg BA E an igoHceles triangle : nhew tliat BC or 
DE ig a mean proportioiud between liE and CD, 

35^S. I’he angle A of a triangle AB<^ ig bigected by 
AD which cutg the Imge at D, and O ig the midtlle ])oint 
of B(' '. ghew that liearg the same nitio to OB Uiat the 
difierence of the nideg hearg to their gum. 

350. AD and AE binect the interior and exterior 
angleg at A of a triangle ABC, and me<‘t the bage at 
D and E ; and O ig the middle }Munt of BC : ghew tliat 
OB ig a mean proiMirtional In'tweeii OD and OE. 

3t>0. lliree )Huntg />, F in the gidea of a triangle 
ABV\iemig; joined form a neconil triangle, guch that any 
two gideg make e<|Ual aiigkw with the gitle t>f the fonner at 
which tliev nuH^t : ghew that A />, BE^ CF are at right 
angleg to hi\ CA^ AB rcg|>octiTely. 


VI. 4 to 6. 

3rd. If two triangleg be on equal bagea and lietwoen 
tlie game mralleU, any gtraight line {landlel to tlieir baacs 
will cut off ecpial areag from tlie two trianglea 

36tt A B and CD are two jiarallel straight lines ; E is 
the luiddlo jaiiiit of CD ; AC and HE meet at /*, and AB 
and BD meet at Q : shew tliat FG is parallel Ui AB^ 

36 a A, B, C are Uiree fixed miints in a straight line ; 
any stra^ht line is drawn throng C ; shew that the per- 
I on it from A and are in a constant ratio. 
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3(54. If the penK'iidh ulaw fn»in two fixed p»»lnt» on ii 
straight line piu^ing iK’ttteeii them Ik* in a given rnUo, Uto 
straight line muHt jiw through it thinl fixed |»oini 

Fiinl ft Mtruight line mieh that the |HT|HMidieulftni 
on it from tliree given jMdittM shall ho in ;t given ratio Ui 
eaeh other. 

36(». Through a given point draw a straight line, 
that the jtarts of it iiiterct'pti^l lH*tW4*eii that |Hiiiit and 
|>er|»cndicuitirH drawn i4> the Mtndght line fnnit two oilier 
given iKiintM may have u giwii nttm. 

3ti7. A tiingerit tii u eirele ftt the point A Intt'meetft 
two imrallel taiigents ut //, the }N»iiitN of e<int»<'t of 
which with the circle are />, E reH|KH*tfvely ; and /i/C, f7> 
interM0i7t at F: shew that AF in iKirallel to the tuiigirnU 
BIKFE. 

3t>B. P and Q are fixed points ; A U mid iin* fixed 
parallel straight liucm ; any slniglit lim* is ilniw o fnnn t* 
to meet AH at J/, and a Hirdght line is drawn fnnn il 
pandlel t<» PM meeting f7>at S \ hImov that the ratio of 
PAf to is eonstiint, and thence shew that the stniigiit 
line through M and S through a fixed pdrit. 

3()fi. Shew that tiie <lhtgonals of a iiuuilrihiU'mh two 
of wluws hides parallel and one of them double of the 
other, cut one another at u |N»irit of IriHi^/tion. 

370. A ami H an* two pointH on the nreumferem e tu" a 
circle of wdiich V is the eeiitiO ; uraw UuigeiiU at A tuid // 
ineetiiig at T\ and fn>m A dntw' AX ja*rjK*iidinjlar t4i 
CH : sJiew that H T is to H<* as hN is U> AVf. 

371. In the sides AH, of a triangle A HE aro 
talcen two jKiints />, A', such that ///> is <;<|tial Pi 
1)E^ IK' are pn si need to meet at F : shew that AH is to 
AC EF is Pi 1>F, 

372 . If through the rertex and the extreniiUes of the 
base of a triangle two circles lie deseriia*il iiiiersisritttg 
each other in the base w base wsIuccmI, Uieir ciiauieteni 
ore proiMirtional to tlie sides of the triangle. 

373. Find a point the perncTKiieulars from which on 
the sides of a given triangle shall lie in a given ratio. 

374 . f>n AB, AC, two adjacent sides <if a reertam^e, 
two similar triangles are constrocted, and fierpeiHlicttlM 
are drawn to AH, .dC from the angles which they subtetid, 
interiectiiig at the point P. If AH, AC be boiiiolo|oits 
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sides, shew that P is in all coses in one of the diagonals of 
the reciutiglc. 

ST.'i. In the figure of I. 43 fthew that if EG and FH 
bo ])roducctl they will meet on AC produced. 

370. APJl and are panillcl straight lines, and 

AP is to J*Ji as J)(^ is to QC: shew that the stniight 
lines PQ, A(\ /?/>, prodnccnl if ncceM.sary, will inetst at a 
point : shew also that the straight lines Pii^ AD^ BCy pro- 
duced if necessary, will meet at a |>oint. 

377. ACJi is a triangle, and the side AO in produced 
to /J so tliat C/) is e<nial to A(\ and BJJ is joiiuHl : if any 
stniight line dniwn parallel U) AB cuts the sides AC, Cl), 
and from the jMiints of section straight lines he dniwn 
Iiarallel to IGi, shew' that these stniight lines will moot 
A II at |M>ints equidisUint from its extremities. 

37s. If a circle !k? dcmtrilied touching externally two 
given circles, the straight line ]r.issing through the [sdnU 
of ctmtact will iiiter'oct the straight line psissiiig through 
the centres of the given circles at a fixeil jsiint. 

37i>. J> is the middle point of the side PC of a tri- 
angle A lie, and P is any |Miint in AI> \ through P the 
stniight lines It PE, i'PF are drawn meeting the other 
sides at E, E: shew that EEih i>arallel to HC. 

3S0. Ali is the iliamcter of a circle, /? the middio 
point of the radius Oil ; on AE, Eli as diameten circles 
are descrilH'd ; PQf. is a eomiiion tangent mending the 
cm le.s at P ami (} ami A/i proiluecd at L: shew that 
JiL is CHjual to the radius of the smaller circle. 

3M. ABCJJE is a regular iwiitiigon, and AD, EE 
intersect at () \ sliew' that a side of the |»entagon is a mean 
pro]M>rtional Udwwn AO and AD. 

;1S2. A lii 7> is a iianillelogram ; P and <2 are points 
in a stniight line |sinulel to Ali \ PA and ilB meet at 
R, and PD anti Oi ’ meet at .V : shew that RS is parallel 
to AD. 

3S3, A and B are two giren points ; .^4^7 and BD are 
|>cr|>cndieular to a ^ven straight line f/D; AD and BC 
intersiM^t at E, and EF is perpendicular to CD : show that 
w4/’iu>d BE make equal angles with CD. 

384. From Uie angular points of a {lanUlclogram A BCD 
perpendiculars are drawn on the diagonals meeting tliem at 
E, F, G, H rcspcH tively ; shew that EFGH is a parallelo- 
gram similar to AMVJk 
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3S5. If at a given iy>int two circles intellect, and their 
centres lie on two fixtMl Htraijrht lines which pass thnnigh 
that nhew that whatever the iiiaunitn*le 4>f tha 

circles their comnion taiiireiits will always meet in one of 
two fixed atniight liiica which |»asji Uirough the given |)uuit« 


VI. 7 to IS. 

3Sf>. If two circles tou<'h each other, nml also t4nich 
ft pven straii^ht line, the part of the stniirht lim* l»elu«a»u 
the |>oints of eonUnd is a iiieiui pro}K>rtional iK^tween tha 
diuiiieters of the circles. 

3s7. l>ivitl<» a pveii arc of a circle into two |sirtji, so 
that the chords of tlicso parts shall Ik* to eacii other in a 
given ratio. 

.'{SS. In a given triangle draw a Htrai,;ht line isandlel 
to one of the si(lc.s, so that it inav he a mean pio|»orUoiiui 
between the s^'giiicnts of the haNC. 

nSD. Alii' i.H a triaiigh*. and a |KT|s*ndicular is drawn 
from A to the opjM»Kite side, niet ting it at /> In'twcen // 
uiul C: shew that if jy>it a mein [>r*t|»<.rtionaI U-tween 
Jil> and CI> the angle /*./f ’is a right angle. 

3il0. Alii' is a triaiigh» and a |rt r|H iidinilttr is drawn 
fnnn A on the t»pp4»dte side, ine< ting it at /> lictween 
li and i'\ shew that if HA is a iiK’un prop«»rtional hetwi'cn 
hi) JUid li(', the angle //.//'is a right angle. 

3fil. C’is the centre of a eirelo. ufnl A any jsiiiit within 
it; i'A is pr«>duced through A to a jMiint // smh that tlm 
radius is a mean pro|s»rtiomU l»etween i'A an<l i'/i : shew 
tlmt if P Ik? any jMiint fui the circuiiifercnec, tlie atiglca 
CPA and /’///' are tMjiial. 

:i92. O is a fixe<l in a given straight line OA^ 

and a circle o( given radins moves so as always to Iw 
toache<l bv if A ; a tangent OP is drawn frmn if tho 
circle, and in OP pr^Khiccxl PQ is Uken a third pro|s»r. 
tional to OP and tlie radins: shew that the arfd© 
moves along OA, the jiottii Q will move in a straight 
lino. 

393. Two given paraOel straight lines touch a circlo# 
and SPT is another Ungeiit cutting tlie two former tan- 
gents at S and T, and meeting the circle at P ; atiew 
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that the rectangle SP^ PT \% oonatant for all pontions 
ofP. 

394. Find a point in a side of a triangle, from which 
two straight lines drawn, one to the op{M>8ite angle, and the 
ether {yarallcl to the base, shall cut od* towards the vertex 
and towards the base, iMjiuil triangles. 

395. ACE is a triangle having a right angle at T; from 
A a straight line is drawn at right aitgles to AB, cutting 
Ji(> {inKiuced at E\ from B a stniight line is drawn at 
right angles to AB. cutting AC pnHliiccd at IJ : shew that 
the triangle ECU is 0 (]ual to the triangle ACB. 

39(). The straight lino bisecting the angle ABC of 
the triangle A BC meets the straight lines drawn through 
A and i \ parallel to BC and AB rtwjjeetively, at E and F\ 
shew that the triangles CBE^ A BE are equal. 

397. Shew that the diagonals of any quadrilateral 
figure inseril>ed in a circle divide tlie quadrilateral into 
four triangles wliieh are similar two and two ; and deduce 
Uie theorem of 1 1 1. 35. 

39sS. A /y, ( 7> are any two chords of a circle passing 
through a jxunt O ; EF is* any chord fiarallel to Oii ; join 
VE, ^/ViiKHding AB at the jH»ints C and //, and UE, CF 
meeting A B at the {Miints A and L : shew' that the rect- 
angle iHiy OH is eciual to the rec tangle OA", OL. 

399. A BCD is a quadrilateral in a circle ; the straight 
lines r/?, /> A which bisect the angles ACB^ AUB cut 7il> 
and A C at F and (i re^trajcUvely : shew tliat EF is to EG 
as EJ) is to EC. 

400. From an angle of a triangle two straight lines are 
drawn, one to any p»int in the side cqqiosite to the anj^le, 
and the other to the circumfereiic'e of the circumscrimng 
circle, so am to cut fnmt it a segment cemtaining an angle 
equal to the angle eontiiiued by the first drawn line and 
tlie side which it mei'ts: sliew that the rectangle con- 
tained by the sides of the triangle is equal to the rectangle 
oontaiiiod by the straight linos Uius drawn. 

401. ITie vertical angle C of a triangle is bisected by a 
fitraight line which nuH^ts the base at U, and is proiluced 
t<» a |ioint A, such tliat the rectangle contained by CD and 
CE IS equal to tlie rectangle contained by A<J and CBi 
shew Unit if tlie Imse and verttoal angle be given, the posi- 
tion of A is invariable^ 
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402. A square is inscnbe<l tu a ri^ht'angrUni iriatiglo 
AW\ one Hide I)E «»f Uic cMfuare coinciding aiUi Uic hyjH>- 
teuuHo Ali of Uie tri iiiglc: shew tlwit the area of the 
square is CNjual to the rectangle A IK RE- 

403* Alii'D is a iMimUelo^ruin ; from li a stmiffht 
line is drawn cutting tlie dia^ronal AV at I\ the si<le DC 
at (iy and Uie side AD iinHluciHl at A’: shew thut the 
rectangle EI\ FO is e<|utu to the si|uare on ///* 

404. If a Htniigiit tine drawn fn»m the vertex of aa 
ii^ceics triangle U» the hast*, Ihj |iro<iuced to meet tlm 
circumference of a cin’le destTilK^d alHoit the triangle, 
the rectangle contained hr tlie wliole line iirfsincivi, 
and the |Kirt of it l)etwet»ii the vertex ami Uio ijuse shall 
be equal to the wjnare tm either of tlie equal sidles (»f the 
triangle. 

405. Two stnught lines are <lrawn from a point A to 
touch a circle of which the centrt} is A; the points of cim 
tact are joine<i by a straight line which cuts FA at //; amt 
on //.*4 as diameUT a circle is descrilHs^l : shew tliat this 
straight lines drawn through E to touch this circle will 
meet it on the circumference of the given circle. 


VI. 19 to A 

40C. An isosceles triangle is <le«icrilK’»l Iciv’ng caHi 
of the angles at the huso dou)»ie uf the llord angic if Uio 
angles at the Uise be bisec'ted, and the iKunls where tlm 
lines bisecting Uiem miHft the fuus'site snhm la: jfHtted, 
the triangle will lie divideii into two |NirU in Uie pro|Sfrttoti 
of Uic base to the side of tlie triangle. 

407. Any nigular fiotypm inscriliod in a circle is a 
mean pnqiortioiial liet ween the inscriUsl and circutttscribwl 
regular polygons of half Uie number of sides. 

408 . in the figure of VI. 24 shew tliat E6f and AVf 
are parallel. 

409. Divide a iriaagle mto two equal parte by a 
■iraigfat line at right aiiglee to one of the sidee. 

410. If two leoncelee trianglee are to one another io 
the duplicate ratio of their b ae o i, ehew that the tnanglea 
are aimtlar. 
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411. Through a given point draw a chord in a given 
circle so tliat it shall be divided at the }»oiiit in a given 
ratio. 

412. From a fioiiit without a circle draw a straight 
line cutting the circle^ so that the two scguieuts sluill be 
equal to each other. 

413. In the figure of 11. 11 slicw that four other 
straight lines, besides the given straight line are divided 
in the rec|uircd manner. 

414. Construct a triangle, having given the l>ase, the 
vertical angle, and the rectiuigle contained by the sides. 

415. A circle is described round an equilateral triangle, 
and from any point in the circumference straight lines 
are drawn to the ungiilar {xunts of the triangle : shew 
that one of these straight lines is equal to the other two 
U»gether. 

41G. From the extremities /I, V of the l>aso of an 
isosceles triangle AIU\ straight lines are clrawii at right 
aiiglos to AR^ AC res|»ectivelv, ainl intersecting at D: 
sliew that the rectangle JR \ A 1) is double of the rectanglo 

ML J>R. 

417. A nC is an isosceles triangle, the sitle A U being 
€H|ual to A(' \ Eh the middle jKiint ot /y^’; on any straight 
line through A |wr|»eiidieular8 *md i 'E are dniwii : 
sliow that the retrtniigle A(\ EE is e^pud to the sum of tho 
rectangles EC and /VI, Ed. 


A I, 1 to 12. 

418. Shew that e<pia] straight lines drawn from a given 
point to a given plane are equally iiieliniHl to tho plane. 

419. 1? two straight lines in one plane be equally in- 
dined to atiotlicr idane, they will be equally iuclinM to the 
common section of these planes. 

420. Fnmi a |M>int A a perpendicular is drawn to a 
idane meeting it at B ; fn>m B a |ieri>endicular is drawn 
en a straight line in the plane meeting it at C : shew that 
AC is iierpondicular to Uie straight line in the plane. 

421. ABC is a triangle; the perjiondicuU^ from A 
mud B on the opposite sides meet at D ; through /> a 
straight line is drawn {lerftendiciilar to the [daiie of tho 

e, and E is any {xunt in this straight line : shew that 
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the irtrai^rJit lino joining K to any angular point of the tri- 
angle is at right angles to the straight line <lnmn through 
that angular iKiinl parallel t<» the u|»iH»siic »itlo of the tri- 
angio. 

4*22. Htraight lineg aro drawn from two given |i«int« 
without a given plane ini*eting e:M‘h other in Uiat plane; 
find when ihoir sum ig the least |HtHsihie. 

423, Throe straight lines not in Uio same plane meet 
at a ]>oint, and a plane eiits these siniight lituNi at e^puil 
disUnct^s from the i»oint of intersection : sliew that the 
]>cr{>endicular from that |s»itit on tl»e plane will meet it at 
iho centre of the circle <lcscrilK*d alHUit the triangle fornuHi 
by the [M)rtion of the piano interccptcnl hy the phines pass- 
ing through the straight lines. 

424. (Jive a gc<»mctrical ctnistniction for drawing a 
straight line w)tic!i shall l>e equally im‘lincHl to three 
straight lines meeting at a iMiint. 

42.V From a point ll uraw EC, ED |>erpendicn]ar to 
two plane« /A />./ // wliich iiitiOHcct in .1//, and fr»mi 
/> dmw />/’ |K.'r|HMiilicultir to the i»lane /’.!// ni(n*ting it at 
E\ shew that the straight line C'/\ pralnced if mtvssiiiT, 
is perjiciidienlar to J//. 

42(i. I‘er|K*inlirul.irM are drawn from a f>oirit to a plane, 
and to u straiglil line in that plane: shew that the stmighi 
line joining the feet <»f the |Krr|Krndi<’ulars U |M.rr]>endicular 
to the former straight line. 


A’l. 13 to 21. 

4*27, BCD is the conitnon base of two pyramids, whoso 
vertices A and E lie in a plane oaasing thrmgli BC\ and 
Ally Jf/aro res|H^; lively i»criH'tiiIieular to the faces HEDy 
CED : shew that one of Uic angles at A togetlier with Uto 
angles at K make up four Hglit angles. 

42H. Within the area of a given Iritinglc Is inscHlied 
another triangle; shew that the sum of the aiighw sub* 
tended by the sides of the intcTior triangle at any point 
not in tlie plane of tlie triangl(.*ii is hrss than the sum of thn 
an^ea subtended at tlie same pitnt hy tlie sides of tlie ea- 
tenor angle. 

429. From the extremities of the two parallel straighi 
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Imes AB^ CD parallel straight lines ^ a, Bh, Cr, Dd are 
drawn meeting a plane at a, b, c, d: show that is to 
CD as €d/ to cd. 

4.'U). Shew that the perpendicular drawn from the ver- 
tex of a ro^ilar tetrahedron on the opposite face is three 
times that drawn from its own foot on any of the other faces. 

431. A triangular pyramid stands on an equilateral 
base and the angles at the vertex are right angles : shew 
that the sum of the {>er[)endicularH on the fiices from any 
point of the base is constant. 

432. Three straight lines not in the same plane inter- 
sect at a point, and through their fstint of intersection 
another straight lino is drawn within the solid angle formed 
by them: show that the angles which this stniight line 
makes with the first three are together less than the sum, 
but greater than lialf the sum, of the angles which the first 
three make with each other. 

433. Three straight lines which do not all lie in one 
plane, are cut in the siune ratio by three planes, two of which 
are {larallcl: shew that the thir<l will l»o parallel to the 
otlier two, if its intersections with the three straight lines 
are not all in tlie same straight line. 

434. Draw two parallel planes, one throujjh one straight 
lino, and the other through another straight line which does 
not meet the former. 

4.3 If two planes which are not parallel Ikj cut by two 
parallel phincvs, the lines of sei'tion of the first two by the 
fast two will contain e<)unl angles. 

431). Fn>m a |K>int A in one of two planes are drawn 
AB vX right angles to the first plane, and AC {K^iqKmdicular 
to the second plane, and meeting the second plane at B, C : 
•hew that BC is perpendicular to tlie lino of intersection of 
the two planes. 

437. Polygons formed by cutting a prism by parallel 
planes are eow. 

438. Poly^ns formed by cutting a pyramid by paralkd 
planes are similar. 

439. The straight line PBhp cuts two parallel planes 
at B, 6, and the pmnts P, p are csiuidistant from the [Manes ; 
PAa^ peC are othesr straight lines drawn from ^ to cut 
the planes : shew that the triangles ABC, abc are equal 

440. Perpendiculars AEy BF are drawn to a plane 



EXERCISES IN EUCLID. 881 


from two ^inU Ay B above it; a plane in drawn throiurh 
^ i>eri»eijibcular to A B, nhow that ita line of intowocUun 
with the given piano ia iH;r|)cudicular to EF. 


I. 1 to 48. 

441. ABC w a triangle, and P w any point within It: 
ahew that the sum of /'vi, PBy PC h» 1 oh» Uiaii Uie niuu of 
the aidea of the triangle. 

442. Fr»»rii Uw centres A and B of two cirtdtw |>andlel 
ra<iii APy BQ are drawn ; the Htraiglit line P(^ intHrtif the 
circuniferencoa again at It and S : alicw that A H b i>arallel 
to BS, 

443. If any pr>int l>c tsiken within a fiaralletogram the 
mim of the triaiigleM formed by joining tlie i»oint with the 
extrenutie« of a [»air of op|M>«itc sidea U luiii the paralielo' 
gram. 

444. If a quadrilateral figure l>c btnecUNl by (me dia- 
gonal the second diagonal in binecteti by Uie finit 

445. Any quadrilateral fi^tro which U biaected hf 
both of its diagonals is a [laralfeb^gnuii. 

446. In tlie figure of I. 5 if the equal sides of tlie tri' 
angle be produced upwards througfi Uie vertex, instead of 
downwmrihi Uirougii the base, a demonstration of 1. 15 may 
be obtained witliout assuming any fwopositfon beyond I. 5. 

447. A u u, given point, and B w k given point in a 
given straight line : it is required to draw from A U) the 
given strakht line, a straight line APy such tliat the sunt 
of AP and PB may be otiual to a given kngtk 
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448. Shew that by superposition the first case of I. 2(> 
may be immediately demonstrated, and also the second 
case witli the aid of I. 16. 

449. A Htrait^ht line is drawn tcnninated by one of the 
sides of an isosceles triangle, and by the other side pro- 
duced, and bisected bv the biutc : shew that Uio straight 
lines thus intercepted fietwcen the vertex of the isosceles 
triangle and this straight line, are together equal to the 
two equal sides of the triangle. 

4.’>0. Thnmgh the middle p<»int M of the l»ase BC of a 
triangle a straiglit line DME is dniwn, so as to cut off 
e<iual jMirts fnuii the sides AB^ Ai\ pmduced if necessary: 
shew that Bl> is e<pial to i"K. 

451. Of all psirallelograms which can be formed with 
diameters of given lengths the rhombus is the greatest. 

4.V2. Shew fnmi I, IH and I. 32 that if the hyp<»te> 
imso 6V of a right-anglcil triangle ABC be bisected at />, 
then AD^ /i/>, Cl) are all iMpial. 

4.53. If two e«pial stniight lines intersect each otlier 
any where at right angles, the <pi:ulrilateral f<»rme<l by 
joining their extremities is equal to Imlf the s(iuare on 
either straight line. 

454. Inscribe n parallelogram in a given triangle, in 
sucli a manner that its <Uagouals sliall intersect at a given 
l)oint within tlic triangle. 

455. Construct a triangle of given area, and having two 
of its sides of given lengths. 

456. ('(instruct a truuiglc, having given the base, the 
difference of tlic sides, and the difference of the angles at 
the liase. 

457. AB, AC are two given straight linos: it is re- 
quired to find in A B a ]ioint sucli that if PQ be drawn 
[lerpomlicular to A(\ the sum of AP and AQ may be equal 
to a given straight line. 

458. The distance of tlie vertex of a triangle from the 
bisection of its base, is ^ual to, greater Uian, or less Uian 
half of the base, aocurding as the vertical angle is a right, 
an acute, or an obtuse angle. 

459. If in Uic sides of a given square, at c^ual distances 
from the four angular iKiiuU, four other points be taken, 
one on each side, Ute fimire contained by the straight linos 
which join them, shall luso be a square. 
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4(>0. On a i^iveii straifrht line as base. CHinstniet a tH' 
angle, having givnn the tliirorciu'c t>r tlio sides and a iMdnl 
tlirough which one uf the sides is to |kiss. 

461. Alif" is a triangle in which RA is gre.nter than 
CA ; the angle A is bisected bva stmight line which lueeU 
JiC at />; shew that HI) is greater than Vi), 

46*2. If one angle of a triangle Ik* tH{>le another tlio 
triangle may be divided into two isos<*eles triangles. 

463. If one angle of a triangle bi* double another, an 
isosceles triangle may Ik* adde«i to it so as to form b»ge 
ther w ith it a single iVojw*<’Ics tri.iiiglc. 

464. Let one of the e«|uul sides of an isosendes trianglo 
1)0 bisected at />, and let it aliM* Ik tioiilded by la'ing |)r«>~ 
ihiceil through the extremity ««f the biise to then the 
distance of the other extr(*mity of the biise from K is double 
its distance from 1). 

46.'). I>ctermiiio the hKos of a iioint whose disUneo 
from one given (Kiint is double its disLiiice from anoUter 
given jM)iiit. 

466. A straight line A /I Is bisecU»d at f ’, anti on AC 
and C7J ilh tlhigoiuils any two parallelograms AIX'K and 
CFliii are «lescrilK.*d ; let the parallvlograiii whose ati^a- 
cent sitles are Cl) uml CF hv conipletetl, and also tliai 
whoso ailjaccnt hi<les arc (71 and (*(» : shew that the dhtgo- 
tials of these latter parullelognims are in the same straight 
line. 

467. A BCD is a rectfiiigle of which .4, ar© opposite 
angles; E is any [»oiut in B(' and F is any fMiint in (*l)\ 
allow that twk'c the area of the triangle AEF, together 
with the roctaiiglo BE. DF is otiuaf to the rcctanglo 
ABCIJ. 

46H. ABC, DBCtkTi) two triangles on the same Ihmo, 
and AB(^* has the side A B e«}ual to Uie side A(J \ a drelo 
passing through (J and I) lias its centre E on (JA, iimducefl 
if necessary; a circle fiassing tlirough B and D has iU 
centre F on BA, f»n#duce<i if necciwary : shew Uiat tho 
quadrilateral A EDF has the sum of two of iU sides equal 
to tlic sum of the oUicr two. 

469. Two straight lines AB^ AC un g^wea to |»ositiaii: 
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It in required to find in AB a point such that a perpen- 
dicular being drawn from it to AC^ the stniight line AP 
may exceed this perpendicular by a ]:>roi)osed length. 

470. Show that the opposite sides of any equiangular 
hexagon are parallel.an(l Uiat any two sides which are adjacent 
are together equal to the two to which they are parallel. 

471. From IJ and /i, the comers of the square BDEC 
described on the hypotcimse BC of a right-angled triangle 
ABCy jieriHjndiculars DM, EN are let fall on A(\ AB 
respcHively: shew that .^4^ is equal to AB, and AN 
equal to A C\ 

472. AB and AO are two mven stniight lines, and 
P is a given point ; it is required to dniw tlinnigh P a 
straight line which sliall form with AB and AC the least 
possible triangle. 

473. A BO is a triangle in which C is a right angle : 
shew how to draw a Htrai^dit line parallel to a given straight 
line, so us to bo terminated by CA and CB, and bisected 
by AB, 

474. ABO is an isosceles triangle having the angle at 
B four times either of tlie other angles ; A B is protluced 
to Dm that BD is equal U) twice A B, and CD is jome<l : 
show that the triangles ACD and ABC are e(][uian^ar to 
one anotlier. 

475. ITirough a point K within a parallelogram A BCD 
straight linos are drawn parallel to tlie sides : show that 
the oiffiM^nee of the parallelograms of which KA and KG 
are diagonals is equal to twice the triangle BKD, 

476. Construct a right-angled triangle, having mven 
one side and the diderenco between the other side and the 
hypotenuse. 

477. llie sti^ht linos AD^ BE bisecting the skies 
BC, AC of a triangle intersect at G\ sliew that AQ is 
doable of QD, 

47 S. B AO in a right-angled triangle ; one straight line 
is drawn bisecting the right angle A, and another bisecting 
the base BC at right angles ; mese straight lines intersect 
at i?: if /> bo Um uiiddie point of BC, shew that DE is 
equal to DA, 

479. On AC the diagonal of a sqttm ABCD, a rbom- 
bus ABFC IS described of the same area as the square^ 
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tnd having Its acute ai^le at ^ ; if AF be kined, shew 
that the angle BAV is divideil into throe C4|ttiiJ angles, 

480. AB^ AV are two fixoti straight linos at right 
angles ; D is any iioint in AB^ and E is tuiy point in AV\ 
on DE as diagonal a lialf s«|iiaro is dosiTUicd with its 
vertex at G : sltew tliat tlie locus of G is the straight line 
which bisects tlie angle BA(\ 

481. Shew that a scpiaro is greater tlian any other |iar« 
allelograni of the same |>eritiieter. 

482. Inscribe a laiuare of given nnignitndo in a given 
square. 

483. ADC is a triangle; ^/> Is a tliinl of AD, and 
AE ia A third of Af^*; VJ> and DE intersect at F\ shew 
that the triangie Bfi" U half .Hie triangle DAC, and that 
the quadrilateral ADFE is ectoal to eitlier of tlm triangles 
CFE or DDF. 

484. ADC is a triangle, haring the angle C a ri|^t 
angle ; Uio angle A is bisected by a strairat lino wltidh 
mM$ts DC at D, ainl tlu* angle D is biiuMrted by a straight 
line which meets AC at E\ AI> and DE interHcct at O: 
show that the triangle AOD is half Uie (|nadrilutoral 
ADDE, 

483. Shew that a scalene triangle auinot be tUvided 
by a straight line into two |iarts which will oidiicide. 

480. ADCD^ A('ED are |>arallelognims on e<|mtl bsses 
BC, CEy and l>etween the same |iandleU ADy DE\ the 
straiglit lines BD and AE intersect at F \ shew tliat BF 
is equal to twice DF, 

487. Parallolognims A FGCy CBKH are dcscrilied on 
ACy /if/ outside the triangle ADC ; FG and KU meet at 
Z ; ZC is joined, and through A and H straight lines AB 
and BE are drawn, both |jarallei to ZCy and moetuig Fii 
and KH at D and E respe<divaly ; sliew that the figBio 
ADEB is a parallelogram, and that it b equal to the stun 
of the paralldogranis FCy CK, 

488. If a qaadrilateral have two of iU iddos |ianUlot 
shew that the straight line drawn parallel to these sidea 
thioiigh the intmectioii of the dii^ponals is bisected at that 
point. 

489* Two triangles am on equal bases and betweeii 
the pa^lek : shew that the rides of the trianglea 
terxrept equal lengths of any straigfat line which b paraM 
|o their 
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490. In a right-angled tmngle, riaht-angied at if 
the lide A C be doable of the side A By the an^e B is more 
than double of the angle C, 

491. Trisect a panillelogram by straight lines drawn 
through one of its angular points. 

492. AUK is an cc^uitatcral triangle; A BCD is a 
rhombus, a side of which is cciual U) a side of the triangle* 
and the sides BC and CD of which pass through II and 
X respectively : shew tliat the angle A of the rhombus is 
ton-ninths of a right angle. 

493. Trisect a given triangle by straight lines dniwn 
from a given |)oiut in one of its sides. 

494. In the figure of I. 35 if two diagonals l>e drawn 
to the two norallelograms res|)ectively* one from eacli ex- 
tremity of the base* and the intersection of the diagonals be 
joined with the intersection of the sides (or sides ]>nHlaix«d) 
in the figure, shew that the Joining straight line will bisect 
the base. 

II. 1 to 14. 

495. Produce one side of a given triangle so that the 
rectangle contained by this side and the pnaluced |>art 
may Ik) equal to the ditference of the si^uaros on tlie other 
two sides. 

496. Produce a given straight line so tliat tlio sum of 
tlie squares on tlie given straight line and on the part 
produqed may be equal to twice the recUuigle crontaiiiotl by 
the whole straight line tlius produced and the |)art pni^ 
dueed. 

497. Produce a given straight lino so that the sum of 
the squares on the given straight lino and on the whole 
straight line tlius produced may l>e ecimd to twice the 
roctmigle contained by the whole straignt line thus pro- 
duced and the part pnaluced. 

498. Produce a given straight line so that the rectangle 
oontained by the whole stral^t line thus produced and Uie 
part nrodueod may be equm to the square on the given 
straignt lino. 

499. Descaribe an isosedes obtuse^ingled triangle such 
that the aquare on the largest side may be equal to three 
timea the scpuure on either of the equal aldee. 

500. Find the obtuse angle of a triangle when the 
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square on Uio side op{K>siie to the olitnse angle U grraU^r 
than Uio sum of the siiuaros on the sides coiiUutiing iL hy 
the rcetiingle of the sides. 

OUl. Ooustriict a ri.'etungle CHiiini to a given snuaro 
alien the sum of two udjtueiit sides of the tveUingW M 
(Xjual to a given cjuaiitity. 

r>02. Coiisiruct a rec'tangle ef]un] to a given mjimre 
when the tlilferetieo of two atgaceiit sides of Uio rectanglo 
is eijual to a given <)nunUt>*. 

50.1. 'riie Iwist square whieh can l>e tnstrihi^l in a 
given square is that which is half of Uie given si|narc. 

504. Divide a given straight lino into two |s4rU «o Uiat 
the squares on the aliole line nnd on one of the |siru 
may Ihj together doiiMe of the K(|nare on the <»tlier jsirt. 

505. Two re<*titngleH have tsiiial j»re;is mini equal |u?ri 
meters; shew that they are equal in all rt‘s|»erlH, 

50ii. AHt'/) is a rectangle; P is a point K‘u*h that 
the sum of PA nnd Pi* is e iua! to the* sum of /*// and 
Pl>\ shew that the loeiis of I* c<»n«ists of the two straight 
lines Uirough the centre of the rcctiiigle parallel to iU 
sides. 


III. lto 17 . 

607. Describe a circle which slmll pass through a given 
point and touch a given straight line at u given [s»itit 

608. Describe a circle which shall pass through a given 
point and uiuch a given circle at a given jsiint. 

500. Describe a circle which shall touch a given circle 
at a given ]s>int and Umch a given straight lino. 

610. AD^ BE ore f»er|>endiailars from tho anglea 
A and of a triangle on tho o|)po»itc sld(*s ; BE is j>cr* 
{lendicular to ED or ED produce ; shew that the angle 
FBD is etpial to tlie angle ERA. 

611. n ABC be a triangle, and BE, PF the notpefi* 
diculani from the angles on the opjiosite shies, ami K the 
middle point of the tlilnl side, shirw tlmt the angles FEE^ 
EFK are each equal to A. 

5\% AB is a diameter of a circle ; AC and AD are 
two chords meeting the tangent vX B vX E and F 
•poetively : shew Itiat the angles FCB and FDE are 
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513. Show that the four straight lines bisecting the 
angles of any quadrilateral form a quadrilateral which can 
be itiHcribed in a circle. 

614. Find the sliortest distance between two circles 
which do not meet 

61.5. Two circles cut one another at a point A : it iB 
required to draw through A a straight lino so that tlio 
extreme length of it intercepted by the two circles may be 
equal to that of a given straight line. 

616. If a iKilygon of an even iiuml>cr of sides be in- 
scribed in a circle, the sum of the alternate luiglcs iogcUier 
with two riglit angles is equal to as many right angles 
08 the figure has sides. 

617. Draw from a given point in the circumference of a 
circle, a chonl which shall be bisected by its {xiint of inter- 
section with a given chord of the circle. 

518. When an equilateral polygon is described about 
a circle it must necessarily bo equiangular if tlio number 
of sides be odd, but not otliem iso. 

619. AB ib tlio diameter of a circle whose centre is C, 
and DCE is a sector Imving the arc DE constant ; join 
AE^ JiD intersecting at P ; shew Ui.it the angle APB is 
constant 

520. If any number of triangles on the same base B(\ 
and on the same side of it have their vertical angles equal, 
and perpendiculars^ intersecting at A be drawn from B 
and u on the opposite sides, find the locus of D ; and sliow 
Unit all Uio straight linos which bisect the angle BDC 
pass throogh the same point 

621. Lot O and C lie any fixed points on the dream- 
fereiice of a circle, and OA auv chord ; Uien if AC be 
joined and product to so that OB is 0 i{ual to OA, 
the locus of b an equal drcla 

522. From any point P in Uie diagonal BD of a 
parallelogram A BCD, straight lines PP, PP, Pf?, PH 
are drawn perpendicular to tho aides AB, BC, CD, DA : 
shew that PP» paralld to Gil. 

523. Through any fixed {K>uit of a chord of a drcle 
other chords are drawn ; shew that the atraic^t lines from 
the middle point of the first chard to the middle pdnts of 
the others will meet them aU at the same augle. 

524. ABC is a straii^t line, divided at any poini B 
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into two parti ; A DB and CDB are aimnar fifffmaiiti of 
cirdes, haring tho common chord /#/>; CD and AD 
produced to meet tho circuniftTcnceii at E and E rcoiiCMV 
tircly, and AF, VE, BF, BE arc joinoti: «h©w Unit ABF 
and CBE arc isuftocIc!i triaiigics, o<piiangutAr to one an- 
other 

525. If tho centres of two circles which touch each 


other cxtemallr bo Axed, tlio common tangent of ihooe 
circles will touch another circle of which tlie straight lino 
joining tho hxed centres is the diameter. 

52t>. A IB a given point : it is reipiiroil to draw from 
A two straight linos which shall cimtiun a given angle and 
intercept on a given straight line a |»art of giren length. 

527. A straight lino and two cindes are given ; ftud 
tho })oint in the straight line from which tho iatigents 
drawn to the circles are of c<tu!il length. 

528. In a circle two chords of given length are drawn 

so as not to intenk^cL, and one of them is in jiosition ; 

tho opiKi-sito extremities of tlio chords arc joinetl hy 
straight lines intorscrtiiig witliin the circle : shew that tho 
locus of tlio point of inWrscction will 1 k) a {Kirlion of the 
circumference of a circle, |msitig thmugh tho extremities 
of the fixed chord. 

52.0. A and B arc the centnys of two circles which 
touch internally at and also touch a third circle, wliose 
centre is /), * externally and lnU»nially rosjKrtiroly at 
E and F: shew Uiat the angle AUB is double of tho 
angle EOF. 

530. C is the centre of a circle, and CP is a perpen- 
dicular on a chord APB\ shew tfut tho sum of tP and 


AP is greatest when (*P is equal to A P. 

531. AB, BC CP are UiftHj wljacent sides of any 

polygon inscribed in a circle; the arcs AB^ BCf CD ow 
bisected at A, A/, A"; and LN cuU BA, BC reapectivelf 
at /* and shew that BPQ is an iso-icelos trian^e; and 
that ttio Rnglos ABC, BCD are together deoblo of the 
angle liifiV. , . ^ 

532. In the circnmferencc of a riron circle determine 
a point so situated that If chords l>6 drawn it frimi 
the extramities of a given chord of the circle their difler- 
once shall he CMi|tial to a given stndght line tees than the 
given dhord. 

033. Cottstriiei a ttiong^ haring given tlw 
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sides, the difTeronce of the segments of the base made by 
the i^rpcndtcular from the vertex, and the difference m 
the base angles. 

634. On a straight line AB as base, and on the 
same side of it are described two segments of circles; 
P is any |>oint in the circumference of one of the seg- 
ments, and the straight lino BP cuts tlio circumference of 
tlio other segment at Q : shew that the angle PAQ is 
equal to the angle between the tangents at A, 

636. AK^L is a fixed straight line cutting a given 
circle at A" and A; APQ^ARS are two other straight 
linos making equal angles with AKL, and cutting the 
circle at P, Q and B, *S : show that whatever bo the posi- 
tion of APQ and ABS\ the straight lino joining the mid- 
dle points of PQ and RS always remains parallel to itself. 

63(5. If about a quadrilateral another quadrilateral 
can be do8cril>od such tnat every two of its adjacent sides 
arc equally inclined to that side of the former quadrilateral 
which meets tlicm both, then a circle may be described 
about the former quadritutcnvl. 

637. Two circles touch one another internally at tlio 
jKiiiit A : it is re(|uired to draw from A a straight lino 
such that the }>art of it between the circles may l>o equal 
to a given straight line, wliich is not greater than the 
difference l>etwecn the diameters of the circles. 

631^ ABCD is a parallelogram ; AE is at riglit angles 
to ABy and CE is at right lUigTcs to CB : shew that EO^ if 
producoil, will cut at right angles. 

639. From eacli angular point of a triangle a perpen* 
dicular is let fall <m tlio opposite side : shew that the rect- 
angles contained by the si^ciits into which each |>eipon- 
dicular is divided by the point of intersection of the three 
are equal to ea^ other. 

640. llie IWo angles at the base of a tiianglo are 
bisected by two straight lines on which {>erpondicu!ars are 
drawn Uie vertex : show Uiat the strafglit line whidi 
passes through tlie feet of these perpendiculars will be 
parallel to the base and wUI bisect ttie sides. 

641 * In a given drcle inscribe a rectangle equal to a 
gheu reetiUiieiu figure 

642. In an acute-angled triangle ABC perpendiculars 
AD^ BE are let 6sU eu BC^ CA req>e^ve|y; eirdes 
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described on AO^ BC as diatneiom meet BE^ AD fcmmio- 
ti vely at Fy O mid i/, AT : aliew Uiat G, A' lie on Um 
circumfcretice of a ciirlo. 

543. Two diiuneters in a circle are at ri|dd anglee; 
from their cxtreiaiticM (Vtur }iandiel atniight lirioi are 
drawm ; shew that they divide the circumfcretice into four 
equal parts. 

544. E is the middle point of a semicircular arc A ED, 
and CDE is any clmrd cutting the diaiiiuter at />. and the 
circle at C : shew Umt Uic siiuaru ou VE is twice tlio quad* 
rilateral AEB(\ 

645 . AB is a fixed chord of a circle, AC is a more- 
able chord of the same circle ; a iKimllclognim is dc«crilM?d 
of W'hich AB and Af^arv a<lj:u*ciii sides: find the Iimhis of 
the middle points of the dia.cfoii:ils*of the ;»araIle)ognan. 

546. AB is a fixc<l chonl <>f a cirttle, A^* is a inov<niblo 
chord of the same circle; a pandh'toj^.uii is des<Til>od of 
which AB and A^* Ulx^ u<(jacent sid(*'<: dcUTiiiiiio the 
greatest |Kissiblo length of the jlijigoiial drawn through A» 

547. If two equal circles Ik* placetl at such a distanoo 
a^iart that the txingent drawrn to cither <»f them fnmi ilio 
(•(‘litre of tlie other is c pial to a diaiiictcr, fIicw that tlioy 
w'ill hare a common tangent e<pial to the nidimt. 

545. Find a jKiirit in a gii'cn circle from which if two 
tangents lie drawn to an ociual circle, given in position, the 
chord joining the {loints of contact is oqmil to tin? chord 
of the first circle formed by joiniit(r the |sdnU c»f inter- 
section of the two tangents pirMlijced ; and dctemiinc tliO 
limit to the possibility of the pnddern. 

549. AB is a diameter of a circle, and AF In any 
chord; C is any {loint i^ AB^ and thnmgh C a straight 
line is drawn at right angles to A By meeting A /*, pro- 
duced if necessary at G, and me(;titig the circumfereoee at 
JJ : shew that tliV rectangle FAy AO. and the rectoogto 
JJAy AVy and the square on AD are all oqtial. 

550. Construct a tiiangle, haviiig given the base, the 
vertical angle, and the Umgth of the straight line drawn 
from tiie vertex to the base bisecting tbo vortical aiigle. 

551. Ay By C are three given piiiots in the circtmifeiv 
enco of a given circle: find a point P such that if AP^ 
BP, CP meet tlie circouifereBce at A ^ ^ rapeetivafy, 
the arcs D£, EFms^j lie equal to given am 
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652. Find ilio mint in the circumference of a giren 
drdo, the sum of wnoao distances from two given straight 
lines at right angles to each other, which do not cut the 
circle, is the greatest or least possible. 

663. On the sides of a triangle segments of a circle ore 
described inierna^ly^ each containing an angle equal to the 
cicess of two right angles above the opposite angle of the 
triangle : shew Oiat the radii of the circles are equal, that 
the cnrcles all pass through one point, and that their chords 
of intersection are respectively iierpendicular to the oppo- 
site sides of the triangle. 


IV. 1 to 16. 

654. From the angles of a triangle ABC perpendi- 
culars are drawn to the opimito sides meeting them at 
i), Ey F rosi^octively : slicw that DE and DF are equally 
inclined to AD, 

65.5. The ]>oint8 of contact of the inscribed circle 
of a triangle are joined ; and from the angular points of 
tlio triangle so formed {x^rpeudiculars are drawn to the 
oiiposite sides : show tliat the triangle of which the feet of 
tneso mrpcn^Uculars are the aiigmlar points lias its sides 
pamllm to Uio sides of the origind triangle. 

656. Construct a triangle having given an angle and 
tito radii of tlie inscribed and circuniacnbod circles. 

657. Triangles arc constructod on the same base with 
equal vertical angles ; sliow that tlie locus of the centres of 
the escribed circles» each of which touches otic of the sides 
externally and tlie otlicr side and base produced, is on 
are of a circle, tlie centre of which is on the dreumferenoe 
of the drcle drcumscribtng the trianglos. 

668. From the angular pointo A C of a trianglo 
perpendieulara are drawn on the opposite sidos, and ter- 
minated at the points D, EF aa toe circtmifercnce of the 
droomscribing ctrdo : if X he the point of intorsectaon of 
the perpendmlars^ shew that LD. LE LF am biaecled 
hylfe^rofOke triangle. 
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559. ABODE is a nsjralar pent«<(on ; join and BD 
inteneeUngr at O : shew that AO is ccitial to f>0^ and tl^ 
the rectangle A<\ tY) is equal to Uie s<]narr on BV, 

560. A straight lino Pi^ of giron length tiM>res so that 
its ^ds are always on two Hstni straight lines CP, VQ ; 
straight lines from P and Q at right angles to ( 7* and VO 
respectively intersect at R ; ))er|»endiculars fnmi P and Q 
on CQ and CP respectively intemcct at S: shew tliat the 
loci ot R and S are circles having their common caitie 
ate. 

561. Right-angled triangles are descHhed <m tlie same 
hy|wtcnnse : shew that the h»tiw of the centres of the in- 
scril>ed circles is a quarter of the cinriiinference of a circle 
of which the common hyimtennse is a cliortl. 

562. t)n a given straight lim^ A R any triangle Adt is 
described; the sides AC. Ii(' are hiscH*tc*d and stniigid 
lines drawn at right angles t«) Uiem thnnigh the |ioiiiU of 
bisection to interswt at a |H>int D \ find the hsms of iK 

563. Construct a triangle, having given its htm\ fme of 
the angles at the Imso, and the distance hetwetm the centre 
of the inscribed circle and the centre of the circle touching 
the base and Uie sides produced. 

564. Describe a circle which slmll touch a given straight 
line at a given point, and bisect the drcuiiifereiice of a 
given circle. 

565. llescribe a circle which shall tsuis through a given 
point and bisect tho circuinfcronces of two given circles. 

566. Within a given circle imicribe three equal drekm^ 
touching one another and the given circle. 

567. If the radius of a circle l)C cut as In !l. II, the 
greater segment will l>e Uie side of a regular decagon in- 
scribed in the circle. 

568. If the radius of a drclc be cut as in 11. 11, the 
square on its greater segment, together with tlic sc|tiare on 
the radius, is equal to the square on the side of a regular 
pentagon inscriDed in the drcle. 

569. From the vertex of a triangte draw a straight 
line to the luwe so that the square on the straight line may 
be eq;^ to the rectangle oontained by the seginenU of the 


570 . Four ttndgti lines are drawn in a nlime forming 
fbiir triai«les; diew thnl the ctrettniscribittg dretes dr 
these triangles all pass through a comnMNi point. 
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/>71. Tlio perpendicttlan from the angles A and ^ of a 
triangle on the opposite sides meet at D ; the circles de- 
scribed round ADC and DBCcvX AB or AB produced at 
the points E and F\ shew that ^ is equal to BF, 

672. The four circles each of which passes through the 
centres of three of the four circles toucfiing tlio sides of a 
triangle are equal to one another. 

673. Four circles are described so that each may 
touch internally three of the sides of a quadrilateral: show 
that a circle may bo described so as to pass through the 
centres of the four circles. 

574. A circle is described round the triangle ABCj 

and from any ]K)iut P of its circumference {x^r^udiculars 
are drawn to B(\ CA^ AB^ which meet the circle again at 
y>, F‘, shew tliat the triangles ABC and DEF are equal 

in all respects, and that the straight linos AD, BE, CFaxe 
{lanillel. 

575. With any point in the circumference of a given 
circle as centre, describe another drelo, cutting the former 
at A and B ; from B draw in the descril>od circle a chord 
///> ec)ual to its radius, and join AD, catting the given 
circle at Q : shew that QD is equal to the nmius of the 
given drcle. 

570. A point is taken without a square, such tliat 
straight linos being drawn to the angular |>oints of tho 
squarO| the angle contained by tho two extreme straight 
lines fs diviilcd into throe etpial parts by the other two 
straight lines : shew that the locus of the point is the cir* 
oummrenco of tho circle cireumKTibing the square. 

577. Circles are inscribed in the two triangles formed 
by drawing a pcr{>cndicular from an angle of a triangle on 
the op|)osito side ; and analogous drclcs are described in 
relation to the two other like pcriiondiculars : shew that 
the sum of the diameters of the aif. circles togetlier witli 
the sum of the sides of tlie orijnnal triangle is equal to 
twice the sum of these perpendiculars. 

578. Hiroe ooncentrio cirolos are drawn In the same 
plane: draw a straiglit line, such that one of its mr^nenU 
1 ) 0 tween the inner and outer drenmferenoe may be Idsocted 
at one of thepoinU at which tbe stmight line meets the 
middle dminitereiice. 
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579. AE hii iliain eter, nn<l I * any imint iii tlio dmitn- 
fcrence of a cirt lc; AP iuhI UP aro joiiitMl ainl pnHiuml 
if lU’ccHuan ; from any fioint P in AE a iitraitflii lino in 
dniwn at rif?ht aii^loH to A E mating A P at h at d HP 
at E, luifi Uio ciriniiiifenmco of tlw cinrio at F\ aiiow Uiat 
Vl> w a Uiinl pro|M»rlioiml to i'E and VF, 

5JS0. A^ E. V arw tImM? in a atnuiirlit lims and /) 

a prmit at wliich vf/Zaml //f ' t«nl»U'iid oqual an^loa: altow 
tiiut tiio IcHTiiH of J} ia tiio oimiintcroncc of a ciivlo. 

5SL If ii flCntvj'iit lint) in^ dmaii from one CH»nior i>f a 
snuare cnttin^r off oiiO'foarUi fnmi the di:i;;oriat it will ctii 
off rtncsthird h‘om a ddc. A No if atrai^dit linoji t>o drawn 
similarly from the other coniem so ns to fonii a si|uaro, this 
s(|uaro will ho two lifih* of the orig^itud s<|uaro. 

58*i. The sides AE^ Af * of a given triangle A Ei' aro 
nnHliiocd to any |Mniits />. A*, that DK is {Kiriiltel hi EP, 
The straight lino i)E is diridcd at Fm that />/‘is t<» FE 
as El> is to CE'. shew that Uio locus of is a straight 
line. 

A, E, C aro three iKunts in order in a stniight 
line : find a |M)int P in the stniight lino s^» that PE may Im 
ft mean protHirtioiial l>etweeii PA and I*C\ 

5M. A, E are two fixed |snnts on the ciretimferoiice 
of ft giTcii circle, anti P i» a niovcablo t»n tlie ctnntm- 
fcrctice; on P/i is token a pcniit /> sncli that PlJ in to 
PA in a (ronshint rat hi, anil on PA is taken a iKiint E 
ftich that PE is to PE in Uic same ratio : shew tltai PE 
always touches a fixetl circle. 

5H5. A EC is an isostades triangle, the angle at A lieitig 
four times either <if tlie (>tlM*ri : siiew that if ftV he bisectoa 
at /> and A\ the triangle APE is CHiailatcnih 

.586. Perpcnditnihirs are let fall (rtmi two opposite 
angles of a rectangle on a diagonal: shf5W that they will 
divide the diagonal into eqnal narU, if tlie ftr|tiare on one 
side of the rectangle be double uKti on the othw. 

587. A strufglit lino AE in dividtsl into any two parts 
at O. and on the whole straight line ami on the two parts 
of it equilfttersi Iriangles APB, AVE. iWF are dn* 
ieriM» the two latter befog OB the saiue shin of the Mjalght 
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line, nnd the former on the opposite side ; Gy Km tho 
centres of the circles itiscribed in those triangles; shew 
that tho angles AGHy UGK are respectively equal to the 
angles ADCy JiDCy and that GH is equal to GK 

5S8. On the two sides of a right-angled triangle squares 
are described : shew that tho straight linos joining the 
acute angles of the triangle and the opposite angles of the 
squares cut off equal segments from the sides, and that 
each of tliese e<|ual segments is a mean proportional be- 
tween the rcniaiiiing segnients. 

589. Two straight lines and a point between them are 
given in jxmition : draw two strai^it lines from tho given 
}>oint to terminate in the given str^ght lines, so that they 
shall contain a given angle and have a given ratio. 

590. With a point A in Uie circumference of a circle 
AttO as centre, a circle PBC is described cutting tho 
former circle at the points B and (J ; any chord A D of the 
former meets the common chord BC at E, and the circum- 
ference of tho other circle at O: show that the angles 
EPO and DPO are equal for all ]X)8itionB of P, 

591. ABCy ABF are triangles on tho same base in the 
ratio of two to one ; A F and BF produced meet tho sides 
at I) and E ; in FB a part FG is cut off equal U> FE. and 
BO is bisected at O : shew that BO is to BE as DF is to 
DA. 

592. A is the centre of a cirde, and another circle 
passes tlirouah A and cuts the former at B and C ; AD is 
a chevd of the latter circle meeting BC at Ey and from D 
are drawn DF and DO tangents to the former circlo : shew 
that Gy By F lie on one straight line. 

593. In A By A(\ two sides of a triangle, are taken 
points Dy E; ABy AC are produced to such that BF 
IS eqiud to A CG equal to AE\ BGy CF are joined 
meeting at H: shew that the triangle FHG is equal to the 
triangles BHCy ADE togetlier. 

594. In any triangle ABC if BD be taken equal to 
one-fourth of ifC7, and CB one-fourth of AGy the straight 
line drawn hrom € through the intersection of BE and 
A D will divide AB into two parts, which are in the ratio of 
iiine toonoi 

595. Any rectilhieal figure Is inscribed in a drela: 
shew that by blaeeling the area and drawing tnagenta In 
the pointa of bbeetiott parallel to the ddes ofSe noth 
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lineal fisare» we can form a aimtiar reciilineal agura cir- 
cumscnbing Ute circle. 

59G. Find a mean pro|)ortional between two Mniilar 
right angled triangles whicli have one of Um» side* coiiituti* 
ing the right angio conitiiun. 

597. In tlu! Hides AC. BC of a triangle ABC |ioinU 
/> aiul E are taken, hiu'Ii tliat C!) and i'E are roaiwctively 
the third iwrU of jr and /ff; BD and AE are drawn 
intcrfWH^ting at O : rIivw that EO and DO are rcHtHJcttTely 
the fourth iKirts of AE and ///>. 

59H. f 7f arc diatnetem of two cirrlcH whhdi touch 

each other externally at C\ a chord AD of the former 
circle, when jiroduccd, touches Ute latter at E. while a 
chortl B F of the latter, w hen {inKlitml, toiiclu.»H the former 
at G : »hew’ that Uic rectangle contaimnl by A D and BF 
is four tiiiicH that c<»utaiiicd by />/7and /Vr. 

.509. Two ctrclcH intersect at A. and BAC U drawn 
meeting tltcni at B and C\ with //, f*aa iviitnMi arc dc~ 
Hcribed two circles e ich of which intcniecU on© of the 
former at right angles: shew that then© circlca and tlie 
circle whose dianicUT is /fCmect at a |K»int 

(;o<). AB<"DEF IS a ri‘gohu* hexagon ; shew that BF 
divides A D in the ratio of i»ue to thrt*e. 

(iOI. A B( \ DEF arc triaiiglcs, having the aiule -*1 fN|tuil 
to the angle D\ ami AB is eoual to DF : «licw that the 
areas of the triatiglcN arc as AC to l)E. 

60*2. If M. N Ikj the {K>ifits at which the iniMTilaHl and 
an eocribeii circle touch the wde At* of a triafiglc ABt*; 
shew tliai if BAf Im; pnaiuced to cut Uie encrii^ed circle 
again at F. then XF in a diameter. 

603. The angle A of a triangle A BC in a right anjrle, 
and D is tlio fwA of the porfictidk^alar from A BC; 
DMf DN are rKrrpondicohira on AB^ AC: »hew that Uie 
angles BMt\ BNCwa e<|Uai. 

604. If from the iMiint of biHcction of any given arc of 
a cirdo two straight fines lie drawn, cutting ilie chorri of 
the arc and Uie dreumfemtee, Ute four iiofaiis of Intersee* 
turn sltall also lie in the ctrcainfenmce of a circle. 

605. The side ifil of a triangle ABC is touched hf the 

inscribed circle at A Mid by tbe escribed ctfcle at E: 
•hew that Ute rectangle contained by the radii is efiital ki 
tbe rectangle .d A imd to Uie raetangte AE, EA 





EXERCISES IN EUCLID. 


606. Show that the loeas of the tniildle poinU of 
straight linoi parallel to the base of a triangle and termi- 
nated by its sides is a straight line. 

607. A parallelogram is itiscrilicil in a triangle, having 
one Hide on the bjise of the triangle, and the a(\}aeeiit sides 
|mraliel to a hxed direction ; sboiv that the locus of the 
iiiterseetion <»f tlio diagonals of the piralltdiigram is a 
straight line bisecting the base of the triangle. 

608. Uii a given straight lino AU hyfKitenoso a 
right-angled trhuiglo is descriliod; and from A and li 
straight lines are draam to bisect the opjiosite sides : shew 
tliat the locus of tlioir intersoetion is a circle. 

609. From a given jioint outside two given cirelos 
which do not meet, draw a straight line such that tlio (Kir- 
tions of it iutorceiited by each circle shall be respectively 
proportional to their radii. 

610. in a given triiuigie inscribe a rliombus which 
sliall have one of its angular }>oifiU coincident with a point 
in the base, and a side on that liiisc. 

611. AliV is a triangle having a right angle at C\ 
A DDE is the souare described on the iiy|H>tcnuse ; Gy II 
im> the ixiiiits oi intersection of the diagomds of the squares 
on the hypotentiso and sides : shew tint the angles DCEy 
GFH are together otpial to a right angle. 


MISCELLAXEOUa 

612. O is a fixed point fVom which any stni^it line Is 
drawn meeting a fixeii straight line at F ; in OP a |H>int 
Q is taken such that the rectangle OPy OQ is constant: 
show that the locos of Q is tlie ctrenmforenee of a circle. 

613* O is a fixed miint on the circamfereneo of a circle, 
from which any straigiit line is drawn meeting Uie dream- 
ferenoe at P ; in OF a point Q is taken such that the 
rectai^gle OP, OQ is conslant : mw that the lociu of 0 is 
a strait line. 

614. The opposite sides of a quadrilateral inscribed hi 
a ebde when piodocod meet at P and Q: ahew that the 
aqoare on FQ is ecmal to the sum of tlm squares on the 
tangents from P Slid to Uio circle. 
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G15, A BCD in a qiiadnlateral inscHficHl in a dre(l^; 
theopiKMiitc Bidoii AB atnl nnHiiicinl to mc<‘t at E\ 

Hiitl the opiM>8iU; BV ami A1> ut E: ulivw tliui the 
circle iioftcrU>ed on KF \\b, dituneWr enU Uie circle A Hi D 
ut riprht anj^lefl. 

GK). From the Tortcx of a rijrlit-angUnl tHanjrle a 
Twrpemltcular is dniwn on the hy|K>ttmus<% ami front the 
foot of tliis |>er[»enduMihir another is drawn on each siiU‘ « f 
the triangle : show that the anni of the triangle of which 
these two latter j»cr|>e!idicnlars are tw<t of the shUwi camo t 
bo greater than one-fourth of the area of tlio original 
triangle. 

G17. If the extremities of two iiit<'r8ix*ting straight 
liiuH Ik* joimf<l w» us to form two %*<*rtically of»|s»stte iii- 
angles, the ligure inude by eonncctiitg the |Hants of lii’<ci‘- 
tion of the u'ivcii slnu;,')it lines, will Iw a pnrullclo;; rum 
equal in area to ludf the <liilcreiice of the triangles. 

GIS. AB, AF arc two tangents to a ein ie, !<*tii hing it 
at B and A* is any mant in the straight line which 
joins the middle js»ints of .1 // and shew' that A A* is 
e<iual to tile tangent draw n from B to the circle. 

G19, AB, AC arc two Uiigeiits to a circle; is 
a ciiord of the circle which, produced jf neees^arv, meets 
the straight line joining the iniddle |s*inls of J//, .f^‘at 
R ; shew that the angles BA/\ AQB are eqmd to olio 
another. 

G*20. Shew that the four circle^ each of wliieh losses 
through the niiihlle of the sides of t»ne «jf the four 

triangles formed hv tw*. luljiui iit snh s and a diagonal of 
any qinwlrilateral all iiiU rsect at a |s»int 

G21. lVr|>cndieulurs are drown from any |s>int rm Um 
three stroiglit line*i which bisect the angles of an c<pii. 
lateral trianJe : shew that one of Uiem in equal the sum 
of the other two. 

622. Two cirelca intersect at A and //, ami f B/J ti 
drown through B pcn»eiidicular Ut A B U> meet the circle^ ; 
tlirougli A a straight line is drawn bija?cting either Uie 
hitcriiir or exterior angle Urtween ACfgatl A/J.Mtd meei- 
iiig the circumferencca at E and F: shew tliat Iw tmigi'iiU 
to Uie dreumfercncc* at E and F will intersect in A B j»ro- 


ducod. 

G23. 


IHvide a triauglo by two i t raigl i t liuei Into Utfoe 
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parts, which, when proporlj arranged, shall form a parallo* 
lograin whose angles are of dren magnitude. 

624. ABCD is a parallelogram, and P is an^ point; 
show that the triangle PAC is equal to the difference 
of the triangles PAD and PAD, if P is within the angle 
BA D or that which is vertically opposite to it ; and that 
the trianffle PA C is equal to the sum of the triangles PAB 
and PAD, if P has any other position. 

625, Two circles cut each other, and a straight line 
ABCDE is drawn, which meets one circle at A and D, 
Uie other at B and E, and their common chord at Ci 
shew that the sqiure on BD is to tlio square on AEm the 
rectangle BCf CD is to the rectangle A C, CE. 


THS EKD. 


csMiiauHta : ratsTsn av cua, clat, mu, at tbb yjnvsasns nutsa 



















